
Vol 18 No 12, December 2009
1674-1056/2009/18(12)/5155-06 Chinese Physics B c⃝ 2009 Chin. Phys. Soc.

and IOP Publishing Ltd

Quantum information procession with fermions
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This paper proposes a fermionic linear optical scheme for the teleportation and entanglement concentration via

entanglement swapping based on charge detection. It also proves that this method is useful in generating entangled

states such as GHZ states, W states, and cluster states by using fermionic polarizing beam splitters and single spin

rotations assisted by a parity check on the fermionic qubits. This scheme is nearly deterministic (i.e., with 100%

successful probability) and does not need the joint Bell state measurement required in the previous schemes.
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Over the course of the past century, quantum

information processing (QIP) has been investigated

quite extensively and deeply. A growing amount of

interest in studying the implementation of QIP tasks

has appeared in recent literatures. Among the typ-

ical QIP tasks such as quantum teleportation[1] and

quantum swapping,[2] a certain user always needs to

operate a joint Bell-state measurement[3,4] on the two

particles possessed by him. Thus the joint Bell-state

measurement plays an important role in QIP. This pa-

per proposes a new scheme for the teleportation and

entanglement concentration via entanglement swap-

ping based on charge detection, which overcomes the

empirical difficulties found in joint measurement. It

is also proved that this method is useful in generating

entangled states such as GHZ (Greenberger–Horne–

Zeilinger) states,[5] W states[6] and cluster states.[7]

It is known that the electron carrying the qubit in

its spin degree of freedom also has a charge degree of

freedom. Since spin and charge commute, a measure-

ment of the charge leaves the spin qubit unaffected.[8]

Since the previous no-go theorem[9,10] stated that, the

operators with fermionic beam splitters and single-

spin rotations cannot achieve universal quantum com-

putation in free fermion systems as that in bosons, this

strongly holds back the search for free fermionic quan-

tum computation. However, earlier works[8,11] showed

that assisted by charge detectors a CNOT (controlled

NOT) gate and partial Bell-state measurements for

fermions are possible in principle. In Ref.[8], the gen-

eral formulation of fermionic quantum computation

is proposed and a CNOT gate is constructed by us-

ing only fermionic beam splitters, spin rotations and

charge detectors. Since the CNOT gate is a univer-

sal quantum gate,[12] partial Bell-state measurements

and single-qubit operations are sufficient to build a

universal quantum computer.

Fig.1. Encoders designed in Ref.[8]. A polarizing beam

splitter (double dashed line) transmits spin up and reflects

spin down. A charge detector (squares) records bunching

(p = 0) or antibunching (p = 1) and passes the electrons

on to a second polarizing beam splitter. The shaded box

at the right represents the circuit shown at the left. The

gate could operate as a parity meter, convert a charge mea-

surement to a spin parity measurement, measuring p = 1

(if the two spins are arrayed) or p = 0 (if they are oppo-

site), especially could entangle the input state α|0⟩+ β|1⟩
encoded in arm a and an ancilla’s state (|0⟩ + |1⟩)/

√
2

encoded in arm b into α|0⟩|0⟩ + β|1⟩|1⟩ for p = 1, or

α|0⟩|1⟩ + β|1⟩|0⟩ for p = 0. Here we denote spin up by

|0⟩ and spin down by |1⟩.

Firstly we will provide a brief background on the

charge detector called an encoder. As depicted in

Fig.1, the device consists of two fermionic polarizing

beam splitters in series, with the charge detector in

between. A polarizing beam splitter fully transmits

|0⟩ and fully reflects |1⟩. At the input two electrons
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are incident in different arms. Input equals output if

each electron is in a spin eigenstate. The measured

charge parity then records whether the two spins are

the same or opposite.

Before proceeding, we note that the probabilis-

tic CNOT gate using linear optical elements is well

studied. In Refs.[13]–[15] it was demonstrated that

a probabilistic CNOT gate could be implemented by

using a modified form of quantum teleportation and

a four-qubit entanglement state |χ⟩ = (|HHHH⟩ +
|HVHV ⟩+ |V HV V ⟩+ |V V V H⟩)/2 as a resource (an-

cilla), assisted by partial Bell-state measurement (con-

sists of one-and-only-one detections of the output).

The CNOT gate will give the desired result with cer-

tainty when a specific output from the detectors is

obtained. Using polarizing beam splitters and a quan-

tum erasure technique, we can increase the probabil-

ity of success from 1/16 to 1/4. Later, Pittman et al

in Ref.[16] proposed an alternative approach to con-

struct the probabilistic CNOT gate which eliminates

the teleportation and replaces two of the ancillas with

the actual input qubits. The probabilistic CNOT gate

could be constructed by combining a quantum encoder

with a destructive CNOT using polarizing splitters

and two ancillas. The operation is successful with

certainty when the specified combination of detectors

each registers a single photon. Since the quantum

parity check and destructive CNOT operations both

succeed with a probability of 1/2, it follows that the

CNOT gate will succeed with an overall probability of

1/4.

Fig.2. Deterministic CNOT gate consists of two en-

coders depicted in Fig.1 and four Hadamard gates H =

(σx+σz)/
√
2. At the output, the spin of the ancilla qubit

is measured (assumed that the measured value is z). Ac-

cording to the two measured parities p1, p2 of the two

encoders P1, P2 and the outcome z, we decide whether

to perform a Pauli operator σz or σx on the control and

target bit respectively.

In contrast to the design using polarized pho-

tons in Ref.[16] with successful probability of 1/4, the

CNOT gate in our scheme is deterministic (i.e., with

100% successful probability) using only one ancilla,

and does not need the joint Bell state measurement re-

quired in the previous schemes, i.e. the joint Bell-state

measurement has been converted into the product of

separate measurements on single fermions.

The deterministic CNOT gate using the encoder

is illustrated in Fig.2, which requires one ancilla in

|+⟩ = (|0⟩+ |1⟩)/
√
2 to achieve 100% successful prob-

ability. At the input the control qubit is |x⟩, the target
qubit is |y⟩, with x, y ∈ {0, 1}. The effect of the first

encoder P1 is given by

|x⟩|+⟩ −→


|00⟩ x = 0, p1 = 1,

|11⟩ x = 1, p1 = 1,

|01⟩ x = 0, p1 = 0,

|10⟩ x = 1, p1 = 0,

(1)

which can be rewritten as

|x⟩|+⟩ −→ |x⟩|x+ p1 + 1⟩. (2)

Here the additions are assumed to be module 2 and

p1 is the parity measured by the encoder P1. In the

following we will omit normalization constants for sim-

plicity.

As we know, the Hadamard gate transforms the

state of the input qubit |a⟩ (a ∈ {0, 1}) into

|a⟩ −→ (|0⟩+ (−1)a|1⟩). (3)

After the Hadamard gate applies to the ancilla qubit

(denoted by |x + p1 + 1⟩) and target qubit (denoted

by |y⟩) respectively, based on Eq.(3), the whole state

of the system becomes

|Ψ⟩ = |x⟩(|0⟩+ (−1)x+p1+1|1⟩)(|0⟩+ (−1)y|1⟩). (4)

When the ancilla and target qubit pass through the

second encoder P2, the whole state |Ψ⟩ evolves in the

form (p2 = 1)

|Ψ⟩1 = |x⟩[(−1)x+p1+1+y|1⟩|1⟩+ |0⟩|0⟩], (5)

or in the form (p2 = 0)

|Ψ⟩0 = |x⟩[(−1)y|0⟩|1⟩+ (−1)x+p1+1|1⟩|0⟩]. (6)

Then the Hadamard gates perform the last transfor-

mation to the whole state as follows:

|Ψ⟩1 −→ |x⟩(|0⟩|x+ p1+1+ y⟩+ |1⟩|x+ p1+ y⟩), (7)

and

|Ψ⟩0 −→ (−1)x+p1+1|x⟩(|0⟩|x+ p1 + 1 + y⟩
− |1⟩|x+ p1 + y⟩). (8)
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At the output, the spin of the ancilla qubit is

measured (assumed that the measured value is z), the

state of the control and target qubit |Ψ⟩out is depicted
in Table 1.

Table 1. The final state of the control and target

qubit |Ψ⟩out versus z and p2.

z p2 |Ψ⟩out
0 0 (−1)x+p1+1|x⟩|x+ p1 + 1 + y⟩
0 1 |x⟩|x+ p1 + 1 + y⟩
1 0 (−1)x+p1 |x⟩|x+ p1 + y⟩
1 1 |x⟩|x+ p1 + y⟩

It is noticed that |Ψ⟩out can be rewritten in a more

compact form

|Ψ⟩out = (−1)(x+p1+1+z)(p2+1)|x⟩|x+ p1 + 1 + y + z⟩.
(9)

The phase factor term can be written as ϕ = ϕ1 + ϕ2,

where ϕ1 = (−1)(p1+1+z)(p2+1) and ϕ2 = (−1)(p2+1)x.

Since p1, p2, z are independent of the input, ϕ1 can be

ignored without any trouble. To eliminate the effect

of ϕ2, we may perform a σz operation on the control

qubit |x⟩ (since σz|x⟩ = (−1)x|x⟩) when p2 = 0. No

operation is performed on the control qubit if p2 = 1.

Analogously, performing a σx operation on the target

qubit when z+p1 = 0 will transform |x+p1+1+y+z⟩
to the required result |x + y⟩. See more details are

listed in Table 2.

Table 2. Arrangement of the Pauli operations per-

formed on the control and target qubit according to

p1, p2 and z.

p1 p2 z control quit target qubit

0 0 0 σz σx

0 0 1 σz I

0 1 0 I σx

0 1 1 I I

1 0 0 σz I

1 0 1 σz σx

1 1 0 I I

1 1 1 I σx

Let us see how the encoders could apply to the

teleportation of electrons. The state to be teleported

is |ϕ⟩ = α|0⟩+ β|1⟩, where α and β are unknown am-

plitudes. Before the teleportation, the sender (Alice)

and the receiver (Bob) share the EPR state

|EPR⟩23 =
1√
2
(|00⟩23 + |11⟩23), (10)

where Alice possesses electrons 1, 2 and Bob possesses

electron 3. To complete the teleportation of the un-

known state of electron 1, only one encoder will be

introduced at Alice’s location. The main setup of our

scheme is depicted in Fig.3. The effect of the encoder

on the input electrons can be expressed as

|Φ⟩ =(α|0⟩1 + β|1⟩1)(|00⟩23 + |11⟩23)

−→

 α|000⟩123 + β|111⟩123, p = 1,

α|011⟩123 + β|100⟩123, p = 0. (11)

Fig.3. The setup for the teleportation scheme. Alice

places electrons 1, 2 to the input arms a and b respec-

tively. After Alice performs +/− measurements in the

bases {|+⟩, |−⟩} (|±⟩ = (|0⟩ ± |1⟩)/
√
2), electron 3 pos-

sessed by Bob will collapse to the required state.

If Alice performs +/− measurements in the bases

{|+⟩, |−⟩}, Bob’s system will be in the state |ϕ⟩ (up to

unitary equivalence). We can read off Bob’s post mea-

surement state which gives the result of Alice’ mea-

surement as follows:

|++⟩12 −→

 |Ψ⟩3 = α|0⟩3 + β|1⟩3, p = 1,

|Ψ⟩3 = α|1⟩3 + β|0⟩3, p = 0,

| − −⟩12 −→

 |Ψ⟩3 = α|0⟩3 + β|1⟩3, p = 1,

|Ψ⟩3 = −α|1⟩3 − β|0⟩3, p = 0,

|+−⟩12 −→

 |Ψ⟩3 = α|0⟩3 − β|1⟩3, p = 1,

|Ψ⟩3 = −α|1⟩3 + β|0⟩3, p = 0,

| −+⟩12 −→

 |Ψ⟩3 = α|0⟩3 − β|1⟩3, p = 1,

|Ψ⟩3 = α|1⟩3 − β|0⟩3, p = 0. (12)

Depending on Alice’s measurement outcome, Bob’s

system will be ended up in one of the above states.

With the Pauli operations of I, σx, σy or σz, the state

of electron 3 will be left in the required state |ϕ⟩.
Now we continue to discuss the implementa-

tion of entanglement concentration via entanglement

swapping[17] assisted by an encoder. Suppose there
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are three spatially separate users Alice, Bob and Cliff.

Alice and Bob all share a pair of non-maximally en-

tangled electrons with Cliff. Alice possesses electron

1, Bob possesses electron 4, and electrons 2, 3 are all

at Cliff’s location. Figure 4 prepares the initially state

as

|Φ⟩12 = α|0⟩1|0⟩2 + β|1⟩1|1⟩2,
|Φ⟩34 = a|0⟩3|0⟩4 + b|1⟩3|1⟩4, (13)

where α, β, a, b are normalization coefficients.

Before swapping, the state of the total system can

be expressed as

|Φ⟩ = (α|0⟩1|0⟩2 + β|1⟩1|1⟩2)(a|0⟩3|0⟩4 + b|1⟩3|1⟩4)

−→

 αa|0000⟩1234 + βb|1111⟩1234, p = 1,

αb|0011⟩1234 + βa|1100⟩1234, p = 0. (14)

Fig.4. The setup for the entanglement concentration via

entanglement swapping.

After Cliff performs +/−measurements, the state

of the total system will be

|++⟩23 −→

 αa|00⟩14 + βb|11⟩14, p = 1,

αb|01⟩14 + βa|10⟩14, p = 0,

(15a)

| − −⟩23 −→

 αa|00⟩14 + βb|11⟩14, p = 1,

−αb|01⟩14 − βa|10⟩14, p = 0,

(15b)

|+−⟩23 −→

 αa|00⟩14 − βb|11⟩14, p = 1,

−αb|01⟩14 + βa|10⟩14, p = 0,

(15c)

| −+⟩23 −→

 αa|00⟩14 − βb|11⟩14, p = 1,

αb|01⟩14 − βa|10⟩14, p = 0.

(15d)

If we set αa = βb or αb = βa, the above states

will become maximally entangled states. For exam-

ple, α = b, β = a or α = a, β = b. Therefore the

initial non-maximally entangled states have been con-

centrated into maximally entangled states via entan-

glement swapping.

In what follows, we will show that the method

could also be generalized to construct entangled states

such as GHZ states, W states and cluster states as-

sisted by encoders. As we know, the encoder can

deterministically entangle a qubit in the arbitrary

state α|0⟩ + β|1⟩ and an ancilla in the fixed state

(|0⟩ + |1⟩)/
√
2 into the two-particle entangled state

α|0⟩|0⟩ + β|1⟩|1⟩. The generation of N -electron GHZ

states can be deduced by analogy of Fig.3.

Based on the CNOT gate using the encoder de-

picted in Fig.2, we could realize a W state as follows.

We consider three non-interacting electrons in Fig.5

prepared initially in |0⟩|0⟩|0⟩. After three single-qubit

operations H, U1, U2 are performed on them respec-

tively, the state of the total system becomes

|Φ⟩ = |ϕ⟩1|ϕ⟩2|ϕ⟩3, (16)

where

|ϕ⟩1 =
1√
2
(|0⟩1 + |1⟩1),

|ϕ⟩2 =
1√
3
(|0⟩2 +

√
2|1⟩2),

|ϕ⟩3 = cos
π

8
|0⟩3 + sin

π

8
|1⟩3. (17)

Fig.5. Network generating the W state.

When p = 0, the whole system will collapse to

|Φ⟩ = 1√
3
(
√
2|01⟩12 + |10⟩12)|ϕ⟩3. (18)

After two CNOT gates and a single-qubit operation

U3 are performed, it is easy to verify that the W state

can be created by the network presented in Fig.5
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|Φ⟩ CNOT
===⇒ 1√

3

(√
2 cos

π

8
|011⟩123 +

√
2 sin

π

8
|010⟩123

+ cos
π

8
|100⟩123 + sin

π

8
|101⟩123

)
U3===⇒ 1√

3
(|010⟩123 + |011⟩123 + |100⟩123)

CNOT
===⇒ 1√

3
(|010⟩123 + |001⟩123 + |100⟩123).

(19)

When p = 1, the whole system will collapse to

|Φ⟩′ = (|000⟩123 + |110⟩123 + |101⟩123)/
√
3. Perform-

ing a σx operation on qubit 1 will transform |Φ⟩′ to
the required result.

Here H denotes the standard Hadamard gate and

is given by

H =
1√
2

 1 1

1 −1

 , (20)

and the unitary operations U1, U2 and U3 appearing

in Fig.5 take the form

U1 =
1√
3

 1 −
√
2

√
2 1

, (21)

U2 =

 cos
π

8
− sin

π

8

sin
π

8
cos

π

8

, (22)

U3 =

 cos
π

8
sin

π

8

− sin
π

8
cos

π

8

. (23)

Cluster states regarded as a special type of mul-

tiparticle entangled states serve as the universal ba-

sis for quantum computation in the one-way quantum

computation.[7,18,19] Moreover, they are widely used

in the quantum error-correction code[20] and the test

of quantum nonlocality.[21] There have been a number

of experimental systems proposed as candidates for

the generation of cluster states, and several of them

have been implemented, e.g., creation of six-photon

cluster states with verifiable six-partite entanglement

by a linear optical elements.[22]

Fig.6. Network generating the cluster state |ϕ4⟩.

We could construct the network (depicted in

Fig.6) to realize a cluster state |ϕ4⟩ = (|+⟩|0⟩|+⟩|0⟩+
|+⟩|0⟩|−⟩|1⟩ + |−⟩|1⟩|−⟩|0⟩ + |−⟩|1⟩|+⟩|1⟩)/2, com-

posed of six Hadamard gates, two encoders and a

CNOT gate depicted in Fig.2. The evolution can be

written as follows:

|0000⟩
H

===⇒|+⟩|+⟩|+⟩|+⟩
p1=1

===⇒|+⟩|+⟩(|0⟩|0⟩+ |1⟩|1⟩)
CNOT
===⇒|+⟩[|0⟩(|0⟩|0⟩+ |1⟩|1⟩) + |1⟩(|1⟩|0⟩+ |0⟩|1⟩)]
p2=1

===⇒|0⟩|0⟩(|0⟩|0⟩+ |1⟩|1⟩) + |1⟩|1⟩(|1⟩|0⟩+ |0⟩|1⟩)
H

===⇒|ϕ4⟩. (24)

Assisted by the Pauli operations σz, σx performed

on qubit 1 or 2 according to the two measured parities

p1, p2, we will transform the final state of the network

to the required result |ϕ4⟩. See more details in Table

3.

Table 3. Arrangement of the Pauli operations per-

formed on qubits 1 and 2 according to p1 and p2.

p1 p2 operation

0 0 σ2
x

0 1 σ1
zσ

2
x

1 0 σ1
z

1 1 I

In summary, we proposed a fermionic linear op-

tical scheme for the teleportation and entanglement

concentration via entanglement swapping based on

charge detection. We also prove that this method

is useful in generating entangled states such as GHZ

states, W states and cluster states using fermionic po-

larizing beam splitters and single spin rotations as-

sisted by a parity check on the fermionic qubits. Our

scheme is nearly deterministic (i.e., with 100% suc-

cessful probability) and does not need the joint Bell

state measurement required in the previous schemes,

i.e. the joint Bell-state measurement has been con-

verted into the product of separate measurements on

single fermions.

Although the fermionic parity detector such as

the electronic parity detector studied here has not

yet been realized experimentally, the fermionic beam

splitters such as electronic beam splitters[23,24] and

the charge detectors[25−27] needed in our scheme have

both been realized by means of point contacts in a

two-dimensional electron gas. The mesoscopic elec-

tron beam splitter could be realized by a lithograph-

ically patterned metallic split gate (light shading)[23]
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or formed monolithically by a 40-nm finger, with the

splitting ratio tuned by applying a small bias voltage

to this finger.[24] As to charge detection, one method

was proposed and realized in metal(Al)tunnel junc-

tions by Lafarge,[25] where a single electron transistor

(SET) was used to detect charge in a single electron

box. The advantage of this method lies in the sen-

sitivity of the SET to the presence of charge near

the SET island. Other charge detection methods

have been proposed and investigated in AlGaAs/GaAs

materials.[26,27] Field et al [26] demonstrated a “nonin-

vasive” detector for measuring the electrostatic poten-

tial change on a quantum dot. This method of charge

detection is considered as noninvasive, since the con-

striction (one-dimensional channel) has a negligible

effect on the behaviour of the quantum dot. With

the potential application of fermionic quantum com-

puting as well as rapid development of quantum dot

techniques, we hope that our analysis could offer ad-

vice for experimenters and be testified by experiment

in the near future.
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