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In this paper, we consider spatial-temporal correlation functions of the turbulent velocities. With numerical simula-

tions on the Gledzer–Ohkitani–Yamada (GOY) shell model, we show that the correlation function decays exponentially.

The advecting velocity field is regarded as a colored noise field, which is spatially and temporally correlative. For

comparison, we are also given the scaling exponents of passive scalars obtained by the Gaussian random velocity field,

the multi-dimensional normal velocity field and the She–Leveque velocity field, introduced by She, et al. We observe

that extended self-similarity scaling exponents H(p)/H(2) of passive scalar obtained by the colored noise field are more

anomalous than those obtained by the other three velocity fields.
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1. Introduction

A most striking property of a passive scalar quan-

tity advected by a fully developed turbulent flow is

its spatiotemporal intermittent behaviour. Intermit-

tency in passive scalars advected by turbulent flows is

thought to be connected to the existence of self-similar

processes transferring fluctuations from large to small

scales. There has been much recent interest in the

problem of passive scalar advection in turbulence fluid.

In particular, much interest has been focused on the

anomalous scaling exponents of the passive scalar.[1−5]

Statistics of the passive scalar must be strongly re-

lated to the properties of the advecting velocity fields.

Unfortunately, due to the lack of knowledge about

the statistical properties of a fully developed turbu-

lent flow the problem of intermittency in the passive

scalar has not been solved. Recently, much attention

has been paid in this direction by studying the in-

termittency properties of a passive scalar advected

by a velocity field which is Gaussian, δ-correlated

in time, and has self-similar spatial correlations.[6−9]

Such a choice is far from being realistic because of

the assumed fast-time decorrelation and Gaussianity.

Whereas, the big advantage of this model is that, due

to the δ correlation in time, all equations for equal-

time n-point correlations are formally closed, that is,

the n-th order correlation depends only on lower-order

correlations. Nevertheless, many interesting analyt-

ical and phenomenological results for this Gaussian

model have been obtained, giving the impression that

some additional new insight into the intermittency

problem of passive scalars has been gained.[10,11]

The problem of defining a shell model for the

advection of a passive scalar by a deterministic and

chaotic velocity field has already been investigated in

Ref.[12]. Here we are going to present our numeri-

cal and analytical results obtained by a weakly mod-

ified version of the shell model defined in Ref.[12],

but using a coloured noise surrogate for the advect-

ing velocity field. The major advantage of using a

coloured noise velocity field is that, now, we can solely

study the influence of velocity-field correlations in

Fourier space. For qualitatively analysing the statis-

tical phasic-spatial characteristic of velocity field, the

GOY shell model is chosen.

The paper is organized as follows: in Section 2 we

introduce and discuss the spatiotemporal correlation

of velocity field in the GOY shell model. In Section 3

we introduce the coloured noise field and calculate its

scaling exponents. The evolution equation of passive

scalars is numerically solved in Section 4 to obtain

the scaling exponents of passive scalar. Concluding

remarks and suggestions for further work are given
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in Section 5. In Appendix A we explicitly derive the

correlation function of coloured noise field, which is

numerically solved by the Newtonian method.

2. The spatiotemporal correla-

tion of velocity field

The evolution equation of the GOY shell

model[13,14] with N shell can be written as[15](
d

dt
+ νk2n

)
un

= ikn

(
u∗
n+1u

∗
n+2 −

δ

r
u∗
n−1u

∗
n+1 −

1− δ

r2
u∗
n−1u

∗
n−2

)
+ f̄ δn,4, (1)

where ∗ denotes the complex conjugate, and n =

1, ..., N , r = kn+1/kn = 2. The parameter δ (here

δ = 0.5) plays an important role in both the static

and the dynamical properties of the model since it is

related to a second quadratic invariant of the equa-

tions. The forcing term f̄ acts only on the fourth

shell. In the following, we are interested in the sta-

tistical behaviour of the spatiotemporal correlation of

velocity:

Fnm(τ) = Re (fu
nm(τ)) , (2)

where

fu
nm(τ) ≡

[
1/

√
Su
2 (kn)Su

2 (km)
]
⟨(un(t) · u∗

m(t+ τ))⟩,

with Su
2 (kn) = ⟨un(t) · u∗

n(t)⟩ · τ being a time inter-

val. We use the four-order Runge–Kutta method to

solve the stochastic functions (1), and then associate

with formula (2) to obtain the curve of spatiotemporal

correlation, as shown in Fig.1. In fact, F
(τ)
nm is an ex-

ponential decay function. Via numerical compution,

the fit function of spatiotemporal correlation reads

Fnm(τ) =
D̄nm

αnm
exp (−αnmτ) , (3)

where D̄nm and αnm are shell coefficient and decay co-

efficient respectively. Figure 1 shows the spatiotempo-

ral correlation of velocity Fnm(τ) versus τ atm = 4, 7,

10, 13. From Fig.1, we can see that the curve of F47(τ)

shows obvious fluctuations. It indicates that there is

3-periodic relevancy in the GOY shell model. The cor-

relation function Fn,n+3(τ) between n-shell and n+3

shell has a bigger relevancy than others. It just needs

some time to transmit energy from the n-th shell to

the (n+ 3)-th shell, so the fitting curve behaves with

a temporal delay.

Fig.1. The evolution of spatiotemporal correlation of ve-

locity with τ for m = 4, 7, 10 and 13.

In Fig.1, σ = [1/Su
2 (kn)S

u
2 (km)] ⟨(un(t) · u∗

m(t))⟩.
The curves of Fnm(τ) show obvious exponential decay.

3. Anomalous scaling exponents

of colour noise velocity field

According to the character of spatiotemporal cor-

relation function of velocity field, one can find that

the correlation function Fnm(τ) exponentially decays

along with the temporal interval τ . For the sake of eas-

ily researching the influence of Fnm(τ) on anomalous

scaling exponents of passive scalars, the exponential

Gaussian coloured noise field is chosen as the advect-

ing velocity field. Such a velocity field satisfies the

Langevin function:

dun(t)

dt
= −

∑
m

anmum(t) +
∑
k

bnkΓk(t) (4)

with ⟨Γn(t)⟩ = 0, ⟨Γn(t)Γm(t′)⟩ = 2Cnδnmδ(t′ − t).

Using equation (4) to compute spatiotemporal

correlation function of un(t), one can obtain

19∑
n,m

tintjmRe ⟨un(t1)u
∗
m(t2)⟩

=
gij

āii + ājj
exp (−āii (t1 − t2)) (5)

with t1 − t2 = τ(t1 > t2). The details of which may

be found in Appendix. The coefficients tin, tjm, āij ,

gij are the member of matrix T = {tij}, A = {aij},
G = {gij} and TAT−1 = Ā = {āii}, respectively.

In the following, we firstly study the scaling expo-

nents of coloured noise velocity field, shown in Eq.(4).

The scaling laws of un(t) are given by

⟨|un|p⟩ ∝ kζ(p)n , (6)
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where ζ(p) is the scaling exponents of un(t). Let us

now discuss the results obtained from Eqs.(4) and

(6) with numerical simulation. The scaling ζTS(p),

the scaling exponent of coloured noise velocity field,

does not follow the Kolmogorov (1941) prediction

ζ(p) = p/3,[16] even for small values of p, as shown

in Fig.2. In fact, ζTS(p) is a strongly nonlinear func-

tion of p. Figure 2 also shows the scaling exponent

ζSL(p) of the hierarchical structure model, which is

inspired by She and Leveque (SL model).[17−19] Both

ζTS(p) and ζSL(p) are all anomalous scaling exponents,

showing the fundamentality of the spatiotemporal cor-

relation of the velocity field. We think that the dif-

ference between ζTS(p) and ζSL(p) may statistically

come from the Gaussian character of the coloured

noise field. Whereas, the SL model introduces non-

Gassian log-Possion distribution function, which fits

the experimental data very well. Obviously, the scal-

ing exponent of SL model is better than that of the

coloured noise velocity field.

Fig.2. ζ(p) versus p. The full line indicates the Kol-

mogorov (1941) prediction ζ(p) = p/3. The squares

are the scaling exponents of coloured noise velocity field,

ζTS(p). The circles are the scaling exponents of the hier-

archical structure model, ζSL(p).

4. Anomalous scaling exponents

of passive scalars in coloured

noise velocity field

Our passive scalar shell model, introduced by

Jensen, et al,[12] is defined by the following equations

dθn
dt

= −Dk2nθn + ihnθ
∗
n+2u

∗
n+1 + ihnθ

∗
n+1u

∗
n+2

+ ienθ
∗
n+1u

∗
n−1 − ienθ

∗
n−1u

∗
n+1

+ ignθ
∗
n−1u

∗
n−2 + ignθ

∗
n−2u

∗
n−1 + f̄ δn,4, (7)

where ∗ denotes the complex conjugate, and en =

kn/2, gn = −kn−1/2, hn = kn+1/2, with u−1 =

u0 = θ−1 = θ0 = 0 as boundary conditions. The

forcing term f̄ δn,4 acts only on the fourth shell.

We assume that f(t) is an independent complex of

the Gaussian variable and δ-correlated in time, with

⟨f(t)f∗(t′)⟩ = C0δ(t − t′). In numerical simulation,

the model is truncated to a finite number of shells N

(here N = 19) with the additional boundary condi-

tions uN+1 = uN+2 = θN+1 = θN+2 = 0. A shell of

radius kn = rnk0, with r >1 and the standard choice

for the radius between shells is r = 2.

In the following, we prescribe several kinds of ran-

dom velocity field un(t) to advect the passive scalar.

The first one is Gaussian random velocity,[11] in which

velocity ui(t) of different shells is independent; the

second one is log-Poisson random velocity, inspired

by She and Leveque (SL velocity);[18] the third one is

multi-dimensional normal random velocity introduced

in Ref.[20]; the fourth random velocity is coloured

noise field introduced in the above section. We use

HG(p) to denote the scaling exponents advected by in-

dependent Gaussian random velocity field. HMN(p),

HSL(p) and HTS(p) denote the scaling exponents of

passive scalar advected by multi-dimensional normal

random velocity field, SL velocity, and coloured noise

field introduced in the above section, respectively.

HGOY(p) represents the scaling exponents of passive

scalars advected by GOY shell model. HX(p) repre-

sents the scaling exponents of passive scalars modified

by the difference between HG(p) and HSL(p). We are

interested in the scaling behaviour of the p-th order

structure functions, and the scaling laws of the p-th

order structure functions are given by

⟨|θn|p⟩ ∝ kH(p)
n , (8)

where H(p) is the scaling exponents of θn(t). To in-

vestigate the nature properties, the p-order scaling

exponents H(p) are normalized by the second-order

scaling exponents H(2), using the standard, extended

self-similarity (ESS) procedure.

We have performed the calculation of the scal-

ing exponent of passive scalars for six cases. Figure

3 shows the scaling exponents H(p) using ESS up to

order p = 15 for different advecting velocity fields.

Apparently, the scaling exponent of passive scalars is

anomalous in all the cases. We find that the curve

of HTS(p) is closer to that of HGOY(p) than others,

which means HTS(p) is more anomalous than others.

It indicates that the coloured noise field can be rela-

tively easy to drive an intermittent passive scalar field,
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and the spatiotemporal correlations of velocity seri-

ously affect the intermittent of passive scalar. How-

ever, they can never reach the curves ofHGOY(p). The

difference may come from the dynamics relationship.

The velocity functions of the GOY model have a fi-

nite correlation time, the artificially prescribed model

velocity field, like our coloured noise field, might have

a white-noise correlation structure in time, which is

one of the reasons for the observed difference in the

scaling exponents. On the other hand, the high or-

der moment may statistically have some impacts on

the scaling exponents of passive scalars, which needs

further research.

Fig.3. Scaling exponents H(p) normalized by H(2) using

ESS up to order p = 15. The dash line represents normal

scaling p/3 predicted by Obukhov.[21] Different subscripts

represent different advecting velocity fields.

5. Conclusion and discussion

We have proposed and studied a shell model for a

randomly passive scalar advected by a coloured noise

field. We also introduced a multi-dimensional normal

velocity field and a SL non-Gaussian velocity field,

which all have typical anomalous scaling exponents.

At the same time independent Gaussian random ve-

locity was proposed to advect the passive scalar. We

found several properties of passive scalar. (i) Inter-

mittence is an intrinsic property of the passive scalar

function. So intermittent passive scalar can be ob-

tained with independent Gaussian random velocity;

(ii) The spatiotemporal correlation of the advecting

velocity can excite additional intermittence of the pas-

sive scalar. So HTS(p) is more anomalous than others;

(iii) The message of the dynamics relationship of the

real velocity is also important. It determines the en-

ergy cascade and synergism between different scales.

The spatiotemporal correlation we considered is just

2-order correlations, where the high-order correlations

are neglected, so HMN(p) can never reach the experi-

mental data.

Acknowledgments

We would like to express our gratitude to Zhao

Ying-Kui and Sun Peng for many stimulating and in-

teresting discussions. We have also benefited from ex-

tensive discussions with Yuan Guo-Yong.

Appendix: Calculation of equa-

tion (5)

The equation (4) reads

dun(t)

dt
= −

∑
m

anmum(t) +
∑
k

bnkΓk(t), (A1)

namely,

dU

dt
= −AU +BΓ, (A2)

where U = (u1, . . . , un)
T
, A = {aij}, B = {bij},

Γ = (Γ1, . . . , Γn)
T
.

The equation (A2) has a formal solution

U(t) = e−AtU(0) +

∫ t

0

e−A(t−t′)BΓ (t′)dt′. (A3)

Then the temporal correlation function reads

⟨
U(t1)U

+(t2)
⟩

=

⟨[
e−At1U(0) +

∫ t1

0

e−A(t1−t′)BΓ (t′)dt′
] [

U+(0)e−A+t2 +

∫ t2

0

Γ+(t′′)B+e−A+(t2−t′′)dt′′
]⟩

=
⟨
e−At1U(0)U+(0)e−A+t2

⟩
+

⟨∫ t1

0

e−A(t1−t′)BΓ (t′)dt′
∫ t2

0

Γ+(t′′)B+e−A+(t2−t′′)dt′′
⟩

+

⟨
e−At1U(0)

∫ t2

0

Γ+(t′′)B+e−A+(t2−t′′)dt′′
⟩
+

⟨∫ t1

0

e−A(t1−t′)BΓ (t′)dt′U+(0)e−A+t2

⟩
. (A4)
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The matrix A = {aij} can be diagonalized by the matrix T = {tij}, then,

TAT−1 = Ā = {āii} =

{
19∑
n,m

tinanmcmi

}
, (A5)

Then we obtain some equations as follows:

TU = Ū = {ūi} =

{
19∑
n

tinun(t)

}
, (A6a)

TBT−1 = B̄ =
{
b̄ij

}
=

{
19∑
n,m

tinbnmcmj

}
, (A6b)

TΓ = Γ̄ =
{
Γ̄i

}
=

{
19∑
n

tinΓn(t)

}
. (A6c)

Left-half multiplying T to Eq.(A3),

TU(t) = T e−AtU(0) + T

∫ t

0

e−A(t−t′)BΓ (t′)dt′ = T e−AtT−1TU(0) +

∫ t

0

T e−A(t−t′)T−1TBT−1TΓ (t′)dt′,

namely,

Ū(t) = e−ĀtŪ(0) +

∫ t

0

e−Ā(t−t′)B̄Γ̄ (t′)dt′,

then, ⟨
Ū(t1)Ū

+(t2)
⟩

=
⟨
e−Āt1Ū(0)Ū+(0)e−Ā+t2

⟩
+

⟨∫ t2

0

∫ t1

0

e−Ā(t1−t′)B̄Γ̄ (t′)Γ̄+(t′′)B̄+e−Ā+(t2−t′′)dt′′dt′
⟩

=
⟨
e−Āt1Ū(0)Ū+(0)e−Ā+t2

⟩
+

⟨∫ t2

0

∫ t1

0

e−Ā(t1−t′)Ge−Ā+(t2−t′′)dt′′dt′
⟩
, (A7)

where

⟨G⟩ =
⟨
B̄Γ̄ (t′)Γ̄+(t′′)B̄+

⟩
= {gij} δ(t′ − t′′) =


19∑
k,q

b̄ikmkq b̄
+
qjδ(t

′ − t′′)


=


19∑

n1m1knqn3m3

tin1bn1m1cm1ktkntqnCntjn3bn3m3cm3qδ(t
′ − t′′)

 , (A8)

and

{mij} = ⟨M⟩ =
⟨
Γ̄ (t′)Γ̄+(t′′)

⟩
=

{
19∑
n

tintjmCnδ(t
′ − t′′)

}
. (A9)

If aimt1, ajnt2 ≫ 1 and t1 > t2, the system goes to equilibrium state, one can obtain,⟨
Ū(t1)Ū

+(t2)
⟩
=

{
gij

āii + ājj
exp (−āii |t1 − t2|)

}
. (A10)

Based on Eq.(A6a), we obtain

⟨
Ū(t1)Ū

+(t2)
⟩
=

{
19∑
n,m

tintjm ⟨un(t1)u
∗
m(t2)⟩

}
. (A11)

Substituting Eq.(A10) into Eq.(A11) yields

19∑
n,m

tintjmRe ⟨un(t1)u
∗
m(t2)⟩ =

gij
āii + ājj

exp (−āii |t1 − t2|) . (A12)
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