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In this paper, we study the dynamics of the synchronous totally asymmetric simple exclusion process (TASEP) on

lattices with two consecutive junctions in a multiple-input-multiple-output (MIMO) traffic system, which consists of m

sub-chains for the input and the output, respectively. In the middle of the system, there are n (n < m) sub-chains via

two consecutive junctions linking m sub-chains of input and m sub-chains of output, respectively. This configuration

is a type of complex geometry that is relevant to many biological processes as well as to vehicular traffic low. We

use a mean-field approach to calculate this typical geometry and obtain the theoretical results for stationary particle

currents, density profiles, and a phase diagram. With the values of m and n synchronously increasing, the vertical phase

boundary moves toward the right and the horizontal phase boundary moves toward the upside in the phase diagram. The

boundary conditions of the system as well as the numbers of input and output determine the no-equilibrium stationary

states, stationary-states phases, and phase boundaries. We use the results to compare with computer simulations and

find that they are in very good agreement with each other.
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1. Introduction

Due to the rapid development of our economy
and society, traffic jams have become one of the im-
portant subjects in urban traffic research. More and
more people have come to study the subject in recent
decades."?]

The traffic bottleneck is one of the main factors
These bottlenecks

may be classified according to their formation mech-

which causes traffic congestion.

anisms. Among them, the two typical types are the
speed-bottleneck, and the road-bottleneck. Recently,
people used cellular automaton (CA) traffic models
to study traffic problems.3=5! In the present paper,
we use totally asymmetric simple exclusion processes
(TASEPs) to study the road-bottleneck where a road
changes from wide to narrow in the local location (i.e.
synchronous TASEPs on lattices with two consecutive
junctions in a multiple-input multiple-output (MIMO)
The TASEPs were used as a pow-
erful tool in studying traffic widely and the two-lane

traffic system).

TASEPs with variant lane-changing rules between two

lanes are also well studied (e.g. in Refs.[6]-[11]).
Junctions can be seen as a road changing from
wide to narrow, connected by junction points, which
are one of the commonly used traffic facilities in
Recently, TASEPs updated with a one-
input two-output junction in random were studied in
Ref.[12]. Wang et all*3] further investigated TASEPs

updated with a multiple-input single-output junction

nature.

in parallel. These papers described either the merging
process or diverging process of traffic low. However,
synchronous TASEPs on lattices with two consecutive
junctions in the MIMO traffic system have not been
studied so far.

The rest of the present paper is organized as fol-
lows. In Section 2 we introduce a model and discuss
the synchronous TASEPs on lattices with two consec-
utive junctions in the MIMO traffic system (see Fig.1).
We use the mean-field results to compare with Monte
Carlo simulation in Section 3. The summary and con-

clusions are given in Section 4.
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2. Model and mean-field appro-

ach

The synchronous TASEP on lattices with two
consecutive junctions in the MIMO traffic system is
illustrated in Fig.1. The system consists of m sub-

chains for the input and output, respectively. In the

l

sub-chain 1

sub-chain m

middle of the model, there are n (n < m) sub-chains
via two consecutive junctions linking m sub-chains of
input and m sub-chains of output, respectively. In this
paper we study the case where n = m — 1, the first
junction is between site L and site L + 1, the second
junction is between site 2L and 2L+ 1. In the system,
each sub-chain includes L sites and the particles can
move only from the left to the right.

sub-chain m+n-+1

sub-chain 2m+n

Fig.1. Synchronous TASEP on lattices with two consecutive junctions in the MIMO traffic system.

We have obtained the exactly solvable results of
one-dimensional synchronous TASEP in Refs.[14] and
[15]. We briefly review these conclusions, as the solu-
tion of our consecutive junctions can be derived from
them. Three phases can be obtained, i.e. the low
density (LD) phase, high density (HD) phase, and
maximal current (MC) phase, and a transition line as
a = . The MC phase (i.e., J = 0.5) can be achieved
only at a = 8 = 1.[15]

(i) If « < B < 1, the system is found in a low
density (LD) phase with

« «

where J is the system current, p is the bulk density,

J=p, p=p1, p1=

and p1 (pn) is the particle density at the first (last)
site.
(ii)) If 1 > a > B, the system is found in a high

|

[
density (HD) phase with

1

J=1- ’ = 7 a
proPT I3
m:lfi, and p, = p. (2)
a(l+8)

(iii) If & = B < 1, we can obtain a transition line
between LD and HD phases.

(iv) If @ = 8 = 1, the system is found to be in
the maximal current (MC) phase with

J =05 p=05. (3)

From the discussion above, we can draw a conclusion
that the problems of TAESPs with consecutive junc-
tions are exactly solvable. For the model, as the cur-
rent which is at site L+1 (2L +1) is flow conservation
through the system, we have

Jl + J2 +-- Jm = Jm+1 + Jm+2 + -+ J77L+7L = J7rz+7z+1 + Jm+n+2 + -0 J2m+n S 0-57

Jl = J2 == Jm» Jm+1 = Jm+2 == Jdm+n, Jm+n+1 = Jm+n+2 == J2m+n- (4)

The system can be mapped onto (2m + n) homogeneous TASEP sections (see Fig.2.) In section I, the injection
rate and the ejection rate are a and Sy, respectively. In section II, the injection rate and the ejection rate
are o1 and Sefo, respectively. And in section III, the injection rate and the ejection rate are cegs and S,

respectively. Qeff1, Qefiz, Beff1 and SBege can be given by[13]
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1
Beffl =1- Pn+1, OQeffl = 2pn7 BeHQ =1- P2n+1, and Qeff2 = ZP2n- (5)
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Fig.2. Synchronous TASEPs on lattices with two consecutive junctions in the MIMO traffic system, which can

be mapped onto five homogeneous TASEP sections. The effective rates Bof1, Qeff1, Beft2 and aegz can be seen

in the schematic diagram.

In each of the chains, there are three possible
phases (LD, HD, and MC) as they are in a stationary
state. So the number of possible stationary phases of
the system is equal to 33=27. Namely, a stationary
state can be one of the following 27 phases, According
to expression (4), it is impossible that the maximal
current phase exists in section I and section III, since
the maximal current in the system is no more than
0.5. Hence, the number of possible phases in the sys-
tem is reduced to 12, i.e. (LD, LD, LD), (LD, LD,
HD), (LD, HD, LD), (LD, HD, HD), (LD, MC, LD),
(LD, MC, HD), (HD, LD, LD), (HD, LD, HD), (HD,
HD, LD), (HD, HD, HD), (HD, MC, LD), and (HD,
MC, HD) phases. Now we can use the same means
like that in case 1 to calculate each phase. The results
are listed as follows:

i) The LD/LD/LD phase. The conditions for this
phase are

a < Ber1 <1, and ez < B < 1

(6)

According to expression (1), the stationary properties

el < Berz <1,

of this phase are given by

o
J1:"':J7n: 1—|—C¥7
Qleffl
Iyl =+ = m+":ﬁag1’ and
(5]
Qleff2
Imtnt1 =" = Jamin = ﬁam’
€
Pn = o P _ Oeffl
= 1=,
" B (14 @) mr 14 aem
poan = Clefl] and oy = —cff2
= o 1= .
" Betr2 (1 + Qefr2) n 1+ Cosro

(7)

According to expressions (4) and (5), we can obtain

mao
1+O[: m+1+"'+Jm+n

NOeff1

Jid ety =

1+ Qleffl
MAOefr2

1+ aeﬂ“27

m+n+1 +---+ J2m+n

Qeffl

Betr1 Pn+1 1+ oo
1

= (8

1- Qeff1 )

Using expression (8), the effective rates qef1, Qof2,

and Beg1 can be calculated in terms of inject rate «,

respectively to be

mao
Ooff] = ——————,
i n+(n—m)a
n+n—-—m)a
Qefiz = o, and Befn:# 9)

n(l+a)

Therefore, qef1, Qerz and B always satisfy condi-
tions (6). Thus, when the system is in the LD/LD/LD
phase, the conditions of o and 8 can be obtained, re-
spectively

o <

. 1
DT and a < f (10)

ii) The LD/LD/HD phase.
sponds to the following conditions

This phase corre-

o< ﬂc{'fl S ]-7
B < tegr2 < 1. (11)

Oeff] < ﬁcﬁQ S ]-7 and

According to expressions (1) and (2), we can obtain
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Q Qleffl p
Ji==Jn= ’ Im =" =Ydm+tn = ) and Jpyqn ::Jmnzia
1 1+ a +1 + 1T aom +n41 2m+ 118
o Qoff1 Qeff1 etz (14 8) — B
n = s Patl=T———, P = 57—, and P41 = ———————. 12
p ﬁeﬂl (1 + a) Pl 1+ Qleffl P2 Beff2 (1 + aeﬁ?) Pant1 eff2 (1 + 6) ( )
According to expresssions (4) and (5), we can have
mo NQeff1 mp3
1+ + Tra 41+ F It T +nt1 + o+ Jomy 1+3
(effl 1
=1—ppr1 =1— = ) 13
ﬁeffl P 1+ Qleffl 1- Qleff1 ( )
From expression (13), it can be easily shown that
ma n+(n—m)a
= 5 e = —_— d e = T ].4
a=p aen n+(n—m)a and femn n(l+ ) (14)

Thus, aef1 and B must satisfy inequality (11). When the system is in the LD/LD/HD phase, we obtain

a < , and a=0. (15)

2m—n

iii) The LD/HD/LD phase. The following conditions should be satisfied:
a < ﬂef‘fl < ]-7 B < Qefi1 < ]-7 and Qeffz < ﬂ <L (16)

According to expressions (1) and (2), the stationary currents are given by

« Beffl Qeff2
J::J = s J :--~:J = — d J :--~:J = —,
1 m 1 Ta m+1 m—+n 1 n ,Beffl , al m+n+1 2m—+n 1 n ot
« ﬁeﬁQ Qleff2
==, :1——, on = T, and 2 = - ].7
fn Besr1 (1 + ) Pt et (1 + Ber2) Pan =17 Beta Pl = T e (a7
According to expressions (4) and (5), we can have
mao nBetr2 MQefr2
[ AT - = e x J — etz e J — ez
1 + + m 1 + o m—+1 + + m+n 1 + ﬁefm m—+n—+1 + + 2m—+n 1 + aeff27
Qeff1 1 1
=1- =1- = and =1- = — 18
Befr1 Prt1 T p— Befr2 Pont1 = 77 - (18)
Using expression (18), a1, Qeofr2, Befi1 and Bego are expressed as
mao mao mao
Qeff] = , Oleff2 = @, /Beffl = and 66&2 = (19)

nBemr1 (1 + ) noe (14 a)’ n+n-m)a’

However, we cannot use expressions (16) and (19) to obtain the conditions of o and §, for the LD/HD/LD
phase does not exist.

For the same reason, the LD /HD/HD phase, HD/LD/LD phase, HD/LD/HD phase and HD/HD/LD phase
do not exist for any conditions of the inject rate o and eject rate 3.

iv) The LD/MC/LD phase. The conditions for this case are given by

a < 5631 S ]-» Qeffl] = BeffZ = 17 and Qeffr < B S 1. (20)

The currents of this phase in a stationary state are

« 1 Qleff2
le"':t]m:mv Jm+1:"': m+n:§a and Jm+n+1:"':']2m+n:ﬁ%ﬂ2a
«o 1 Qeff2
= = = —, and = — 21
Pn e (L4 ) Prt1l = Pon = 5 Pant1 = T o (21)
From expression (4), we obtain
mo n MO

J4+eoktJ =—" —J e J L e J — ez 29
1 + + m 1 Ta m+1 + + m+n 2 m+n—+1 + + 2m—+n 1 + oft2 ( )
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Using expression (22), o and aefre are expressed as

n

Qefiz =, and o = (23)

2m —n’
Thus, the model is in the LD/MC/LD phase when

n

B>a, and a=

CYe—— (24)

v) The LD/MC/HD phase. The corresponding
conditions for this phase are

a < Beffl < 17 Qeff] = ﬁefo = 1; and

6 < ety < 1. (25)

According to expressions (1), (2) and (3), we obtain

o
J :--v:Jm: y
! 1+a
1
Jm+1 = =dm4n — 57 and
Jm+n+1 == J2m+n = iv
1+ 8
- d
= ——------ = = - an
Pn Beffl (1+O{)7 Prn+1 P2n 9’
p
1 =1 - ——. 26
pan1 Qefrz (1 + B) (26)
From expression (4), we obtain
mo
J1+...+Jm:1+7a: m+1+...+Jm+n
n
:EZ m+n+1+"'+J2m+n
mp
5 (27)

Using expression(27), @ and .o are expressed as

n

Qoffp = ¢, and a = (28)

2m —n’
Hence, the LD/MC/HD phase can exist in the model
when

n
and a =

f=a, (29)

2m —n’

vi) The HD/HD/HD phase. The conditions for

this phase to exist can be written as

6effl <a< 17
ﬁ < Qg < 1. (30)

Berz < o1 <1, and

The corresponding expressions for the stationary cur-

rents are
le...:t]m:&,
1+Bcffl
J 1:-~-:J :7/8652 and
m+ m+n 1+5cﬁ'2,
B
Jmn ::Jmnzia
+n+1 2m+ 113
P __1 p 1:1_ﬂ
" 14’59f‘f17 " Qleff1 (1+ﬂef'fQ)’
« 1+3)—
P2n = , and ,02n+1=—efm( ﬁ) B-

% Qleff2 (1+5)

(31)
According to expressions (4) and (5), we can obtain

mﬂeffl
* Jm B 1+ Beﬂl B
_ nﬂef‘fQ o
B 1+ BeffZ B
mp3
148’
Betiz =1 — pant1

ez (1+8) - 8

J1+ m+1+"'+Jm+n

m+n+1 +-+ J2m+n

=1—-————"—-— and
Qeff2 (1 + B)
1 1

= pon=———. 32
Qleff2 2p2n 2+ 2Berr ( )

According to expression (32), we can obtain

mp

e = My and e = . 33
Betit = B Betez ntn—m)p (33)

When expression (33) satisfies the condition (26), we
can obtain the corresponding conclusions about o and

B, i.e.

n
2m —n

vii) The HD/MC/LD phase. The following con-
ditions can be determined:

a>pf, and <

(34)

Bef'fl <a< ]-7 Qeff] = Bef'fQ = ]-7 and

Qefis < B < 1. (35)

The stationary properties of this phase are obtained
from expressions (1), (2) and (3) as follows:

6effl
J = ... = J = —,
1 m 1 +ﬂeffl
1
J7n+1 _ = JnL-l—n = 57 and
(leff2
Jm+n+1 _ = J2m+n = ].-i—em7
= —, = =tfracl2, and
Pn 1+ Bormn Pn4+1 = P2n f
Qeff2
P2n+1 = £ (36)

1+ Qleff2 .
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From expression (4), we obtain = g =Jmint1++ Joman
J1+~~+Jm:%: mt1 + o T :%. (42)
= % = Jmtnt1+ -+ omin According to expression (42), we can obtain
= Mmaefz/ (1 + Cefz)- (37) B = 6 = : n__ (43)
m-—n

The stationary condition for the particle currents
helps to determine the oo and Begt

Qleff2 = ﬂeffla and Beffl = n/(2m - 7’L) (38)

According to phase existence requirements (35), we
can obtain the final conditions of « and

a>n/(2m—mn), and B> n/(2m —n). (39)

viii) The HD/MC/HD phase, which is specified
by the following conditions:

Beit < <1, et = fefiz =1, B < etz < 1. (40)

The stationary currents are given by

6effl
J:”.:szia
! 1+/39ff1

1
Jm+1:"': m+n:§7 and
p
Jm+n+1 == J2m+n = ma
1 1 q

n = T 5 n = pP2n = 5, an
p 1+ Bormn Pn+1 = P2 B

B
bl =1 - ——. 41
Pant1 ez (1 + B) (4D

From expression (4), we can have the results

mﬂeffl
JhF oty =—— = Ji1 4+ + Jtn
! 1+ Be{‘fl 1 *
1.0
] | LD/MC/LD
0.81 |~V HD/MC/LD
1 LD/LD/LD HD/MC/HD
0.6 A
@ ] /\
0.4 {LD/LD/HD LD/MC/HD /
0.2 HD/HD/HD
0

0 02 04 06 08 10
(07

According to phase existence requirement (36), we can
have the final conditions of o and [ as follows:

n

a>f, and = (44)

2m—n’
From the analysis above, one can see that there
are seven possible phases, i.e. (LD/LD/LD),
(LD/LD/HD), (HD/HD/HD), (LD/MC/HD),
(HD/MC/HD), (LD/MC/LD), and (HD/MC/LD)]
in the system. Figure 3(a) shows the possible phase
boundaries for m = 2, 3, and 4, corresponding to
n =1, 2, and 3. With the values of m and n increas-
ing, we can predict that the vertical phase bound-
ary moves toward the right and the horizontal phase
boundary moves toward the upside in the phase dia-
gram, which means that when the values of m and n go
to infinity, this model will change to TASEPs with one
lane model. The phase diagram for m =2 and n =1
is also shown in Fig.3(b), and one can see the follow-
ing points: 1) the (LD/LD/HD) phase corresponds
to the transition line between the (LD/LD/LD)
and the (HD/HD/HD) phases specified by a =
and o < n/(2m —mn); 2) the (LD/MC/LD) phase
is the transition phase between the (LD/LD/LD)
and the (HD/MC/LD) phases specified by a =
n/(2m —n) and a < B; 3) the (HD/MC/HD) phase is

1.0
08: LD/MC/LD
] HD/MC/LD
LD/LD/LD
0.6] LD/ HD/MC/HD
« 1 LD/MC/HD
0.4 {LD/LD/HD
021 - ’ HD/HD/HD
(b)
¥ —m—mmm————
0 02 04 06 08 10

«

Fig.3. (a) Phase boundaries (or transition lines) for m = 2, 3, and 4, corresponding to n = 1, 2, and 3 in a synchronous
TASEP with two consecutive junctions, and (b) phase diagram for m = 2 and n = 1 in a synchronous TASEP with two
consecutive junctions. The vertical solid line and horizontal solid line represent the (LD/LD/HD) and (HD/MC/HD)
phases specified by o = n/(2m —n), 8 > a and = n/(2m —n), a > B, respectively; the black oval corresponds
to the (LD/MC/HD) phase specified by a« = n/(2m —n) and 8 = «; and the diagonal solid line corresponds to the
(LD/LD/HD) phase specified by oo < n/(2m —n) and 8 = a.
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the transition line between the (HD/HD/HD) and  the MIMO traffic system, that is, m = 2 and n = 1.
(HD/MC/LD) phases specified by 8 = n/(2m —n)  The numbers of sites and the sub-chains are all equal
and o > 3. The values of o and 3 are determined by o 500. In simulations, one can obtain the stationary

the values of m and n. density profiles by averaging 108 sampling at each site.
We can see that the non-equilibrium stationary e first 105 N time steps are discarded as transients.
states, stationary-state, and the phase boundaries are The demsity profiles for (LD/LD/LD)

determined by the bound diti f th t
etermined by the boundary con 1 ions of the system (HD/HD/HD), (HD/MC/LD), (LD/MC/LD) and
as well as by the number of sub-chains. In other words, HD /MC/HD) oh b 0 Fied We il
the dynamics of the system is determined by its envi- (HD/MC/HD) phases are shown in Fig.4. e
lustrate only the density properties of sub-chain 1,
sub-chain (m + 1) and sub-chain (m 4+ n + 1), for the
3. Monte Carlo simulation result density properties of the other sub-chains are essen-
. . tially the same as those of sub-chains above, respec-

and discussion . ) . :

tively. It is found that Monte Carlo simulations and
mean-field analysis are well consistent with each other
(see Figs.4(a)—4(g)), thereby verifying our theoretical

ronment and its own structure.

We use computer simulation to validate our theo-
retical analysis. Here, we present only a synchronous
TASEP on lattices with two consecutive junctions in  results.

l

1.0 (a) 1.0 (b)

0.8 0.81
Z —MFA ey I &
# 0.6 - MOS ‘g 0.61 7
g g —MFA g
A 04 A 0.4 = MCS A

0.2 | 0.2 4

0 0 0
0 1.0 2.0 3.0 0 1.0 2.0 3.0 0 1.0 2.0 3.0
X x x

1.0
0.8
g &
w 5 0.6
g =
a R 04
0.2

Fig.4. Density profiles obtained from our theoretical calculations and Monte Carlo simulations when m = 2 and n = 1:
(a) (LD/LD/LD), (b) (HD/HD/HD), (c¢) (HD/MC/LD), (d) (LD/LD/HD), (e) (LD/MC/LD), (f) (HD/MC/HD) and
(g) (LD/MC/HD) phases. The parameters are (a) a=0.2, =0.7, (b) a=0.7, $=0.2, (¢) a=0.7, =0.7, (d) a=0.2,
8=0.2, (e) @=0.333, 3=0.333, (f) «=0.8, 3=0.333, and (g) «=0.333, 5=0.333.

4. Summary and conclusions

Two consecutive junctions in the MIMO models are relevant to vehicular and pedestrian traffic flow.
Synchronous TASEPs with two consecutive junctions in the MIMO models are studied in this paper. Our
theoretical analysis suggests that there are seven possible stationary phases, i.e. (LD/LD/LD), (HD/HD/HD),
(HD/MC/LD), (LD/LD/HD), (LD/MC/LD), (HD/MC/HD) and (LD/MC/HD). In the model, the non-equilibrium
stationary state, the stationary-state phases, and the phase boundaries are determined by the boundary condi-
tions of the system as well as by the values of m and n. The density profiles are simulated and shown to be in
good agreement with the theoretical analysis.

In the model, section II is the bottleneck of the system. The vertical boundary shifts toward the right and
the horizontal boundary shifts toward the upside in the phase diagram when the values of m and n increase.
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When the values of m and n go to infinity infinite, the system will change to TASEPs with a one lane system.

It implies that the bottleneck effect will decrease when the numbers of section I and section III increase.

We can use the approach directly to study another case, i.e. the synchronous TASEPs on lattices with two

consecutive junctions in the MIMO traffic system with m < n.
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