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The temperature effect on tunnelling splitting in the spin–boson model with a super-ohmic bath is studied by the

small polaron theory. The coherent–incoherent transition temperature is calculated and its dependence on dissipation

strength and bare tunnelling splitting is analysed. In additional to the traditional transition point described in textbooks,

a new kind of transition is found in the low dissipation region, showing different temperature dependence in the transition.

The relation to the corresponding transition in the polaron–phonon system is also discussed.
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1. Introduction

Quantum tunnelling has been an interesting

subject in both theoretical and experimental re-

search since the so-called ‘Leggett program’ was

proposed.[1−3] Roughly speaking, there are two kinds

of tunnelling event; the first kind of tunnelling can lead

to a ‘directly observable’ effect and is always consid-

ered as the candidate of the ‘qubit’, a basic unit in

quantum computation.[1,4] One example is the tun-

nelling in a single-molecular-magnet (SMM), which

can lead to relaxation of the magnetization which is

directly measurable in experiments.[5,6] Other well-

known examples are the Josephson charge qubit and

the Josephson flux qubit.[4] The second kind of tun-

nelling is not observed directly but can only be in-

ferred from spectroscopic data (like the Mössbauer ef-

fect or microwave absorption).[7−10] The best-known

example is ‘ammonia inversion’, the first observed tun-

nelling states in solids.[1,7] Historically, tunnelling of

defects in solids was an interesting subject long be-

fore the SQUID was built,[7] while in recent years,

thanks to the quick development of quantum infor-

mation research, the main interest has turned to

the qubit. However, recent experimental progress

on atomic tunnelling in the so-called stoichiometric

clathrate compound has raised new interest in tun-

nelling in solids.[8−10] In fact, the four equivalent sites

of magnetic europium in clathrate Eu8Ga16Ge30 rep-

resent the best toy-model in quantum tunnelling.[8]

One important issue in the study of quantum tun-

nelling is the dissipation effect from the environment.

Theoretically the best-known model of quantum dissi-

pation is the spin–boson model,[1−3] while the differ-

ence between the two kinds of tunnelling mentioned

above stems from the spectral function of the envi-

ronment. For the first kind of tunnelling, the physical

environment is represented by the ohmic bath,[1] while

for the second kind of tunnelling, it is the super-ohmic

bath.[11]

The temperature effect on quantum tunnelling is

an important issue since all real systems are at fi-

nite temperatures. For those systems with so-called

double-linear coupling to a phonon bath, like the spin–

boson model and the polaron–phonon (or exciton–

phonon) system,[12] the small polaron theory provides

a good way to trace the temperature effect.[13,14] How-

ever, since the diagonal contribution by the adiabatic

approximation (i.e., the usual Debye–Waller factor)

in the spin–boson model with an ohmic bath is null,

the temperature effect on the first kind of tunnelling

cannot be quantitatively found by the small polaron

theory.[15] Theoretically the temperature effect on the

second kind of tunnelling can be traced by the small

polaron theory and this point was mentioned in the re-

view article by Leggett et al.[1] Nevertheless, a detailed

calculation on this subject has not been found in the

literature and this is the main interest of the present

paper. In this paper, we use the small polaron the-

ory to study the coherent–incoherent transition in the

∗Project supported by the National Natural Science Foundation of China (Grant No 10575045).
†Corresponding author. E-mail: tzhidech@jnu.edu.cn
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn



No.11 Coherent–incoherent transition in the spin–boson model . . . 5039

spin–boson model with a super-ohmic bath. The rest

of the paper is organized as follows. The model and

the explanation are given in the next section, calcula-

tions of both the diagonal and non-diagonal transition

rate and the analysis of coherent–incoherent transition

are provided in Section 3. A conclusion and discussion

are given in the last section.

2. The model and the explanation

The Hamiltonian of the spin–boson model is given

by (setting h̄ = 1)[1,3]

Ĥ = −∆0

2
σ̂x +

∑
k

ωk b̂
†
k b̂k + σ̂z

∑
k

gk(b̂
†
k + b̂k), (1)

where ∆0 is the bare tunnelling splitting, σ̂i (i =

x, y, z) is the Pauli matrix, b̂k(b̂
†
k) is the annihilation

(creation) operator of the kth phonon mode with en-

ergy ωk and gk is the coupling parameter. The first

and second terms of the above Hamiltonian represent

the unbiased two-state-system (TSS) and the phonon

bath respectively, while the final term is the double-

linear coupling term. The above model can be used

to describe quantum tunnelling between two levels in

resonance or the atomic tunnelling in solids under the

influence of the phonon bath; it can also represent the

‘two-site’ problem in the polaron–phonon (or exciton–

phonon) system.[12]

As is known, the solution of this model depends

on the so-called bath spectral function (density) which

is defined as[1,3] J(ω) = π
∑

k g
2
kδ(ω − ωk). For fre-

quencies below a high-energy cutoff ωc, the spectral

function has the power law form,

J(ω) =
π

2
αωs/ωs−1

c , 0 < ω ≤ ωc, (2)

where α is a dimensionless coupling strength which

characterizes the dissipation strength and the param-

eter s characterizes the property of the bath, i.e.,

0 < s < 1, s = 1, and s > 1 represent the sub-

ohmic, ohmic, and super-ohmic cases, respectively. If

the TSS is a qubit, the physical environment is an

ohmic bath(i.e., s = 1), while if the TSS represents

the tunnelling state in solids, the physical environ-

ment is the super-ohmic bath, i.e., s = 3 or s = 5.[11]

The main interest of the present work is the latter one.

In the following section, the small polaron theory

will be employed to study the temperature effect on

tunnelling and we shall concentrate on the coherent–

incoherent transition as temperature rises.

3. Coherent incoherent transi-

tion

According to the small polaron theory,[13,14] there

are mainly two kinds of contribution to quantum tun-

nelling, say, the diagonal and non-diagonal transitions.

The diagonal transitions make the main contribution

to the tunnelling splitting at the beginning of the low

temperature regions, where the expectation value of

the phonon number is small. The diagonal transi-

tion rate can be found in the following way given in

Refs.[13] and [14]. Firstly, a canonical transformation

is applied to the Hamiltonian in Eq.(1), i.e.,

Ĥ ′ = ÛĤÛ−1 = Ĥ0 + V̂ , (3)

where Û = exp{σ̂z

∑
k(gk/ωk)(b̂

†
k − b̂k)},

Ĥ0 =
∑
k

ωk b̂
†
k b̂k − σ2

z

∑
k

gk/ω
2
k, (4)

V̂ =
∆0

4
(σ̂+e

Θ̂ + σ̂−e
−Θ̂), (5)

and Θ̂ =
∑

k(gk/ωk)(b̂k− b̂†k). The diagonal transition

rate is given by[13,14]

wd(T ) = Trbath⟨i|V̂ |i⟩ = ∆0

2
e−ST , (6)

where

ST = 2
∑
k

(gk/ωk)
2(2nk + 1), nk = (eβωk − 1)−1,

(7)

and β = 1/(kBT ). It is easy to see that, (2nk + 1) =

coth(βωk/2), which is a monotonic-increasing function

of temperature; accordingly dST /dT > 0 and hence

wd(T ) will decrease with increasing temperature.

To find out the non-diagonal transition rate,

one needs to calculate the following correlation

function[13,14]

W (t) = Trbath[⟨i|V̂ (t)V̂ (0)|i⟩ − |⟨i|V̂ |i⟩|2] (8)

with V̂ (t) = ei Ĥ0tV̂ e− i Ĥ0t. In the thermodynamic

limit, one can find that[13]

W (t) = (∆0/2)
2e−2ST [eφ(t) − 1], (9)

where

φ(t) =
∑
k

(2gk/ωk)
2[(nk + 1)e− iωkt + nke

iωkt]. (10)

The non-diagonal transition rate can be found by us-

ing the so-called saddle-point integration

wn(T ) =

∫ ∞

−∞
W (t)dt ≃ (∆0/2)

2(π/γ)1/2e−2ST+φ(0),

(11)
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where γ =
∑

k g
2
k[nk(nk + 1)]1/2 and

φ(0) = 2
∑
k

(gk/ωk)
2[nk(nk + 1)]1/2. (12)

Using the spectral function given in Eq.(2), one can

find that

ST =
2

π

∫ ωc

0

J(ω)

ω2
coth(βω/2)dω, (13)

φ(0) =
1

2π

∫ ωc

0

J(ω)

ω2 sinh2(βω/2)
dω, (14)

and

γ =
1

2π

∫ ωc

0

J(ω)

sinh2(βω/2)
dω. (15)

Here one can see that, for both ohmic and sub-ohmic

baths (i.e., 0 < s ≤ 1), we have ST → ∞, and accord-

ingly wd(T ) = 0, which makes quantitative analysis

impossible. Nevertheless, the difficulty does not exist

for a super-ohmic bath.

In the small polaron theory,[13,14] the main con-

tribution to tunnelling splitting at the beginning of

the low temperature region is the diagonal transi-

tion which decreases with increasing temperature. On

the other hand, the non-diagonal transition is ther-

mally activated and hence increases with tempera-

ture. This point is usually explained by the expan-

sion of wn(T ) in the high temperature region.[13,14]

For ωc/(kBT ) ≪ 1 (or nk ≫ 1), one can find that

wn(T ) ≃ ∆2
0

√
π

BT
e−B/T , B =

1

kB

∑
k

g2k
ωk

(16)

from which one can see that wn(T ) increases with

temperature. As the temperature increases, the main

contribution to tunnelling splitting will change from

diagonal transition to non-diagonal transition. Since

the diagonal transition is a coherent tunnelling process

while the non-diagonal transition is considered as an

incoherent tunnelling process, a coherent–incoherent

transition point is defined as[14,16]

wn(Tc) = wd(Tc), (17)

or
∆0

2
(π/γ)1/2eφ(0)−ST

∣∣∣∣
T=Tc

= 1. (18)

Here we shall firstly present some explanation on

the determination of the transition temperature Tc.

It is important to note that Tc can be safely found

through Eq.(17), i.e., by making plots of both wn(T )

Fig.1. Variation of both wd(T ) and wn(T ) with temperature in the case of s = 3 and α = 5. The

unexpected ‘up-turn’ of wn(T ) comes from the divergence of factor γ−1/2, which leads to the additional

fake solution. It is seen that no cross-point can be found when ∆0/ωc increases to some critical value.
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and wd(T ) against T and finding the cross-point, oth-

erwise a direct solution of Eq.(18) can lead to fake

solutions. It is usually found that Eq.(18) has two

solutions, making the determination of Tc impossible.

Figure 1 shows the variation of both wd(T ) and wn(T )

with temperature for some specified parameters. One

can see that the non-diagonal transition rate wn(T )

has an divergent ‘up-turn’ as T → 0. From Eqs.(11)

and (15), it is seen that the ‘up-turn’ comes from the

factor γ−1/2 which tends to diverge as T → 0. Such

an ‘up-turn’ leads to an additional cross-point, which

is obviously a fake solution. Since the divergent be-

haviour of γ−1/2 is independent of spectral function,

such a fake solution exists for both the s = 3 and s = 5

cases.

Numerical analysis shows there are two kinds

of transition points. The first kind of transition

point is the traditional one as described in the

literature,[13,14,16] i.e., wd(T ) decreases while wn(T )

increases with increasing T respectively, and a cross-

point can be found at T = Tc. An illustration is shown

in Fig.2, which is similar to that found by Holstein.[16]

For this kind of transition, tunnelling splitting will

firstly decrease with increasing temperature and then,

as the transition point is reached, the temperature

dependence will reverse. In other words, such a tran-

sition can be directly known by observing the temper-

ature dependence of tunnelling splitting and hence is

termed the observable transition.

Fig.2. Illustration of the first kind of transition point for

some specified parameters. Here wd(T ) increases while

wn(T ) decreases with increasing temperature respectively.

As the transition point is reached, the main contribution

to tunnelling splitting changes from wd(T ) to wn(T ) and

hence the temperature dependence on tunnelling splitting

reverses.

In additional to the traditional transition point,

we have another kind of transition point. For this

case, both wd(T ) and wn(T ) decrease with increasing

temperature and the former has a faster decreasing

rate than the later. As the transition point is reached,

the main contribution to tunnelling splitting changes

from wd(T ) to wn(T ) as usual, but the temperature

dependence on tunnelling splitting does not change.

An illustration of the second kind of transition point

is given in Fig.3. Obviously such a transition cannot

be directly detected by observing the temperature de-

pendence on tunnelling splitting and hence is termed

the unobservable transition point.

Fig.3. Illustration of the second kind of transition point

for some specified parameters. Here both wd(T ) and

wn(T ) decrease with increasing temperature; as the tran-

sition is reached, the main contribution to tunnelling split-

ting changes from wd(T ) to wn(T ) but the temperature

dependence on tunnelling splitting does not change.

Our analysis shows that two kinds of transition

can be found for both the s = 3 and s = 5 cases.

For a given ∆0/ωc, one can only find the second kind

of transition in the low dissipation region, and the

first kind of transition takes place when the dissipation

strength exceeds some threshold αc. Figure 4 shows

the boundary lines for those two kinds of transition

for both the s = 3 and s = 5 cases. The boundary

lines shown in Fig.4 seem to suggest that the thresh-

old is independent of ∆0/ωc, nevertheless, it is found

that the threshold increases slightly with ∆0/ωc. For

example, in the case of s = 5, αc varies approximately

from 3.5933 to 3.5943 when ∆0/ωc changes from 1 to

10. Such a tiny variation is hard to see on the scale

shown in Fig.4.
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Fig.4. The boundary lines for two kinds of transition in

the cases of s = 3 and s = 5. In both cases, the threshold

αc increases slightly with ∆0/ωc.

Now we turn to the dependence of the transition

temperature on the dissipation strength α. A typical

result is shown in Fig.5 for the case of ∆0/ωc = 0.3.

It is seen that, at the beginning of the low dissipa-

tion region, the transition temperature decreases with

increasing dissipation strength, and the s = 5 case

has a faster decreasing rate than s = 3. When the

dissipation strength increases to some value which de-

pends on both s and ∆0/ωc, the transition temper-

ature becomes insensitive to the dissipation strength

and tends to a fixed value. It is interesting to see

that the transition temperature does not tend to zero

as the dissipation strength increases. Our analy-

sis shows that, in the case of the super-ohmic bath,

localization is impossible for any finite dissipation

strengths, and therefore the diagonal transition al-

ways has a non-zero contribution as the dissipation

strength increases, leading to a finite transition tem-

perature. It should be noted that the present result

is in accord with the exact solution of the single-

mode case.[17] In the single-mode case, it was found

that, for both low and high frequency modes, the

coherent–incoherent transition point becomes insen-

sitive to the coupling strength provided that the cou-

pling strength is strong enough.[17] According to the

influence-functional theory,[18] the present case is just

a weighted integration of the single-mode result. Con-

sequently, the transition temperature becomes insen-

sitive to the dissipation strength in the strong dissi-

pation regions.

Fig.5. The dependence of the transition temperature on

the dissipation strength α in the case of ∆0/ωc = 0.3.

For both s = 3 and s = 5, the transition temperature

decreases with increasing α at the beginning, then when

α increases to some value, the transition temperature be-

comes insensitive to α and tends to a fixed value.

For a given dissipation strength α, the transi-

tion temperature depends on ∆0/ωc. A typical result

for the case of α = 5 is shown in Fig.6. One can

see that the transition temperature decreases with in-

creasing ∆0/ωc, and the larger the s, the faster the

decreasing rate. For both the s = 3 and s = 5 cases,

the present analysis cannot help to find the transi-

tion point when ∆0/ωc increases to a large number as

illustrated in Fig.1. The result we found is qualita-

tively in agreement with but obviously different from

the result found by Holstein in the high temperature

region by ignoring the dispersion, where the transi-

tion point was found to be remarkably insensitive to

∆0.
[13,16] This indicates the difference between the

case of dispersive phonons and the case of ignoring

the dispersion. As a matter of fact, Holstein’s calcu-

lation can be considered as the case of the Einstein

model and hence corresponds to the single-mode case.

In the single-mode case,[17] it is found that the transi-

tion point varies approximately from 0.6 to 0.4∆0/kB

as ∆0/ωc changes from 1/3 to 3. This result is in

accord with Holstein’s calculation. The exact solu-

tion of the single-mode case shows that the transition

temperature increases with decreasing ∆0/ω, i.e., for

a given ∆0, the higher the frequency, the higher the

transition temperature.[17] In the present model, the

quality ∆0/ωc sets the population of the high and low

frequency, namely, the larger ∆0/ωc, the larger the

population of the low frequency modes with ∆0/ω < 1

in the bath, leading to a lower transition temperature.
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Fig.6. The dependence of the transition temperature on

∆0/ωc in the case of α = 5. For both s = 3 and s = 5, the

transition temperature decreases with increasing ∆0/ωc,

and the larger the s, the faster the decreasing rate.

4. Conclusion and discussion

In this paper, coherent–incoherent transition in

the spin–boson model with a super-ohmic bath is

studied by the small polaron theory. The transition

temperature is calculated for both the s = 3 and

s = 5 cases and its dependence on both the dissi-

pation strength α and the bare tunnelling splitting

∆0 is also analysed. The result we found is in agree-

ment with the exact solution of the single-mode case.

In additional to the traditional transition point as

described in the textbook, there is another kind of

transition which takes place in the weak dissipation

region. As the transition point is reached, the tem-

perature dependence on tunnelling splitting will keep

decreasing, in contrast to the traditional one. The

coherent–incoherent transition picture in the weak dis-

sipation regions is enriched by the finding of this tran-

sition. Coherent–incoherent transition in the polaron–

phonon system is a well-known concept and has been

observed in some experimental systems like TiO2.

We hope that the coherent–incoherent transition dis-

cussed here can be found in the newly-developed sto-

ichiometric clathrate compounds, like Eu8Ga16Ge30.

Physically the transition can be found by observing

the temperature dependence of tunnelling splitting.

However, tunnelling splitting in the system mentioned

above is not directly observable but can only be in-

ferred from the Mössbauer-effect and microwave ab-

sorption. This situation is more complicated than the

polaron–phonon system. Further analysis is needed to

find out the observable effect of the transition on the

Mössbauer-effect and microwave absorption.
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