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Bloch oscillation and Landau—Zener tunnelling in a
modulated optical lattice in a photovoltaic
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‘We theoretically study the beam dynamical behaviour in a modulated optical lattice with a quadratic potential in
a photovoltaic photorefractive crystal. We find that two different Bloch oscillation patterns appear for the excitation
of both broad and narrow light beams. One kind of optical Landau—Zener tunnelling also appears upon the Bloch
oscillation and can be controlled by adjusting the parameter of the optical lattice. Unlike the case of linear potential,
the energy radiation due to Landau—Zener tunnelling can be confined in modulated lattices of this kind. For high
input intensity levels, the Landau—Zener tunnelling is suppressed by the photovoltaic photorefractive nonlinearity and
a symmetry breaking of beam propagation from the modulational instability appears.
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1. Introduction

In recent years, light propagation in waveguide ar-
rays and photonic lattices has been the focus of many
studies due to its fundamental interest and potential
in the novel generation of re-addressable and recon-
figurable networks.' =4 Many intriguing phenomena,
such as Bloch oscillation (BO), Landau—Zener tun-
nelling (LZT) and dynamic localization (DL) in a lin-
ear waveguide array or photonic lattice with an ex-
ternal linear optical potential,®=1 and the discrete
(or lattice) solitons and gap solitons in a nonlinear
waveguide array or photonic lattice, have been found
to be fundamentally different from those observed in
homogeneous media.['?=18! In fact, BO and LZT were
previously predicted in solid-state physics for elec-
trons in crystalline potentials with an external elec-
trostatic field. However, due to the difficulty in co-
herent excitation of free electrons, they had not been
observed in experiment until 1990s.1'9) These funda-
mental effects exist not only for electron waves but
also for electromagnetic waves and matter waves in
periodic media under an effective ‘electrostatic field’
(or ‘Coulomb force’).[5:6:29=22] Tn the optical domain,
periodic media are built by waveguide arrays or pho-

tonic lattices, and the linear optical potential corre-

sponding to a linearly growing effective refractive in-
dex can be implemented by adjusting the temperature
gradient across a thermo-optic material,l® by chang-
ing the waveguide geometry,®) by bending the array
in the longitudinal direction for waveguide arrays, 23!
or by illuminating an incoherent white light with a
transversal intensity modulation for photonic lattices
in photorefractive crystal.l?) Beautiful optical ana-
logues of BO and LZT have been reported in recent
optical experiments.[®6:3:9 More interesting phenom-
ena have been found in two-dimensional (2-D) pho-
tonic lattices, e.g. optical Lissajou-type trajectories,
resonant and non-resonant LZT at different symme-
try points in a band gap structure of a 2-D hexag-
onal photonic lattice and a decagonal quasi-periodic
photonic lattice.24=28) In addition, BO and LZT were
also observed in BECs in an optical lattice. From the
viewpoint of quantum mechanics, the BO and LZT
of different coherent waves or quantum particles gov-
erned by Schrodinger equations have the same mathe-
matical structures though they have different physical
backgrounds. The picture of a quantum harmonic os-
cillator in a lattice was used to describe BECs and
optical phenomena. For BECs, the quadratic poten-
tial is produced by focused light fields and sometimes

enhanced by magnetic trapping in experiment;29 for
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light propagation in waveguide arrays, the quadratic
potential was induced by the rotation of a 1-D waveg-

uide array. (3"

In the present paper, we theoretically
study the beam dynamical behaviour in a modulated
linear or nonlinear optical lattice with a quadratic po-
tential in a photovoltaic photorefractive crystal. We
find that the LZT can be controlled by adjusting the
parameter of the modulated optical lattice, without
the energy of the light beam undergoing BO decay

due to the quadratic potential.

2. Theory

Here we consider a signal beam propagating along
the z-direction in a bulk photovoltaic photorefractive
material. The z-direction is the ferroelectric ¢ axis and
the beam is allowed to diffract only along this direction
for the (141)-D case. The propagation of the signal
beam can be described by the following generalized
Schrodinger equation in the paraxial approximation
and the slowly varying amplitude approximation:

: OE  » 2

12/{0710% + Vi E + 2nokgn(z,y)E=0, (1)
where n(z,y) is the effective modulation of the re-
fractive index, kg is the wave number of light in vac-
uum, and ng is the background refractive index of the
medium. The function E describes a complex enve-
lope of the optical field of the signal beam. In the
following, we will consider the (1+1)-D case , where
V3 = 9%/022.

Considering the photovoltaic effect and neglecting
the diffusion effect after Refs.[31] and [32], under the
open-circuit condition, we can obtain the expression of
n(z,y) based on the band-transport model developed
by Kukhtarev et al,33 as follows:

1
n(m, y) = _7n87€ffEsc

2
1 SoIs + RSl + Rin Sl
Sols + Selg + Smlm + 3’

= 5”8'Yefpr
(2)

where o is the effective linear electro-optic coeffi-

cient; Eq. is the space-charge field; E, is the photo-

|

voltaic space-charge field; g is the dark generation rate
(Iq = B/Ss is dark irradiance); Ss, Sy, Sm are the pho-
toionization cross sections corresponding to the signal
beam, the modulated lattice beam and the beam that
induces a quadratic potential, respectively; R; and
R, are the ratios of the Glass coefficients of the lattice
beam and the quadratic potential beam respectively
to the signal beam respectively. The intensity of the
signal beam is I, = |E[>. Here, we consider such a

modulated optical lattice with an intensity profile

Iy(z) = I [ecos®(mz/dy) + (1 — €) cos®(mz/dy)] .
(3)

Such a modulated lattice potential can be in-
duced by a broad laser beam passing through an ap-
propriately designed amplitude mask or by the in-
terference pattern of two pairs of counterpropagating
laser beams. So the lattice spacing and potential well
depth are dynamically adjustable, thereby allowing
real-time control. In the general case of incommen-
surate periods dy and ds, the lattice described by ex-
pression (3) is quasi-periodic. In the present paper,
however, we focus on only the double-period lattice
with d; = day/ 2,34 which is characterized by the pa-
rameter £ (which takes values between 0 and 1) and
Iy. In addition, we choose such a quadratic potential
Iw(z) = Alyz? induced by a light beam whose inten-
sity is constant along the crystal length but modulated
transversely as shown in Ref.[9]. Clearly, when the
crystal is uniformly illuminated by background light,
namely, when I, is a constant and I, = 0, the expres-
sion of E reduces into Eq.(6) in Ref.[35] automati-
cally.

Substituting expression (2) into Eq.(1) and adopt-
ing the scale transformation & = 2/(nokoz3), s = z/xz0
and FE(s,€) = IoU(s,€) (where zg is an arbitrary
spatial scale), we obtain

L 0U(s,§) | 10°U(s,€) _
1 65 5 D52 - OZV(S)U(&&) =0, (4)
where o = —kxindyea By /2,

V(s) = (U] + RySyly/Selo + RunSnIn/S:To) / (101 + Sl /SuTo + S/ SeTo + La/To ).

and aV (s) is the lattice potential induced by the lattice beam and quadratic potential beam.
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3. Simulations

Here we take an iron-doped LiNbOj3 photovoltaic
photorefractive crystal as the working medium.??
The wavelengths of the signal beam, lattice beam, and
quadratic potential beam are 632.8 nm, 514.5 nm, and
514.5 nm, respectively. Some parameters correspond-
ing to these wavelengths are as follows: ng =2.20,
Yot = 30.9 pV/m, E, = —27 x 10° V/m, Ry = Ry, =
2.6, and S ~ Sz ~ Sm. The typical value of Iy is
about several mW/cm?. We set I3 at 1 mW/cm?
as that of Ip. In addition, we set £y = 10 um and
dy = mxg.

To understand the dynamical behaviour of the
signal beam, we first study the band structure of a
linear double-period lattice without quadratic poten-

tial. To do this, we ignore the nonlinear term |U]*
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in Eq.(4).
lated based on the Bloch theorem is shown in Fig.1.

The band structure of this lattice calcu-

Obviously, there exist several band gaps in the linear
spectrum due to their periodicity, and the width of the
band gap E, between the first (solid line in Fig.1) and
second (dashed line in Fig.1) bands decreases with the
increase of €. We find that the band gap E, plays an
important role in the BO and LZT when an external
linear optical potential is introduced into this lattice.
When FE, is large enough, the LZT can be ignored,
while when Eg is small, the LZT should be taken into
account. Therefore, the LZT can be controlled effec-
tively by adjusting the parameter . In the following,
we will show the influence of £ on the propagation of a

light beam in a double-period lattice with a quadratic

potential.
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Fig.1. Band structure of a linear double-period lattice for different values of ¢, i.e. € = 0.2 (a);

0.5 (b), 0.8 (¢) and 1.0 (d).

Figure 2 shows the profiles of the double-period lattice for different values of ¢, where panels (a), (b), (c)
and (d) correspond to € = 0.2, 0.5, 0.8 and 1.0, respectively. Obviously, when ¢ is close to zero, the period of
the lattice potential approaches ds(= 27x() and the lattice is sparse. However, when ¢ is close to unity, the

period of the lattice potential approaches d; and the lattice is dense. In our simulations, A = 0.01/z3 is used

for the quadratic potential Iy,.
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Fig.2. Profiles of a double-period lattice with a quadratic potential for different values of ¢, i.e.

e =0.2 (a), 0.5 (b), 0.8 (c) and 1.0 (d).

3.1. Broad Gaussian beam excitation

We now begin to investigate the dynamical prop-
agation of the signal beam. For simplicity, normal in-
cidence is assumed. An incident Gaussian beam with
100 pm full width at half maximum (FWHM) is used
to excite the double-period lattice, shown in Fig.2.
The centre of the Gaussian beam is at s = 0. We solve
numerically Eq.(4) by the standard split-step Fourier
method, and the accuracy of the numerical simulation
is checked against the total ‘power’ (fj;o |U\2 ds), an
invariant of this equation during propagation. The re-
sults are shown in Fig.3. For an nW input power level
(the central intensity of the incident Gaussian beam is
set at 1 uW/cm?), the beam can hardly feel the non-
linearity. The propagation of the signal beam in this
case is shown in the upper part of each picture in Fig.3.
For a uW input power level (the central intensity of
the incident Gaussian beam is set at 1 mW /cm?), the
nonlinearity of the photorefractive material becomes
evident. The propagation of the signal beam is shown
in the lower part of each picture in Fig.3.

To understand the behaviour of beam propaga-
tion in the double-period lattice shown in Fig.2, we
briefly review a Bloch wave (coherent wave in a lattice)

or a particle in a linear potential. As is well known,

when a Bloch wave or particle in a linear potential
reaches the edge of the first Brillouin zone (BZ), the
band gap in the frequency domain attains a minimum
value and the probability of LZT reaches its maxi-
mum value. When LZT happens, the radiation takes
place in real space and the energy of the light beam

decays,®!

which should consequentially result in the
breakdown of BO. Now the linear potential is replaced
by a quadratic one for the optical BO, and the energy
of the light beam will not decay though the radiation
mode still exists, since the radiated energy is confined
in the centre of the quadratic potential, as shown in
Fig.3. In Fig.3, one sees that the signal beam is scat-
tered into both sides of s = 0 by the potential bar-
rier. So the excited Bloch modes locate at the edge
of the first BZ. Each scattering branch travels toward
the centre of BZ in the frequency domain, where the
transverse wave-vector is zero, namely, each scattering
branch arrives at the maximum of the transverse po-
sition in real space. Then, confined by the quadratic
potential, the scattering will come back to the centre
of the quadratic potential (corresponding to the edge
of BZ), where most of the scattering goes into the ra-
So,
the radiation mode does not result in a loss for the

diation mode due to LZT, as shown in Fig.3(a).

restriction effect of the quadratic potential.
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Fig.3. Contours of intensity profile of the propagating beam excited by a broad Gaussian beam at s = 0
in a double-period lattice with a quadratic potential for different values of ¢, i.e. € = 0.2 (a), 0.5 (b)
and 0.8 (c). The central intensity of the incident beam for the upper part of each picture is 1 yW/cm?
and for the lower part is 1 mW /cm?. Panel (d) shows the intensity profile of a beam propagating a long

distance, corresponding to the case of panel (a).

It is found that the LZT can be suppressed by
the nonlinear effect. For a level of a few mW /cm? of
input intensity, photorefractive nonlinearity becomes
evident and damping of BO becomes slow. This is
shown in the lower part of each picture in Fig.3. For
a very small value of ¢, the LZT is almost suppressed
by the photorefractive nonlinearity (as shown in the
lower part of Fig.3(a)). Furthermore, an interesting
phenomenon of symmetry breaking is observed for
1 mW/cm? central intensity and € = 0.2. Figure 3(d)
shows the symmetry breaking clearly. For ¢ = 0.5
but with the same input power, the symmetry break-
ing becomes unclear. When the central intensity is
further increased to 4 mW/cm? and 10 mW /cm? for
e = 0.5, it is found that the symmetry breaking ap-
pears at 4 mW /cm? while it disappears at 10 mW /cm?
as shown in Fig.4. This symmetry breaking would re-
sult from the modulational instability (MI) of the sig-

nal beam. The MI is one of the fundamental phenom-

ena existing in many nonlinear systems. In the optics
domain, a broad optical beam propagating through a
nonlinear medium will undergo MI and develop into a
spontaneous pattern or ﬁlaments,[%’?’ﬂ under certain
Firstly,
symmetry breaking appears at 1 mW /cm? for ¢ = 0.2

conditions. We now discuss this in detail.
but not for € = 0.5. This is because the signal beam
is scattered more strongly in the lattice when € = 0.5
than when ¢ = 0.2, since the lattice is more com-
plex when ¢ = 0.5 than when ¢ = 0.2, as shown in
Fig.2. So, the strength of MI in the lattice is weaker
when € = 0.5 than when € = 0.2. Secondly, when the
central intensity is increased to 4 mW /cm?, the MI
is enhanced and the symmetry breaking appears for
e = 0.5. Finally, the symmetry breaking disappears
at 10 mW /cm?. This is not surprising, because it is
well known that the photovoltaic photorefractive non-
linearity is saturable and that the MI is suppressed

when the nonlinearity of media reaches saturation. 8!
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Fig.4. Contours of intensity profile of the propagating beam excited by a broad Gaussian beam at s =0
in a double-period lattice with a quadratic potential, for ¢ = 0.5. The central intensities of the incident
beam in panel (a) are 1 uW/cm? and 1 mW/cm?; and 4 mW/cm? and 10 mW /cm? in panel (b) for the
upper and the lower, respectively.

3.2. Narrow Gaussian beam excitation

In this section, we investigate the dynamical propagation of the signal beam with an initial Gaussian profile
of 10 pm FWHM. In this case, the propagation is sensitive to the initial position of the beam. Figures 5 and 6
show the results of the dynamical propagation corresponding to two different centre positions, i.e. s = 0 and
—m/2. The upper part and the lower part of each picture in Figs.5 and 6 correspond to the central intensities
of the input beam, being 1 uW/cm? and 1 mW /cm?, respectively.
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Fig.5. Contours of intensity profile of the propagating beam excited by a narrow Gaussian beam at s = 0
in a double-period lattice with a quadratic potential for different values of € , i.e. € = 0.2 (a), 0.5 (b),
and 0.8 (c). The central intensity of the incident beam for the upper part of each picture is 1 W /cm?
and for the lower part is 1 mW /cm?. Panel (d) shows the intensity profile of a beam propagating a long
distance, corresponding to the case of panel (a).
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Fig.6. Contour of intensity profile of the propagating beam excited by a narrow Gaussian beam at
s = —7/2 in a double-period lattice with a quadratic potential for different values of €, i.e. € = 0.2
(a), 0.5 (b), and 0.8 (c). The central intensity of the incident beam for the upper part of each picture
is 1 uW/cm? and for the lower part is 1 mW /cm?. Panel (d) indicates the intensity profile of a beam
propagating a long distance, corresponding to the case of panel (a).

For the case of s = 0 shown in Fig.5, the signal beam is scattered into both side of the centre by the
potential barrier, and then excites most of the modes in the lowest transmission band, which means the excited
Bloch modes have a wide space spectrum in BZ. The ripples shown in Fig.5 are due to the BO of these Bloch
modes with different wave-vectors. For the broad beam excitation shown in Fig.3(d), the Bloch modes each
have a narrow space spectrum, so the trajectory of the beam is narrower than that in Fig.5(d).

For the case of s = —7/2 shown in Fig.6, the patterns of the signal beam are evidently different from each
other, for different values of e. For € = 0.2, the signal beam is mostly scattered into one side of s = —7/2 and
a typical damped BO is excited at levels of a few yW/cm? and a few mW /cm?, which is slowed down by the
nonlinearity effect, as shown in Fig.6(d). In addition, a little radiation energy caused by LZT is coupled into the
other side of s = —7/2 and confined in this lattice. For e = 0.5 and 0.8, the scattering becomes weak because of
a potential well at s = —7/2 (shown in Figs.2(b) and 2(c)). In this case, the transverse momentum of the beam
is too small to cross over the potential barriers of both sides and can only propagate in the potential well, as
shown Figs.6(b) and 6(c). It should be noted that, at a few W input power level, a quasi-soliton (bright soliton)
can be excited for ¢ = 0.8, which is shown in the lower part of Fig.6(c). For the defocusing photorefractive
nonlinearity of a LiNbOg crystal, the bright soliton can be excited under a background laser beam or an optically
induced periodic lattice.3239 So we believe that the bright soliton can exist in a double-period lattice with a

quadratic potential.

4. Conclusion

We theoretically investigate the beam dynamical behaviour in a photovoltaic photorefractive crystal, in
which there is a modulated linear or nonlinear optical lattice with a quadratic potential. Damped BO accom-

panied by LZT results in different beam patterns for both broad and narrow beam excitations. The beam
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patterns can be controlled by adjusting the parameter of the lattice. Unlike the linear potential, the energy

radiation caused by LZT can be confined in this kind of lattice. In addition, for high input power levels, the

photorefractive nonlinearity causes symmetry breaking and the suppression of LZT.
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