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The photoelectron angular distributions (PADs) of hydrogen atoms in an intense laser field of linear polarization

are studied using the S-matrix theory in the length gauge. The PADs show main lobes along the laser polarization and

jet-like structures sticking from the waist of main lobes. Our previous prediction, based on a nonperturbative scattering

theory of photoionization developed by Guo et al, showing that the number of jets on one side of PADs may increase

by one, three, or other odd numbers and may decrease by one when one more photon is absorbed, is confirmed by

this treatment. Within the strong-field approximation, good agreement is obtained between these two quite different

treatments. We further study the influence of the Coulomb attraction to PADs, by taking a Coulomb–Volkov state as

the continuum state of photoelectrons. We find that under the influence of the Coulomb attraction, the PADs change

greatly but the predicted phenomena still appear. This study verifies that the jet-like structures have no relation with

the angular momentum of photoelectrons.
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1. Introduction

The study of photoelectron angular distributions

(PADs) of above-threshold ionization (ATI) is an at-

tractive area of research, both experimentally and

theoretically.[1−3] Experimentally, the PADs of ATI

are a direct measure of the physical processes involved

in strong-field ionization. The PADs also permit the

derivation of other significant data, such as the par-

tial and the total rates. Detailed theoretical studies

on PADs are important in understanding the relevant

physical processes. Comparisons between theoretical

results and experimental measurements offer stringent

tests of various extant strong-field-ionization models.

In 1998, Nandor et al [4] and Schyja et al [5] ob-

served a jet-like structure sticking out from the main

lobes in the PADs of low-energy ATI peaks. Here,

the main lobes in PADs are the formations of photo-

electrons emitted in and around the direction of laser

polarization, and the jets are the formations of pho-

toelectrons emitted from the waist between two main

lobes. It was found that in a set of ATI peaks when the

absorbed-photon number increases by one, the num-

ber of jets also increases by one. (Throughout this

paper the number of jets denotes that on one side of

PADs.) Since in traditional perturbation theory, one

photon absorption will alter the electron angular mo-

mentum state, it is likely to attribute the number of

jets in PADs to the quantum number of the electron

angular momentum state. However, the nonperturba-

tive scattering theory for photoionization derived by

Guo, Åberg and Crasemann (GAC)[6] revealed that

the jet-like structures in PADs have no relation with

the angular momentum of photoelectrons.[7] The GAC

theory used a generalized phased Bessel (GPB) func-

tion to describe the photonic transition amplitude,

and found that the jet-like structures are just caused

by the extrema of the GPB function.

The GAC theory has had a notable success in

explaining strong-field phenomena, such as the an-

gular distribution splitting observed by Bucksbaum

et al,[8,9] the disappearance of main lobes observed

by Richle et al,[10,11] and the variation of PADs with

laser intensity and frequency.[12] The advantage of us-
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ing GAC theory to interpret PADs lies in its simplicity

and ability to reproduce the PAD patterns observed in

experiments. In GAC theory, the PADs are described

by a single special function, not a superposition of a

set of special functions. This theory shows: (i) the

PADs are uniquely determined by the GPB function,

(ii) the jets feature the maxima of the GPB function

and the number of jets follows a number rule derived

by the theory, and (iii) all PADs in different laser fre-

quencies, laser intensities, and atomic binding ener-

gies are related by a scaling law.[13] The strong-laser-

field phenomena in the nonrelativistic regime were

attributed to three basic dimensionless parameters:

atomic binding number, ponderomotive number, and

absorbed-photon number. With these parameters a

scaling law for PADs was established, which still holds

in the few-cycle regime.[14,15]

Recently, Bai et al [12] extended our previous

study to photoionization of hydrogen atoms in an in-

tense laser field and found that the number of jets

on one side of PADs may increase by one, three, or

other odd numbers after one-more-photon absorption.

By varying the laser frequency, the number of jets may

decrease by one when one more photon is absorbed.[16]

Since the PADs have been detected with high resolu-

tions at present, a frequently asked question is why the

predicted phenomena were not observed experimen-

tally. Meanwhile, since there are many strong-field

theories of photoionization, should the predicted phe-

nomena be found in other treatments? If the predicted

phenomena were confirmed by other strong-field theo-

ries, it still provides a strong support to the statement.

In a recent paper,[17] based on the S-matrix the-

ory in the length gauge, we studied theoretically the

photoionization process of hydrogen atoms in intense

laser fields. In order to take the Coulomb attraction of

the parent core into account, we treated the electronic

continuum state as the Coulomb–Volkov (CV) state

introduced in Ref.[18], instead of the Volkov state used

in the GAC theory, and the PADs in various laser

fields were obtained. The PADs show the main lobes

and the jet-like structures with their number varying

with the laser intensity and the kinetic energy of pho-

toelectrons.

Based on our previous studies, in this paper we

perform detailed studies on the PADs of hydrogen

atoms in an intense laser field of linear polarization

and compare the PADs obtained in these two dif-

ferent treatments. For comparison, we first obtain

the PADs within the strong-field approximation (SFA)

where the Coulomb attraction for the photoelectrons

is neglected completely and the electronic continuum

state is treated as the Volkov state which describes the

motion of a free electron in a laser plane-wave, then

compare them with that obtained by GAC theory. A

good agreement is shown and detailed differences are

also found. The physical reason for these phenomena

is also presented. Next we study the PADs when the

Coulomb attraction is taken into account by treating

the electronic continuum state as the CV state. We

will show that the predicted phenomena, for example

in the PADs of a set of ATI peaks, where the number

of jets may increase by one, three or other odd num-

bers or may decrease by one when one more photon

is absorbed, are also recovered. This study suggests

that the jet-like structures have no relation with the

angular momentum of photoelectrons and provides a

strong support to the predicted phenomena and the

GAC theory itself.

2. PADs within the strong-field

approximation

The vector potential A(t) of a linearly polarized

laser field is written asA(t) = A0ϵ̂ cos(ωt), where ϵ̂ is a

unit vector denoting the laser polarization. Using the

standard S-matrix theory and treating the electronic

continuum state as the Volkov state, we formulate the

differential ionization rate after l-photon absorption

as[17]

dWl

dΩp
=

4πA2
0pl

a0ω2

∣∣∣∣∫ π

−π

dα cos(α)fl(α)S(pl, sinα)

∣∣∣∣2 ,
(1)

where dΩp = sin θpdθpdϕp is the differential solid an-

gle of photoelectrons, and θp and ϕp are the scattering

angle and the azimuthal angle in momentum space,

respectively; a0 is the Bohr radius, and the function

fl(α) is given by

fl(α) = exp(i lα− iZl cosα− i η sin(2α)), (2)

where

Zl =
eA0ϵ̂ · pl

meω
, η =

e2A2
0

8meω
. (3)

For hydrogen atoms in the ground state |100⟩, the

function S(pl, sinα) for the Volkov states reads[19]

S(pl, sinα) =
− i(2a0)

7/2(pl + eA0 sin(α)ϵ̂) · ϵ̂
π[1 + a20(pl + eA0 sin(α)ϵ̂)2]3

, (4)
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where pl is the momentum of photoelectrons that sat-

isfies
p2
l

2me
= (l − up)ω − Ip, (5)

in which upω is the ponderomotive energy and Ip is

the ionization potential of the target atoms.

The PADs are calculated according to Eq.(1) by

setting θp = π/2 and varying ϕp from 0 to 2π. Gener-

ally, the calculated PADs show main lobes along the

laser polarization and jet-like structures sticking out

from the waist of the main lobes. The main lobes may

split and disappear, and the jets may be greater than

the main lobes.

For convenience of comparison, in Fig.1 we depict

the PADs calculated according to the ionization-rate

formula in Eq.(1). The linearly polarized driving laser

is chosen the same as that used in Fig.1 of Ref.[16], say

for laser intensity 1.5×1013 W/cm2 and wavelength

700 nm. The calculated PADs show the main lobes

and the jet-like structures, and the numbers of jets

for this set of ATI peaks are, respectively, 5, 6 and 7,

which is the same as that shown in Fig.1 of Ref.[16].

Generally, the calculated PADs agree well with those

calculated according to the GAC theory. All the PADs

in both treatments show main lobes and jet-like struc-

tures, and the numbers of jets are the same. Detailed

differences also appear. For example, the jets in the

present treatments are generally smaller than those

shown in Ref.[16]. Another difference lies in the PAD

of the fourth ATI peak, in which the main lobes split

badly in the present treatment. However, the overall

agreement of PADs is good.

Fig.1. Polar plots of the calculated PADs using the Volkov state. Panels (a), (b) and (c) are

for the second, the third and the fourth ATI peaks, respectively. The laser field is of intensity

1.5×1013 W/cm2 and wavelength 700 nm.

As an important result, Ref.[16] predicted that

the number of jets may increase by three when one

more photon is absorbed. To confirm this prediction,

we calculate the PADs under the same conditions as

used in Fig.2 of Ref.[16] and the comparison is shown

in Fig.2. Like that obtained by the GAC theory, no

jet appears in the calculated PAD of the first ATI

peak, and three and six jets in the PADs of the sec-

ond and the third ATI peaks, respectively. For the

PAD of the fourth ATI peak, only four jets are vis-

ible, and the remaining three jets are too small to

be clearly seen. Although there still exist many de-

tailed differences, for example, the main lobes shown

in Fig.2(c) are much higher than those in Ref.[16] and

the jets are generally smaller than those in Ref.[16],

the present calculations show good qualitative agree-

ment with our previous results. We also calculate the

PADs under the same conditions as those used in Fig.3

of Ref.[16] and confirm the previous results.

The predicted phenomena were confirmed by a

quite different treatment, since the GAC theory dif-

fers largely from the present S-matrix treatment in

many aspects. The GAC theory is a nonperturba-

tive scattering theory based on the exact solution of

laser–electron interaction in the velocity gauge, which

has been derived in the frame of the formal scatter-

ing theory and obtains an analytical formula of the

ionization rate for atoms in intense laser fields. In

the ionization-rate formula, the initial wavefunction

is separated from the dynamic part of the electronic

transition. The S-matrix theory used in the present

paper is in the length gauge in which the interaction
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depends on the position vector of the electrons. The

initial wavefunction incorporates the dynamic part of

the electronic transition. Although there are other im-

portant differences, they are not related to the present

study and not mentioned here. In addition to these

differences, we should mention that they are all of

the nonperturbative theory of photoionization. Then,

what does the similarity of the PADs obtained by

these two different treatments imply? Where do the

differences in the PADs come from?

Fig.2. The calculated PADs using the Volkov states. Figures (a), (b), (c) and (d) are for the first, the

second, the third, and the fourth ATI peaks. The laser field is of intensity 1013 W/cm2 and wavelength

780 nm.[20] For convenience of comparison, each PAD is normalized by its maximum. The solid lines

are for the present calculation, and the dotted lines are for the GAC results.

The GAC theory interprets PADs in terms of the

GPB function defined as follows:

X−l(Zl, η) ≡
∞∑

m=−∞
X−l−2m(Zl)Xm(η), (6)

where the phased Bessel functions Xn(z) of a complex

variable z are related to the ordinary Bessel functions

Jn(r) by

Xn(z) = Jn(r)e
inφ, (z = reiφ). (7)

For a linearly polarized laser field, both Zl and η are

real, then the GPB function reduces to

X−l(Zl, η) ≡
∞∑

m=−∞
J−l−2m (Zl) Jm(η), (8)

where the two variables are given in Eq.(3). The value

of the GPB function increases oscillatorily as Zl in-

creases, and the oscillation pattern depends on the

value of η. The oscillation of the GPB function forms

the jet-like structures in PADs, and the number of jets

is twice the extrema of the GPB function in the do-

main of Zlmax.
[7] The ionization-rate formula in Eq.(1)

can be rewritten as
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dWl

dΩp
=

4πA2
0pl

a0ω2

∣∣∣∣∣∑
n,m

(i)nJn(−Zl)Jm(η)

∫ π

−π

dα cos(α) exp [i(l + n− 2m)α]S(pl,α)

∣∣∣∣∣
2

=
4πA2

0pl
a0ω2

∣∣∣∣∣∣
∑
j,m

(i)j(−1)jJj+2m(Zl)Jm(−η)

∫ π

−π

dα cos(α) exp[i(l + j)α]S(pl,α)

∣∣∣∣∣∣
2

=
4πA2

0pl
a0ω2

∣∣∣∣∣∣
∑
j

(i)j(−1)jXj(Zl, η)

∫ π

−π

dα cos(α) exp[i(l + j)α]S(pl,α)

∣∣∣∣∣∣
2

. (9)

Clearly, the GPB function also appears in the

ionization-rate formula. The subscript j denotes

a possible transition channel, thus summing over j

means that many transition channels can contribute to

the same ATI peak. Numerical calculations show that

the integration over α becomes notable when l + j is

an odd number. Since exp[i(l+ j)α] oscillates quickly

for large values of j + l, only several channels may

contribute dominantly to the overall ionization rate,

implying that only several GPB functions are involved

in forming an ATI peak. This is the reason why good

agreement is obtained between the PADs calculated

by the GAC theory and those by the present treat-

ment, and the interference between multiple ioniza-

tion channels in the present treatment causes the dif-

ferences in the calculated PADs.

3. PADs with the Coulomb po-

tential included

Since the Volkov state describes a free electron in-

teracting with a laser plane wave, the use of the Volkov

state means that the Coulomb attraction of the parent

core to the photoelectrons is completely neglected. In

reality, however, due to the long-range nature of the

Coulomb attraction, an electron will interact with a

laser field under the influence of the Coulomb attrac-

tion. It has been shown that the Coulomb potential

affects the broadness of the main lobes and the num-

ber of jets.[17] Then, a question arises: What will the

PADs become when the influence of the Coulomb po-

tential is taken into account?

In order to look for an answer, we treat the

state of photoelectron as the CV state introduced

by Jain and Tzoar[18] and perform the Coulomb-

corrected S-matrix treatment to obtain the ionization-

rate formula.[20] (For details see also Ref.[17].) In the

CV state, the laser field and the Coulomb field are

treated on an equal footing and the influence of the

Coulomb potential is determined by the momentum of

photoelectrons in such a manner that the low-energy

electrons are influenced strongly while the high-energy

electrons are weakly affected. Following the standard

S-matrix treatment, and treating the electronic con-

tinuum state as the CV state, the differential ioniza-

tion rate after l-photon absorption is worked out to

be

dWl

dΩp
=

28a30A
2
0

ω2 [1− exp(−2πv)]

∣∣∣∣∫ π

−π

dα cos(α)fl(α)S
′(pl, sinα)

∣∣∣∣2 , (10)

where

S′(pl, sinα) =
(1− i v)M i v ϵ̂ · [eA0 sin(α)ϵ̂A+ plB]

{1 + a20[eA0 sin(α)ϵ̂+ pl]2}3
, (11)

in which the coefficients are given by

A = [−(2 i+v) + (2v − i)M +
(v − i)

1− i v
(1 + i v)M2], (12)

B = [2 i+v − (v − i)M ], (13)

M =
{1 + [eA0 sin(α)ϵ̂+ pl]

2a20}
[(eA0 sin(α))

2
a20 − (pla0 + i)2]

, (14)
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with v being calculated as v = 1/(a0pl). Other quan-

tities are the same as those for the Volkov state. Ac-

cording to this formula, we calculate the PADs under

the influence of Coulomb attraction. The calculated

PADs clearly show main lobes and jet-like structures.

In order to show the influence of the Coulomb

potential, in Fig.3 we depict several PADs using the

CV state, under the same conditions as for the Volkov

state shown in Fig.2. Distinctive differences appear

between the PAD using the Volkov state and that us-

ing the CV state. For example, for the first ATI peak,

the main lobes of the PAD using the Volkov state are

broad and split slightly and no jet appears, while the

main lobes do not show any split and two jets appear

on each side of the PAD for the CV state. The number

of jets in the PAD using the CV state also differs from

that using the Volkov states. In addition to these dis-

crepancies, we note that five jets appear on one side of

the PAD for the second ATI peak, which implies that

the number of jets increases by three when one more

photon is absorbed. This feature agrees well with our

previous prediction. For other higher order ATI peaks,

one more jet appears when one more photon is ab-

sorbed. We should mention that, in the present treat-

ment, the calculated PADs for even-photon processes

always have a central jet, while those for odd-photon

processes do not show any central jet. Meanwhile, the

number of jets does not increase by two or other even

numbers when one more photon is absorbed. These

features also agree with our previous results based on

the GAC theory.[7]

Fig.3. Polar plots of the calculated PADs using the Coulomb–Volkov state. Other conditions

are the same as those in Fig.2.

Our calculations also show that the number of jets may decrease by one when one more photon is absorbed.

Figure 4 depicts the PADs for the first six ATI peaks at laser intensity 5 × 1013 W/cm2. Four jets, two of

which are large while the other two are small but still notable, appear on each side of the PAD for the first

ATI peak. Five jets appear on one side of the PAD of the second peak. The PADs for the following three ATI

peaks are highly peaked along the polarization vector. Detailed study discloses that there are 8, 9 and 10 jets

on each side of the PADs for the 3rd, 4th and 5th ATI peaks, respectively. However, in the PAD of the sixth

ATI peak, there are only 9 jets on one side of the PAD, suggesting that the number of jets decreases by one

with one-more-photon absorption. The decrease with one-more-photon absorption, as well as the change in the
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number of jets in the CV treatment, is caused by the minimum of the space integration (S(p, sin(α)) in Eq.(27)

of Ref.[17]) matrix, resulting from the irregularity of the CV states. When a maximum of the GPB function

meets a minimum of S(p, sin(α)), a jet disappears.

Fig.4. Polar plots of the calculated PADs using the Coulomb–Volkov state. Figures (a)–(f) are

for the first six ATI peaks. The laser field is of intensity 5×1013 W/cm2 and wavelength 800 nm.

The phenomenon that the number of jets may in-

crease by one, three or other odd numbers and may

decrease by one when one more photon is absorbed

occurs over a wide laser intensity range. Our calcula-

tions indicate that at higher intensities, the predicted

changes in the number of jets are quite general. For

example, at laser intensity 3×1014 W/cm2, the num-

ber of jets in the PADs of the first six ATI peaks is, re-

spectively, 4, 7, 10, 13, 14, and 15. A five-jet-increase

case also appears in our calculations.

For convenience of experimental observation, it

will be useful to choose a proper laser intensity to ob-

serve the predicted phenomena. On one hand, since

the photoelectron rate increases nonlinearly with laser

intensity, it is helpful to the experimental observations

to take a higher laser intensity. On the other hand,

high-intensity PADs have many jets, but only several

jets are visible, while others are too small to be seen

clearly. More importantly, if the peak intensity of the

laser field is too high, ionization will occur over a wide

intensity range, and the PADs at different intensities

will incorporate into each other which may obstruct

their predicted features. Such a case has occurred in

the tunneling ionization where the Keldysh parame-

ter γ =
√

Ip/2upω < 1 and the peak structure in the

photoelectrons’ energy spectrum disappears. Thus,

increasing the laser intensity is not always advanta-

geous to the experimental observations. Here we sug-

gest that to observe the predicted phenomena, the

laser intensity should be lower than 1014 W/cm2 to

ensure that the Keldysh parameter γ > 1 where the

photoelectron spectrum shows well-separated peaks.

4. Conclusion

Our previous prediction, based on the nonpertur-

bative scattering theory of photoionization, that the

number of jets may increase by one, three, or other

odd numbers or may decrease by one when one more

photon is absorbed, is confirmed by the S-matrix the-

ory in the length gauge. Good qualitative agreement

is obtained by the two kinds of quite different treat-

ments within the SFA. When the Coulomb potential is

taken into account, by treating the continuum state of

photoelectrons as the CV state, the pattern of PADs

changes greatly but the predicted change in the num-
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ber of jets still appears. This study verifies that the

number of jets has no relation with the angular mo-

mentum of photoelectrons. This study also provides

strong support to the interpretation of PADs in terms

of the GPB function. Actually, the amplitude of a

photonic transition expressed by a generalized Bessel

function is a common feature for many nonpertur-

bative photoionization theories, such as in the well-

known formula given by Reiss.[21] The distinctive dif-

ferences between PADs with and without the SFA im-

ply that the results based on the SFA become more

accurate when Coulomb attraction plays a minor role.
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