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We observe strong energy-dependent quantum defects in the scaled-energy Stark spectra for |M | = 1 Rydberg

states of barium atoms at three scaled energies: ε = −2.000, ε = −2.500 and ε = −3.000. In an attempt to explain

the observations, theoretical calculations of closed orbit theory based on a model potential including core effect are

performed for non-hydrogenic atoms. While such a potential has been uniformly successful for alkali atoms with a

single valence electron, it fails to match experimental results for barium atoms in the 6snp Rydberg states with two

valence electrons. Our study points out that this discrepancy is due to the strong perturbation from the 5d8p state,

which voids the simple approximation for constant quantum defects of principle quantum number n.
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1. Introduction

The study of atoms inside external static mag-

netic and/or electric fields is of fundamental impor-

tance. An important tool for such studies is scaled-

energy spectroscopy. The associated techniques and

theories have been well developed over the years

from many successful investigations of hydrogen and

hydrogen-like alkali atoms with single valence elec-

trons. Following closed orbit theory for atoms in ex-

ternal fields,[1−6] model potentials parameterized by

quantum defects including core effects are introduced,

leading to closed orbits analogous to those found in

atomic hydrogen.[7] Quantum defect theory for single

valence electron alkali atoms has shown great success

as evidenced by nearly perfect agreement between the-

ory and experiment.[7]

Despite this success, however, significant chal-

lenges remain especially for complex atoms with more

than one valence electron. For example, for both

alkaline-earth atoms barium[8,9] and strontium[10,11]

with two valence electrons and a heavy core, theo-

retical calculations do not agree with the experimen-

tal scaled-energy spectra for the single excited Ryd-

berg electron even after quantum defects are included

to account for the effects of the core and the other

valence electron. Adopting similar model potential

formulations for alkaline-earth atoms, we found that

although the peak positions of the experimental re-

currence spectra agree with the closed orbit theory

calculation, the peak intensities generally cannot be

reproduced.[12] This is likely due to the fact that atoms

with multi-valence electrons usually display consid-

erably different quantum defects for different princi-

ple quantum numbers with excitation energy.[13] The

changing quantum defect signals the failure of the

simple model potential approach for barium[8,9] and

strontium[10,11] atoms, despite the success in closed

orbit theory calculations for hydrogen-like alkali Ryd-

berg atoms in external fields. This sufficiently explains

all experimental features of the scaled-energy spectra

of sodium[14] and lithium,[15,16] as well as for the spec-

trum of helium Rydberg atoms in the narrow energy

range.[17−21]

For the barium atom, experiments which focus ex-

clusively on the configuration interaction in Stark dy-

namics within a multi-electron atom have been made

to study the deviation from the standard one-electron

picture.[22] The barium is excited by a direct laser to

the 5d7d perturber which is embedded in and cou-

pled to the single excited 6snd Rydberg series. A

longer Kepler period than that observed in single-
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electron systems at the same binding energy was iden-

tified. The dynamical effects associated with electron-

electron interaction are identified by directly compar-

ing and contrasting the scaled-energy recurrence spec-

tra obtained from different energy windows.[23]

In our case, we focus on the effect of n-dependent

quantum defects in the atoms of complex electron

configuration in an external field. The 6snp Ryd-

berg of barium are strongly perturbed by the 5d8p

state and the quantum defect for the different main

quantum number n varies dramatically.[24] The scaled-

energy spectroscopy for excitation of barium atoms

from 6s2 to 6snp provides a convenient probe for

studying this interesting phenomenon of quantum de-

fects that must analogously occur in strontium.[10]

Furthermore, a better model potential can be devel-

oped to better carry out theoretical calculations to

study the large core effect on the closed orbit, instead

of simply using the hydrogenic Coulomb potential.[10]

In previous studies, the resolution for laser wavelength

and electric field in the scaled-energy spectroscopy

for strontium[10] was not high enough to extract ac-

curate information on the effect due to two valence

electrons. A more reliable experiment is therefore ur-

gently needed.

In this paper, we report an experimental observa-

tion of the scaled-energy spectra of barium at several

scaled energies and the corresponding theoretical cal-

culations for the recurrence spectra with closed orbit

theory based on the hydrogen potential and model po-

tentials. The experiment is performed by changing the

electric field strength and the photon energy simulta-

neously while keeping the scaled energy ε = E/F−1/4

constant. A configuration of one-photon excitation

from the ground state is used to constrain the transi-

tions to occur only from 6s2 to 6snp. The spectra are

recorded at three scaled energies: ε = −2.000, −2.500

and −3.000, and the corresponding recurrence spectra

are obtained by Fourier transformations. Two closed

orbit theoretical calculations are performed. One is

based on the hydrogenic pure Coulomb potential. The

other employs the model potential widely used in al-

kali atoms with quantum defects. With the uncer-

tainty of the scaled energy taken into account by a

cutoff function,[25] we fail to reproduce the spectrum,

especially for the strength of the spectral lines. This

failure is due to the fact that barium shows a strong

dependence of quantum defect on the excitation en-

ergy and this causes the core effects at different en-

ergies to be different. This observation also explains

our previous work for strontium[10,11] and the work for

barium by Kips, Kuik et al.[8,9]

2. Theory

The Hamiltonian of a barium Rydberg atom of

energy E in an external electric field along the z axis

is approximately given by

H =
1

2

(
p2z+p2ρ+

l2z
ρ2

)
− 1√

ρ2 + z2
+Fz+Vc (z) , (1)

where Vc (r) is the centrical potential of the atomic

core including the quantum defects. It describes short

distance modifications of the ionic core when complete

screening is not achieved. We employ a core potential

in the following form:[7]

Vc (r) = −1

r

[
1 + (Z − 1) e−a1r + a2re

−a3r
]
, (2)

where the nuclear charges Z is 56 for barium and

a1, a2 and a3 are chosen to give the best agreement

with the measured quantum defects. a1 = 4.987887,

a2 = 8.531785 and a3 = 0.807332 yield quantum de-

fects µ0 = 4.25183, µ1 = 3.80459 and µ2 = 2.75886,

which are close to the actual values µ0 = 4.285,

µ1 = 3.80 and µ2 = 2.76.[9]

After introducing transformation

ρ̂ = ρF 1/2, ẑ = zF 1/2, (3)

P̂ρ = PρF
−1/4, P̂z = PzF

−1/4, (4)

t̂ = tF 1/4, (5)

the Hamiltonian becomes

Ĥ = HF−1/2

=
1

2

(
P̂ 2
ρ+P̂ 2

z +
L̂2
z

ρ̂2

)

− 1√
ρ̂2 + ẑ2

+ ẑ + Vc (r̂) (6)

with L̂z = lzF
1/4. The centrifugal barrier displays a

significant influence on the |M | = 1 states in a certain

sense[26] and this term cannot be neglected. In our

experiments, however, F̂ 1/4 = 1/80 and the centrifu-

gal term in the scaled Hamiltonian is two orders of

magnitude smaller than the other terms. In this case,

lz = 0 is a good approximation and the centrifugal

term can be omitted from the Hamiltonian.[17]

After neglecting the centrifugal term, the Hamil-

tonian above will not depend on the applied field or

excitation energy separately. Instead, all the depen-

dence is factorized into a single quantity, the scaled
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energy ε = EF−1/2. If we control the scaled en-

ergy ε to be constant by matching the exciting pho-

ton energy and the electric field at the same time,

the classical dynamics of the atoms will be held in-

variant while, experimentally, we can record the ab-

sorption spectrum by scanning the excitation photon

energy, which provides dynamical information about

the outer electron. This procedure is successfully in-

corporated into the closed-orbit theory developed by

Du and Delos.[1−3] According to this theory, the pho-

ton absorption rate is related to average oscillator-

strength density Df (E,F ), which can be written as a

combination of a smooth background term and a set

of sinusoidal oscillations,

Df (E,F ) = Df0 (E) +Dfosc (E,F ) . (7)

The smooth background Df0 (E) is the basic oscil-

lator strength in the absence of electric field, and the

second term Dfosc (E,F ) is the contribution of the os-

cillations in the electric field. Defining ω = 2πF−1/4,

the latter oscillatory part Dfosc (E,F ) can be written

as

Dfosc (E,F )

=
∑
n

(2π)
1/2

ω−1/2Dn
0 (ε) sin[Ŝn

0 (ε)ω − Φ0]

+
∑
n,k

Dn
k (ε) sin[Ŝn

k (ε)ω − Φnk], (8)

where Dn
0 (ε) and Dn

k (ε) are the amplitudes of the nth

repetition of the kth closed orbit for different initial

conditions. In the calculations the maximum action

is confined by the experimentally accessible precision

∆ω according to the formula S ≤ 2π/∆ω. In our

experiment, the resolvable maximum action S ≤ 12,

which means that the closed orbits with longer periods

cannot be resolved under our conditions and a cutoff

function is adopted to take the uncertainty in scaled

energy into account.[25]

3. Experimental setup

The experimental setup has already been de-

scribed in our previous papers[10,11] and only a brief

introduction will be given here. An atomic beam pro-

duced from the resistively heated oven ejects into the

interacting region, intersecting with the laser beam

perpendicularly. A pinhole between the atomic oven

and the interacting area serves to collimate the atomic

beam. The interacting region is situated between two

parallel Stark plates on which an appropriate elec-

tric voltage is applied. The laser beam comes from a

Nd:YAG pumped dye laser system (Spectra Physics),

frequency-doubled by a BBO crystal, and its wave-

length is monitored by a Burleigh wavemeter. One

photon is enough to excite the barium atom from the

ground state 6s2 to the 6snp Rydberg state. The po-

larization of the laser beam is perpendicular to the

direction of the electric field so that the |M | = 1 fi-

nal state can be accessed. The strength of the electric

field is computer controlled to keep the scaled energy

constant. The excited atoms are ionized by electric

field and the ions detected by a channel electron mul-

tiplier. The analog signal is recorded and accumulated

in a boxcar and the final averaged digital data are

downloaded into the computer for future processing.

4. Results and discussion

The experiment is done at three different scaled

energies: ε = −2.000, −2.500 and −3.000. They cover

an energy range of principal quantum numbers from

n = 33 to n = 43 and the estimated uncertainty of the

scaled energy is δε = 0.002. The experimental spec-

trum is measured with respect to the wavelength of the

photon at a fixed scaled energy and then undergoes a

Fourier transform with respect to F−1/4. The exper-

imental and calculated recurrence spectra of barium

at these scaled energies are shown in Figs.1, 2, 3 and

4, respectively. The uncertainty of the scaled energy

is not considered in the spectral calculation based on

the pure Coulomb potential of hydrogen, which shows

all possible classical orbits.

Figure 1 shows the experimental and calculated

recurrence spectra of barium at ε = −2.500. The ex-

perimental observation agrees well with the calcula-

tion based on the model potential for barium. The

peaks (1)–(4) in Fig.1(a) are almost identical to the

calculated result for barium on a model potential and

for a hydrogen atom with pure Coulomb potential,

as shown in Figs.1(b) and 1(c), respectively. Other

peaks, prominently displayed in the calculated result

for the hydrogen atom, are strongly suppressed as

shown in Fig.1(a). When an uncertainty in scaled

energy is taken into the barium closed orbit calcu-

lation, we find the recurrence intensity of orbits with

large scaled action also weakens, as shown in Fig.1(b).

This shows that the long time evolution orbits are very

sensitive to experimental resolution. A coarse resolu-

tion conceals the contribution of long time evolution
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orbits.

Fig.1. Experimental and calculated recurrence spectra

of barium at ε = −2.500: (a) the experimental measure-

ment, (b) the calculated spectrum with closed orbit theory

based on the model potential for barium, and (c) the cal-

culated spectrum with closed orbit theory for the hydrogen

atom. The orbits corresponding to the marked peaks are

displayed in Fig.2. The starred peaks correspond to the

contribution of the repeated orbits.

The calculated closed orbits in ρ − z coordinates

with model potential are shown in Fig.2, correspond-

ing to the labeled peaks in Fig.1. The orbits (1)–(4),

as shown in Fig.2, all have short periods and make

the main contribution for the stability of the corre-

sponding recurrence spectral lines. This general fea-

ture of short period closed orbits has been seen in

other experiments.[10,11] Additionally, the strength of

the peak (1) in Fig.1 is slightly smaller than the cal-

culated ones with model potential and with hydrogen

pure Coulomb potential, which will be discussed later.

The orbits with large scaled actions are partly

shown in Fig.2 and they are unstable for a long evolu-

tion time. Three types of orbits are worthy of special

attention to understand the instabilities. (i) ‘Snake’

orbits. Snake orbits, for example, the orbits (9), (10)

and (12) start out and return along the same trajec-

tories and they are very sensitive to uncertainty in

experimental conditions, even though some of them

have simple moving patterns. They seem to have the

largest magnifying factor for the perturbation from

environment, and the corresponding recurrence inten-

sities will be reduced accordingly. (ii) Long orbits.

Long orbits accompanied by large actions form closed

orbits after long time evolutions. The impact of ex-

ternal perturbation gradually accumulates and makes

the orbit unstable. (iii) Repeated orbits. These kinds

of orbits will penetrate the atom core at least once and

are easily deviated by perturbations in experimental

conditions. Their corresponding recurrence spectral

intensities are strongly weakened by uncertainty in ex-

periments as well. The repeated orbits are not shown

in Fig.2 since they simply repeat their trajectories.

Apparently, all orbits with longer periods usually cor-

respond to larger scaled actions, are more sensitive to

the environment and are unstable.

Fig.2. The calculated closed orbits in ρ − z coordinates

with model potential at ε = −2.500, corresponding to

Fig.1. The orbits (1)–(4) are analogous to hydrogen ones

and the others are suppressed strongly in recurrence inten-

sities. The initial angles θ for the closed orbits are given

in degrees.

In addition, we see some peaks with large ac-

tions yet these are missing in the spectrum calculated

for the hydrogen atom. Even though the uncertainty

of the scaled energy and the core effects are taken

into account, they cannot be theoretically reproduced

(Fig.1(b)). They may arise from combinatorial orbits

due to inelastic core scattering events.[27,28]

The recurrence spectrum at lower scaled energy,

ε = −3.000, is similar to the one at ε = −2.500,

but the agreement with the calculated result is not as

good, as shown in Fig.3. In the experimental spectrum

as displayed in Fig.3(a), the peak (7) has a significant

amplitude but it is missing in the calculated spectrum

by model potential (Fig.3(b)). Another difference is

that the peaks (1), (3) and (4) in the observation are

much smaller than the calculated amplitudes based

on either model potential (Fig.3(b)) or the hydrogenic
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atom (Fig.3(c)).

Fig.3. Experimental and calculated recurrence spectra

of barium at ε = −3.000: (a) the experimental spectrum,

(b) the spectrum calculated with closed orbit theory based

on the model potential for barium, and (c) the spectrum

calculated with closed orbit theory for the hydrogen atom.

Figure 4 is the recurrence spectrum of barium

at higher scaled energy, ε = −2.000. As the energy

approaches the classical limit, more orbits could be

found. Here only the significant peaks are marked out.

Similar to the observation at scaled energy ε = −2.500

(see Fig.1), there still remain some interesting peaks,

such as the peak at S = 3.75 in Fig.4, which are miss-

ing in the theoretical calculations with hydrogenic

potential. Compared to the spectrum at ε = −2.500,

a peak with smaller scaled action, about 1.185, is

found to have a stronger intensity than the calcu-

lated one by using either model potential or hydrogen

potential. However, in contrast, the peaks (6), (7)

Fig.4. Experimental and calculated recurrence spectra of bar-

ium at scaled energy ε = −2.000: (a) the experimental spec-

trum, (b) the spectrum calculated with closed orbit theory

based on the model potential for barium, and (c) the spec-

trum calculated with the closed orbit theory for the hydrogen

atom.

and (9) show smaller intensities than the calculated

one by using the model potential of barium. These

differences cannot be explained even with the intro-

duction of a scaled energy uncertainty that depresses

the amplitude of the recurrence peak as at other scaled

energies, i.e., ε = −2.500 and ε = −3.000.

This discrepancy can be explained from the rela-

tionship between quantum defect induced phase shift

and the excitation energy, as shown in Fig.5. The 5d8p

state of barium perturbs the 6snp state so strongly

that the quantum defect induced phase shift abruptly

changes at a wavelength around λ = 238.45 nm. It

will cause, for example, at scaled energy ε = −2.000,

the recurrence peaks with small scaled actions, i.e.,

peaks (1), (2) and those with larger scaled actions,

i.e., peaks (7) to (9), to arise from different excitation

energy ranges in which the perturbation of 5d8p state

is different. This tendency can also be seen from the

peak (3) which has a higher amplitude than the peak

(4) in the measured spectrum (Fig.4(a)) while the in-

tensities of the corresponding peaks are reversed in

the calculated spectra based on model potential and

hydrogen potential (Fig.4(b) and 4(c)).

Fig.5. Energy range for the recurrence spectra of bar-

ium at scaled energy ε = −2.000, −2.500 and −3.000, and

their relationship with the quantum defect µ. The 5d8p

state of barium perturbs the 6snp state so strongly that

the quantum defect induced phase shift abruptly changes

at a wavelength around λ = 238.45 nm, as shown in an

appropriate scale. The dotted line is extrapolated for the

phase shift contained in the experimental data.

In comparison, however, the scaled energy spec-

trum of the strontium atom in an electric field does

not differ so much from the calculated one for hydro-

gen as barium does. In the |M | = 1 configured excita-

tion for strontium,[10] the scaled energy spectrum at

ε = −3.00 is found to agree with the hydrogen spec-

trum, especially for the peaks around S = 4.5. Even
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at larger scaled actions around S = 9.5, the peaks

remain well reproduced by the calculations for the hy-

drogenic atom. In contrast, the first peak for barium

at ε = −3.000 as in Fig.3(a) is suppressed by nearly

one half and the peaks at higher scaled actions around

S = 9.5 almost vanish. For the recurrence spectrum

of strontium at ε = −1.88, unfortunately, it is not

easy to arrive at an unambiguous conclusion due to

the poor resolution of the spectrum. For ε = −2.000,

as shown in Fig.4(a), the peak (1) at S = 1.2 is much

larger than the calculated one while the peak (5) at

S = 3.3 is suppressed by about one half. Moreover,

the peak (3), instead of the peak (4) becomes the

strongest one in the calculated spectra, which is dif-

ferent from the spectra of strontium at ε = −3.00 and

ε = −2.50. The strong perturbation of 5d8p makes

the energy-dependent quantum defects manifest more

prominently in the scaled-energy spectrum of barium.

The failure of the model potential introduced in

the Rydberg alkali atoms for the barium spectrum

indicates that this model should be improved to fit

the multi-valence atoms. As the alkali atom has only

one valence electron, the model potential can well de-

scribe the quantum defects for different angular mo-

ment states.[7] For atoms with more valence electrons,

however, this picture fails as the quantum defects are

correlated with the main quantum numbers and are

not constants any more.[8−11] In this sense, we hope

the spectral observation for strontium and barium

stimulate theoretical development to find its way to

make better calculations. Experimentally, of course,

we can combine the scaled-energy spectroscopy with

the model potential for alkali atoms to reveal the ef-

fect of n-dependent quantum defects in atoms with

complex electron configurations.

5. Conclusion

We have measured the scaled energy spectra in

an electric field at ε = −2.000, −2.500 and −3.000 for

barium. Closed orbit theory calculations are also car-

ried out in an attempt to compare with the experimen-

tal recurrence spectra. The positions of the peaks are

found to match well with each other. Some discrepan-

cies remain for the amplitudes of spectral peaks, de-

spite the use of the improved model potential for bar-

ium in our calculation. We believe the failure is due to

the dependence of quantum defects on principle quan-

tum number n, which consequently distorts the orbit

of the electron and changes the corresponding recur-

rence spectrum. Conversely, however, we can exper-

imentally explore the effect of n-dependent quantum

defects in atoms with complex electron configurations

in an external field.
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