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Computational analysis of electrostatic microelectromechanical systems (MEMS) requires an electrostatic analysis

to compute the electrostatic forces acting on micromechanical structures and a mechanical analysis to compute the

deformation of micromechanical structures. Typically, the mechanical analysis is performed on an undeformed geometry.

However, the electrostatic analysis is performed on the deformed position of microstructures. In this paper, a new

efficient approach to self-consistent analysis of electrostatic MEMS in the small deformation case is presented. In this

approach, when the microstructures undergo small deformations, the surface charge densities on the deformed geometry

can be computed without updating the geometry of the microstructures. This algorithm is based on the linear mode

shapes of a microstructure as basis functions. A boundary integral equation for the electrostatic problem is expanded

into a Taylor series around the undeformed configuration, and a new coupled-field equation is presented. This approach

is validated by comparing its results with the results available in the literature and ANSYS solutions, and shows

attractive features comparable to ANSYS.
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1. Introduction

Recently there has been growing interest in the
Although there
are many microelectromechanical system designs in

development of MEMS systems.

which piezoelectric, thermal, and magnetic actuations
are used, the most popular approach in present-day
MEMS designs is to use electrostatic forces to move
micromachined parts.!!) Designers of such MEMS de-
vices need efficient simulation tools to investigate de-
sign alternatives. Computational analysis of MEMS
requires a self-consistent solution of the coupled in-
terior mechanical domain and the exterior electro-
static domain.'~¢ Conventionally, the finite element
method (FEM) is employed to perform the mechanical
analysis, and the boundary element method (BEM) is
employed to compute the surface charge densities.!?
The main steps of the self-consistent solution are or-
ganized as follows. The mechanical analysis is per-
formed by discretizing the structural or the mechani-
cal domain into nodes and elements. A finite element
analysis is then performed by using the electrostatic
pressure as Neumann boundary conditions to compute
the structural displacements. Once the displacement

is computed, the geometry of the structure or the con-

ductor is updated. Electrostatic analysis is performed
on the updated geometry by discretizing the surface
of the conductor into panels or elements. The BEM
is then used to compute the surface charge density
on each panel. Once the surface charge densities are
known, the new electrostatic pressure is computed.
The mechanical and the electrostatic analyses are re-
peated until an equilibrium state is computed. So a
major difficulty with computational efficiency is the
need to update the geometry and remesh the surface
of the structures before an electrostatic analysis is per-
formed during each iteration. When the structure un-
dergoes large deformation, the updating and remesh-
ing are also needed before a mechanical analysis is
performed during each iteration.

In order to improve computational efficiency,
many techniques are presented. We can identify two
In the
first group, the structure undergoes large deformation.

groups of these techniques on this topic.

Aluru, White, Li and Paulino’2%7-9 presented some
techniques to improve computational efficiency. In
the second group, the structure deformation is small.
Many techniques (Reduced-order Model)!**~14 have
been developed based on using the linear mode shapes
of a device as basis functions. The deformed structural
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domain is described by a factored sum of the mode
shape for efficiently solving the coupled-field problems.
But updating the geometry and remeshing the bound-
ary surface of the structures are still necessary before
an electrostatic analysis is performed during each it-
eration. In the present paper, small deformation is
referred to as the deflection of the microbeam. It is a
precondition for the Taylor series expansion for deriva-
tion. But for the electrostatic field, the effect of the
deflection of the microbeam is significant.

In the present paper, we present a new efficient
numerical approach to MEMS device fast simulation
in the small deformation case. The approach is also
based on the linear mode shapes of a microstructure
as basis functions. A boundary integral equation for
the electrostatic problem is expanded into a Taylor
series around the undeformed configuration. A new
coupled-field equation is derived. The surface charge
densities on the deformed geometry can be computed
directly without updating the geometry and remesh-
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So the
major advantage of the approach is that the compu-

ing the boundary surface of the structures.

tational efficiency is improved effectively.

The rest of this paper is organized as follows.
In Section 2 the mechanical analysis and the elec-
trostatic analysis are described and a new coupled-
field equation is presented. In Section 3, the new
approach is validated by comparing its results with
the results available in Ref.[8] and ANSYS solutions
(ESSLOV), and attractive features comparable to AN-
SYS software are indicated. Finally, some conclusions

are drawn in Section 4.

2. Coupled-field analysis

A clamped-clamped microbeam actuator shown
in Fig.1 serves as an example in this paper, but the ap-
proach can be extended slightly to three-dimensional
problems.

Fig.1. Schematic representation of a clamped-clamped microbeam actuator, where (a) is for charge distri-

bution induced by applied voltage and (b) is for deformed structure with charge redistribution.

2.1. Microbeam equation

The equation that governs the transverse deflec-

tion y(z) in Fig.1 is written as

4
BITY = [y, V), 1)
where E is the Young’s modulus, I is the moment of
inertia of the cross section, y(z) is the microbeam de-
flection curve, V is the dc voltage, f(x,y,V) is the
electrostatic force acting on the microbeam, I', and
I}, are the surfaces of two conductors. In the small
deflection case, using modal techniques,® y(z) can
be expressed as

N
y(@) =Y cmdm(z), (2)

where ¢,,(x) are the mth linear undamped mode
shape of the microbeam at the undeformed position,
and ¢, are the generalized coordinates, N is the num-
ber of selected modes. Substituting expression (2) into
Eq.(1), and multiplying each term by a normal mode
¢i(z), integrating along the beam length and call-
ing upon the orthogonality property® of the mode

shapes leads to

L
ci ki = /0 oi(x) f(z,y(z),V)dz,
for i=1,...,N, (3)

where k; = ET fOL ¢i(@%

stiffness corresponding to mode 1.

dx is the generalized
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2.2. Electrostatic analysis: boundary el-
ement method
The governing equation along with the bound-

ary conditions for the exterior electrostatic problem
is given byl”]

V2U(z,y) =0 in £, (4)
U(z,y) =V on Iy, (4a)
U(z,y) =0 on Iy, (4b)

where U(z,y) is the potential function, {2 is the do-
main external to two conductors. A boundary integral
equation for the electrostatic problem is given byl”16!

Up) = / C.q)o@dl (@) +C,  (5)

/F o(q)dr(g) = Cr, (6)

where p is the position vector of field point p; q is
the position vector of source point ¢; o is the un-
known surface charge density; I' = I, + Ip; G is
the Green’s function. In two dimensions, G(p,q) =
—In |p — q|/27e, where |p — g is the distance between
the source point ¢ and the field point p, € is the per-
mittivity of the free space, Ct is the total charge of
the system (Ct = 0) and C' is an unknown variable
which needs to be computed. The constant C' is intro-
duced because the potential U at infinity is not zero
for 2D electrostatic problems. In a classical boundary
element method, the surface is discretized into pan-
els and the surface charge density is assumed to be
constant on each panel. The centroid of each panel
is taken as the collocation point and the value of the
potential and the surface charge density at the collo-
cation point represent the value of the potential and
the surface charge density on the panel, respectively.
The boundary integral equation can be rewritten as

K In i — g
U(pi) = ZUJ' / [_Ip%wqjl] dI'(g;) + C,
=1 I
i=1,2...K, (7)
K
> oI =Cr, (8)
j=1

where p; is the position vector of field point p on the
ith panel, K is the number of panels, I'; is the length
of the jth panel, o; is the unknown charge density for

the kth panel and gq; is the position vector of source
point g on the jth panel. Equations (7) and (8) can
be rewritten in a matrix form as

Ms =V, (9)
where M is a (K +1) x (K + 1) coefficient matrix, V'
and & are the (K +1) x 1 right-hand side and unknown

vectors, respectively. The elements in the coefficient
matrix are given by

_ In|p; — q;|
M@, ) = [ |- 2PN g,
i) = [ | ar),
ij=1,.. K,
WK + 1) = [ @), j=1. K,
I

MGEK+1) =1, i=1,...K,
M(K+1,K+1)=0, (10)

Vie Cr]",
ox CIY. (11

Vikinx1 =W Va

O(kK+1)x1 = [01 02

Note that the elements in coefficient matrix M are
written with respect to the deformed position of the
structure. In conventional self-consistent methods, al-
most all the elements in matrix M should be regen-
erated before an electrostatic analysis is performed
during each iteration, so updating the geometry and
remeshing the boundary surface of the structures are
necessary. Clearly, this is inefficient.

Considering the deflection of the microbeam,
pi = Pi + Api, q; = 4; + Agy, and I = [ + AT,
where p; and ¢; are the the position vector of the
field point and the position vector of the source

undeformed position, Ap; and Ag; are g; are

the displacement vectors, I j is the length of the
jth panel at the undeformed position, |p; —¢q;| =
\/(ipi —2q;)* + (Ip; + AYp, — Jg; — Ayg,)?, and
Ipo= (@5 —23,)? + W + Dy, — 95 — Dyj)?,
where (&,,,9,,) and (i4,,7,,) are the coordinates

of the field point and the source point at the unde-
formed position, (#;,,9;,) and (&;,,9,,) are the two
coordinates of extreme points of the jth panel at the
undeformed position. Equations (7) and (8) can be
rewritten as
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i In|p; + Ap; — §; — Agj|
U(pi)ZZUj~/ [— pi ”5 9 q]}xdf(tjj—i—qu)—kC, i=1,2...K, (12)
j=1 Fj-‘rAFj TE
K A
> oI+ AL) = Cr. (13)

j=1
In Egs.(7) and (12), the line integral defined in the jth element is evaluated numerically by using a standard
Gaussian quadrature.!”) The Gaussian integration is performed over the interval —1 < & < 1. So a local
coordinate system!!'” is introduced at the jth element, and the line integral in the global coordinates is mapped
onto the interval [—1,1]. The Jacobian of the transformation is |.J(€)| = (I; + AI})/2. In the case of small
deformation, dI'(¢; + Agq;) = df(fj + AT})/2 = dI'(qg;), thus we expand the terms on the right-hand side of
Eq.(12) and the terms on the left-hand side of Eq.(13) into a Taylor series around (p;, ¢;) and fj up to the

first order, respectively, and rewrite Eqgs.(12) and (13) as

K ~ ~
lnlpi_(Ij|:| / + Ug;
o | |- 2P 9] DENeA T : 7de( |- Ay,
S [ | S| et :
* g Up, — U
J Pi q .
—i—zml/ ﬁdf( q;)| - Ay,,, for i=1,2... K, (14)
j=1 b:
K K N N
S oIy + AL~ Y oy (Fj + %%%~ij1 + y”ﬁ%~ij2> — Cr. (15)
j=1 j=1 J J

Using modal analysis techniques,'® the deformations Ay, Ayy,, Ayj, and Ayj, can be expressed as

N
Cm(ﬁm(jquz)a Aij = Z Cm(bm(-i‘qj)a

.

3

I
M=

m=1 m=1
N N

Ayh = Z Cm(bm(‘%jl)v ijz = Z Cm(ﬁm(‘%jz)' (16)
m=1 m=1

Substituting Eq.(16) into Egs.(14) and (15), we obtain
Mk 1)x (K+1)F (K+1)x1 = ViK+1)x15 (17)

_ T T
where V(g i1)x1 = [Vl Vo ... Vg C’T} y O(K+1)x1 = | 01 02 ... OK C} )

Mgk + 01M1[<]x1< oM e+ ex M g i

(2]

T
, IK><1:[11...1} y
A1><K+CIA1><K+C2A1><K +CNA1><K 01x1

Mk r1yx(x+1) =

~ . In|p; —q; . o . .
MKXK(Zvj):/ |:_|p2ﬂ_€qj|:| dF(qJ)7 for 17321727"'7[(7 AIXK(1>j):Fj7 for j:1727-..7K7
T

for 4,7=1,2,..., K,
n=12,...,N,

B ¢n(£z)z) (— Up; + ng) + ¢n(xqj) (?)pl - fgqj) )
2me

1 .
/ ——dI'(g;)
ry |pi — g5l

A[I"X]K(l,j)zypiy” bn(dj,) + yﬁﬁ;y”-qsn(@jzy for j=1,2,...,K; n=1,2,...,N.

J J
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Note that submatrixes M ME]XK, ME]XK . MI[(NX]K and A,y g, A[lliK, A[fiK o A[ll\XZ]K are computed at
the undeformed position of the microbeam, the generalized coordinates ci,cs, ... cy represent the deformation
of the microbeam. So updating the geometry and remeshing the boundary surface of the structures are not
necessary, only c1, ¢o, . . . ¢y should be updated before an electrostatic analysis is performed during each iteration,
thus the computation time can be saved effectively as compared with the conventional Egs.(9) and (10). It should
be stressed that the integration in M I[?]X i (1,7) exhibits a singular behaviour when ¢ = j. The value can be

evaluated by using an indirect method.!'7-18]

2.3. Electrostatic-structural coupled equation

The electrostatic force on the sth panel of the microbeam is given by!4

Os

h Zs
2

(18)

Ns,

where h; is the force per unit length and n, is the outward normal of the sth panel at the deformed position.
In the case of small deformation, Eq.(1) can be rewritten as

L K1 N A
T, + Ty Os ~ .
i-kii: A s ,Vd ~ i —r = 7[‘87 fi :1,...,N, 19
k= [ o@ @y e s Yo (g ) B o (19)
where K is the number of boundary elements in I,. Rewrite Eqs.(17) and (19) into a matrix form as
S 0 ¢ I
NxN NXx(K+1) i Nx1 _ B Nx1 7 (20)
Okt+1)x1 M(xiiyx(x+1) | | Ok+1)x1 | Vi<
where
[ K <x +ig,\ o5 a]
.. ks - 571 i SIS>SFS s =7,
Svantig) = [ T )t
0, iF 7

T

T
élei[clcg...cN} , IN><1:[11...1}

cnx1 and G (x41)x1 are unknown variables. The coupled-field equation (20) can be solved easily by using the
self-consistent method.

3. Case study

In order to validate the new approach in this pa-
per, a MATLAB code is used to solve Eq.(20). For
comparison, the static deflections of three fixed-fixed
microbeam cases® are calculated as a function of the
dc voltage varying from 0 V to the value of pull-in
voltage. The three cases have three different gaps;
their numerical results provided by large deformation
ANSYS (ESSOLV
command['%) is also used to simulate the three cases.
In ANSYS, the FEM is employed to perform the elec-

trostatic analysis; morphing and remeshing techniques

analysis are available in Ref.[8].

are also used to update the finite element mesh in the
non-structural region to coincide with the structural
deflection and recursively cycle between the field so-

lution and structural solution.['6! In the following sec-
tion, we compare the results obtained from the new
approach with the results available in Ref.[8] and the
results of ANSYS as well.

The fixed-fixed microbeam®! is 100 pm long,
50 pum wide, 1 pm thick, and is positioned at 0.5 pm,
2 pm, 4 um above the ground plane, separately. The
microbeam is discretized into 40 boundary elements,
the ground plane is discretized into 50 boundary el-
ements. Figure 2 shows the peak deflection results
of the microbeam with a gap of 0.5 um with using
one-, two-, and four-mode discretizations respectively.
For comparison, the results available in Ref.[8] and
the results of ANSYS are also plotted in Fig.2. The
FEM model in ANSYS is also two dimensional. Fig-

ures 3 and 4 show the peak deflection results of the
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microbeam with a gap of 2 ym and a gap of 4 um,
respectively.

0.5
0.4

i
0.3 3
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Gap/pm

1
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il; ¢
1i
i

0 4 8 12 16 20
Voltage/V

Fig.2. Comparison between new approach results, results
available from Ref.[8] and ANSYS results for a fixed-fixed
microbeam with a gap of 0.5 yum. Heavy solid line
results cited from Ref.[8]; heavy dashed line ANSYS
results; fine dashed line 1-mode results; fine dash dot
2-mode results; fine solid line

line

4-mode results.
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Fig.3. Comparison between new approach results, results
available from Ref.[8] and ANSYS results for a fixed-fixed
microbeam with a gap of 2 um. Heavy solid line
results cited from Ref.[8]; heavy dash line ANSYS re-
sults; fine dashed line 1-mode results; fine dash dot
2-mode results; fine solid line

line 4-mode results.

In Fig.2, it is clear that the results (heavy solid
line) available in Ref.[8] and the ANSYS results (heavy
dashed line) are in good agreement with each other
due to the small deformation of the microbeam. Also,
the 4-mode solution (fine solid line) of the new ap-
proach is very close to the ANSYS results and is
clearly more accurate than the 1-mode solution (fine
dash line) and the 2-mode solution (fine dash dot line),
especially in pull-in voltage. All five curves are very

close before pull-in voltage. The displacement of the
microbeam at pull-in voltage is very close to the 1/3

gap.

Gap/pum
[\v]

0 200 400 600 800
Voltage/V

Fig.4. Comparison between new approach results, results

available from Ref.[8] and ANSYS results for a fixed-fixed

microbeam with a gap of 4 pym. Heavy solid line

ANSYS re-

1-mode results; fine dash dot

results cited from Ref.[8]; heavy dash line
sults; fine dashed line

line 2-mode results; fine solid line 4-mode results.

In Fig.3, for a large gap 2 pm, it is clear that the
pull-in voltage is significantly different between the re-
sults available in Ref.[8] and the ANSYS results. But
the 1-mode, 2-mode and 4-mode solutions of the new
approach are still close to the ANSYS results. The
4-mode solution is clearly more accurate than the 1-
mode and the 2-mode solutions, especially at pull-in
voltage. When the voltage is less than 120 V, all five
curves are in good agreement with each other due to
the small deformation of the microbeam. Figure 4 is
similar to Fig.3, but the difference in pull-in voltage
is even larger between the results available in Ref.[8]
and the ANSYS results.
our new approach are still very close to the ANSYS

The results obtained from

results.

In order to examine the computational efficiency
of the new approach in this paper, another MATLAB
code is used to solve the problems in the three cases
based on the conventional self-consistent method.
Comparisons between the new approach (4-mode) and
the conventional method are summarized in Tables
1-3 separately. Note that the iterations of the new
approach are almost the same as those of the conven-
tional method, but the new approach is fast compared
with the conventional method.
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Table 1. Comparison between results from new approach and conventional method for a beam with
a gap of 0.5 pm.

bias voltage/V # iterations CPU time/s

the conventional method the new approach the conventional method the new approach

2 4 4 10.5 11.0
4 5 5 13.0 13.1
6 5 5 13.2 13.1
8 6 6 13.8 13.6
10 6 7 14.2 14.0
12 8 8 16.1 15.5
14 9 8 20.6 17.0
16 12 12 24.3 18.9
17 19 19 33.5 21.1
17.35 27 26 40.4 25.4

Table 2. Comparison between results from new approach and conventional method for a beam with
a gap of 2 pm.

bias voltage/V # iterations CPU time/s

the conventional method the new approach  the conventional method the new approach

20 4 4 14.4 14.6
40 4 4 14.8 14.8
60 5 5 15.2 15.1
80 6 6 17.5 17.1
100 7 7 18.3 17.8
120 8 8 26.0 24.7
140 10 9 31.1 28.5
145 15 14 40.3 33.0
147 21 20 49.0 36.6
149 28 29 60.5 40.1

Table 3. Comparison between results from new approach and conventional method for a beam with
a gap of 4 pm.

; - e
bias voltage/V # iterations CPU time/s

the conventional method the new approach  the conventional method the new approach

100 4 4 16.5 16.7
200 5 5 20 19.8
300 8 9 24 23.0
400 19 19 51.5 35.3
412 25 25 69.6 42.2

4. Conclusions

In this paper, we introduce a new efficient numerical approach for MEMS device fast simulation in the
case of small deformation. The approach is also based on the linear mode shapes of a microstructure as basis
functions. Additionally, a boundary integral equation for the electrostatic problem is expanded into a Taylor
series around the undeformed configuration, a new coupled-field equation is derived, and the surface charge
densities on the deformed geometry can be computed directly without updating the geometry and remeshing
the boundary surface of the structures. So the major advantage of the approach is that computational efficiency
is improved effectively. This approach is validated by comparing its results with the results available in Ref.[§]
and ANSYS software solutions, and shows attractive features comparable to ANSYS software.
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