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In this paper, with the full field operator 1[1 expressed in terms of a particle-number-conserving mean-field ansatz,

we investigate the dynamical behaviour of Bose—Einstein condensates from microscopic physics. Including the first-

order term correction from single-particle excitation and the remaining higher-order term correction from collective

excitations simultaneously, we obtain the formulation for a closed local expression of quantum backreaction @Q, and

discuss the influence on static Bose—Einstein condensates. Even though the quantum backreaction is small, it still has

some influence on its dynamics.
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1. Introduction

Bose-Einstein condensates (BECs) in dilute sys-
tems of trapped neutral atoms open a new field
for studying the quantum mechanics of macroscopic
and mecroscopic systems. It is of some importance
that BECs belong to a special class of quantum
perfect fluids, so-called superfluids.! Various kinds
of dynamic characters of these systems have been

=51 including spinor Bose-

researched extensively
Einstein condensates!®”) since they were realized ex-
perimentally in 1995.

In low temperature BECs, a macroscopic number
of particles occupy the same zero-momentum state,
therefore these systems can be approximately de-
scribed by classical quantities in the mean-field the-
ory which has made great achievements.[®) How-
ever, since there are zero-point motion, interaction
between particles, and external infinitesimal distur-
bance, etc, there exists macroscopic quantum fluctu-
ation such as single-particle excitation and collective

(191 Obviously they will give rise to corre-

excitation.
sponding physical effects, and one of these effects is
quantum backreaction.['!] The correct treatment of
this quantum backreaction is one of the main prob-

lems in quantum gravity and is related to fundamental

questions such as the initial singularity (Big Bang) or
the cosmological constant. The quantum backreaction
originating from quantum fluctuations has attracted
many people to research its relevant areas.!'13] For
instance, research on quantum backreaction in black
holes and cosmic inflation has acquired many mean-
ingful results.[14—16]

Recently, in order to find the dynamical relation
between BECs and cosmic inflation, researchers!16:17]
have also investigated quantum backreaction in BECs
on the basis of mean field theory (MFT). The au-
thors have considered the low-order quantum fluctu-
ation of the system (single-particle excitations), and
have given an expression for quantum backreaction. It
is found that the classical (macroscopic) equation of
motion may be sufficient to derive the first-order dy-
namics of the linear quantum fluctuations (phonons),
but the quantum backreaction as a second-order effect
cannot be obtained without further knowledge of the
microscopic structure (e.g. operator ordering). How-
ever, in their calculations, the authors have omitted
the contribution of the higher-order term (from collec-
tive excitations). Here, we retain the higher-order cor-
rection from collective excitations, and try to derive

the corresponding quantum backreaction expression.
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2. Quantum backreaction in di- For a many-particle system trapped in a finite po-

. . tential at low temperature, the majority of these parti-
lute Bose—Einstein conden- W hemp _ Jorty P
cles condense in the same single-particle ground state.

sates The field operator in the particle-number-conserving

mean-field approximation may be expressed as!'®!

According to the scattering theory, in BECs at

low temperature the s-wave scattering approximation U= (Yo+x+CA/VN. (2)
may be adopted, and two-body interaction may be

expressed with the s-wave scattering length a and the The order parameter 19 = o(VNN) is the one-
coupling strength g, which are related by g = 4wa (we particle ground function, ¥ = o(N?) corresponds

set i = m = 1). In the Heisenberg picture, the many- ~ to one-particle exciEation and ( = OA(l/ \/AN)A is the
particle system may be described by the field operator ~ higher-order term. A = VN ao/+/no, N = At A is the

as follows: total particle number operator. ng = da' ao is the par-
53 ) ticle number operator of the occupying macro-state.
i—w = (—V +V+ gz/;ﬂ[)) 0, (1)  After inserting expression (2) into Eq.(1), we can ob-
ot 2 tain the Gross—Pitaevskii equation for the order pa-
where V' denotes the one-particle trapping potential. rameter,

90— (- avag (ol +2((x+0) (1+0))) )+ o { (1+) )i Q

the Bogoliubov—de Gennes equation for single-particle excitation
105% Vv? A\t . 2\ 2

12 = (—2 +V 42 <|wo|2+ <(>z+<) (x+<)>>) W+ (w§+ <(>z+c) >) oM

and the equation describing the remaining higher-order correction
¢ A& N+ . . SN2\ )\ .
1% = (v (ol + (1) (1+0))) ) cra (4 ((2+0))) &
N 2 A\ 2 N T ~ N+
+gv} [(fﬁ() - <(>2+<) >} + 2910 <(>2+<) (v+¢) - <(>z+<) (

>=>
_l’_
7N
SN—
~_—
N————
S
N~—

Denoting pg = WJO|2, b=+, ps = (¢pt¢), and  particle and many-particle excitations and the non-
merging Eqgs.(4) and (5) into one equation, we may  condensed part.

obtain In order to calculate quantum backreaction which
corresponds to the next-to-leading order term directly,

i% = (V; +V+g(po+ 2p¢)> o + g <(,ZA§2> Uy we should make some additional assumptions. Here,
(6) we take another way from the macroscopic perspec-
tive. Define the total particle density as p = <7j;ﬂ/}>,
. and the total particle current vector as
iagﬁ—<v2+V+2g(po+p¢)>¢3 1/ s
ok 2 i= 5 (VY= ) = pv, (®)

9 (¢8 - <¢B2>) ¢E+ v (qBQ B <¢22>) where v is the average velocity field of a quantum

+2g1 (é*q@ — p¢) . (7)  fluid. From Eq.(1) we may find that the equation of

continuity for the quantum fluid is not changed by the

Equation (6) describes the dynamic behaviour of the quantum fluctuations and reads as

condensed part, while equation (7) depicts the dy-
namic behaviours of fluctuations resulting in single- Op+V-3=0. (9)
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Define the particle current density vector of conden-
sates as

o = o (390 — (V) o) = povo,  (10)

where vg is the velocity field of an irrotational fluid.
From Eq.(6) we can obtain

. . 2 ( 1+ 2 *\2 72
atpo+v-gozlg<wo(¢ ) - ) ¢>. (1)

Define the particle current density vector of fluctu-
ations including the non-condensed part and quasi-
particle excitations as

jo= 5 (67V6 - VG*3). (12
From Eq.(7) we can have
. . 2 ( 7+ 2 *\2 12
atp¢+va¢=—lg<wo () - wp?é > (13)

Equation (11) plus Eq.(13) is Eq.(9). Moreover, there
are

p=rpo+tps J=Jo+ s v=I(povo+3is)/p. (14)
From Eq.(1) and expression (8), we can obtain

%

3 = % <q/3+v3z/3 . (v%ﬁ) Vi + H.c.>

() v - %v <g2 (&*)2 ¢2>
= 1 (U5V 0 — (V245) o +cc.)
11 {6792 — (v267) vé+He)
—pVV — %V [92<p2 +2pps + (15)" ¢
(6] &
|

Q = -V {(V¢") V) - 2*19V (90 (2676 + (67)" + %)) +

R B A N
= V(?m(gp) )+2WV(9

For the condensed part, by using the Madelung repre-
sentation ¥y = /pg e'?, vy = V6, the first term on the
right-hand side of the above formula can be written as

i (g V3o — (V245) Vibo + c.c.)

Po VQ\/PO)
= —V - vo - V)vg — vV - (povog) .
9 ( \/P>0 Po( 0 ) 0 0 (Po 0)

(16)

Combining it with expression (14), after tedious calcu-
lations, we can have the equation describing the par-
ticle current density vector, which is analogous to the

Euler equation as follows:

% - (j,p)+Q+o(1/\/ﬁ), (17)
P = w59 (2)
+pV B (Vj/gﬁ) -V - pg] ; (18)

Q=VWURjs+Js @V —pyv@v)
1
—@V [gz <2pp¢, + g (¢+)2 + WS)Q ¢2>}
1 Voo
fiv. ((Vo')®@ Vo +H.c.) + 4—pV P
(19)

where f (7, p) is the usual classics force, for it contains
no explicit quantum fluctuation term, while @ is the
contribution of quantum backreaction force resulting
from quantum fluctuation.

In the following, we discuss a special example to
show a prominent effect of the quantum backreaction.
For a static condensate, v = 0, from expression (19)

we can obtain

Vp

VQ
1,V P

5/2p3/2) + va2p¢ +o0 (1/\/@)

4p

_ P 5. VP o2 3
2 VTt Y p¢+0<1/\/N ) (20)

Notice that the sign of @ is positive, while the contribution of the pure photon density 2 <¢T¢> is negative.

We can clearly see the importance of the term <(¢T)2 + ¢2>.

For static BECs, formulation in terms of the conventional Euler equation yields

7] 1
(&+U-V)v——V(V+gp—

2v;\ﬁ/ﬁ> +Q/p+o(1/VN?) =0, (21)
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Substituting expression (20) into Eq.(21), and
omitting the high-order correction, we can have the

density distribution!!5:17]

pz“;V+ v’;;‘/Jro(l/\/ﬁ), (22)

where p is the single particle chemical potential,

pa = (u—V)/g the classical density profile, and
po = V1—V /21 the quantum fluctuation correc-

In the quasi-one-dimensional condition,[1920]
[21]

tion.
gip = 2aswL.
in the Thomas—Fermi size of a quasi-1D Bose—Einstein

Integrating po yields a change AR

condensate induced by quantum backreaction, AR =

—275/2 (w, Jw,) as. Integrating pe = K gives the

g1D
classical radius as R. = (3aSNwJ_/w§)l/3. Therefore,
A 1 1\/3 2/3
AR ( > (“’las) . For N = 2000,

Ra _4\/§ 3N W, ay,
w, /w, = 1000, and as/a, = 1/1000, we achieve

|AR/Rc| ~ 1%. Here we can see clearly that quan-

tum backreaction causes the radius to decrease in
the quasi-1D condition but increase in the three-
dimensional case.[18:22]

3. Conclusion

Using the full field operator expressed in terms
of a particle-number-conserving mean-field ansatz, we
theoretically study the quantum backreaction of quan-
tum fluctuations in dilute Bose-Einstein condensates.
Even though the high-order correction is much smaller
when contrasting it with the first-order term, we retain
it and obtain the corresponding quantum backreaction
expression.

Quantum fluctuation is a rather complicated
problem. It should contain abundant physical con-
tents in relevant areas. We will further explore them

to gain a great insight into its intrinsic characteristics.
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