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Fermion tunneling of charged particles from
a non-static black hole in de Sitter space∗
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Introducing a new coordinate system and choosing a set of appropriate matrices γµ, this paper attempts to

investigate the fermion tunneling of charged particles across the event horizon from the Vaidya–Bonner de Sitter black

hole. The result shows that the tunneling rate of the non-static black hole is related not only to the change of Bekenstein–

Hawking entropy but also to the integral of the changing horizon, which violates unitary theory and is different from

the stationary case.
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1. Introduction

Recently, a semi-classical tunneling method to

describe Hawking radiation as a tunneling process,

first put forward by Parikh and Wilczek,[1,2] has

been developed.[3−17] Later, the Hamilton–Jacobi

method[18,19] and the anomaly method[20,21] to de-

rive the Hawking radiation have also already attracted

many people’s attention.[22−30] Although these meth-

ods are shown to be very robust to successfully derive

tunneling radiation, most papers have only considered

scalar particle radiation. In fact, a black hole can ra-

diate any type of particle, including scalar particles

and fermions with spin 1/2.

Very recently, Kerner and Mann have presented

fermion radiation for Rindler space–time and for

an uncharged spherically symmetric black hole.[31,32]

Their recent research shows that its Hawking temper-

ature and tunneling rate can be exactly obtained by

the fermion tunneling method from its horizon. This

method has been extended to the BTZ black hole,[33]

Kerr black hole,[34] Kerr–Newman black hole,[35] de

Sitter black hole,[36] and more complicated black

rings.[37] In the current paper, we focus on fermion

tunneling from the Vaidya–Bonner de Sitter black hole

which is non-stationary.

2. Fermion tunneling of charged

particles

The metric of the Vaidya–Bonner de Sitter black

holein Eddington–Finkelstein coordinates is given by

ds2 = −
(
1− 2M(v)

r
+
Q2(v)

r2
− 1

3
λr2

)
dv2

+ 2dvdr + r2(dθ2 + sin2 θdφ2) (1)

with the electromagnetic potential

Aµ =

(
Q(v)

r
, 0, 0, 0

)
, (2)

where M and Q are the mass and charge of the black

hole, respectively, λ is the positive cosmological con-

stant. This line element is different from that of a

stationary sphere-symmetrically charged black hole,

and the mass M and charge Q of the black hole vary

with time. The event horizon rH is determined by the

following equation

1− 2ṙH − 2M(v)

rH
+
Q2(v)

r2H
− 1

3
λr2H = 0, (3)

where ṙH =
drH
dv

. From the metric Eq.(1), we find

that this coordinate system has many good properties,

such as no singularity at the event horizon and com-

plete convergence of the whole space–time manifold.

However, in this coordinate system, the event horizon

and the time-like limit surface are not located at the
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same place, which causes some difficulties in calculat-

ing the tunneling probability. In order to investigate

the fermion tunneling through the event horizon, we

introduce a new coordinate[38,39]

R = r − rH(v). (4)

Then, we have dR = dr − ṙHdv. So the metric of

Eq.(1) can be rewritten as

ds2 = −
(
1− 2ṙH − 2M(v)

r
+
Q2(v)

r2
− 1

3
λr2

)
dv2

+ 2dvdr + r2(dθ2 + sin2 θdφ2). (5)

In the new coordinate system, the event horizon and

the time-like limit surface locate at the same place,

and the metric of Eq.(5) satisfies Landau’s coordinate

clock synchronization. These features of the new co-

ordinate are of great importance for us to discuss the

tunneling process.

For a fermion particle, its equation of motion can

be written as

i γµ
(
Dµ +

i q

h̄
Aµ

)
ψ +

m

h̄
ψ = 0, (6)

where

Dµ = ∂µ +
i

2
Γαβ
µ Σαβ ,

Γαβ
µ = gβγΓα

µγ ,

Σαβ =
i

4

[
γα, γβ

]
,{

γα, γβ
}
= 2gαβ × I. (7)

To deal with the Hawking radiation of fermions, we

should first choose an appropriate γµ matrices. For

simplicity, γµ matrices can be chosen as

γv =
1√

F (r, v)

− i σ3

σ3 i

,
γR =

√
F (r, v)

 0 σ3

σ3 0

,
γθ =

1

r

 0 σ1

σ1 0

,
γφ =

1

r sin θ

 0 σ2

σ2 0

, (8)

where

F (r, v) = 1− 2ṙH − 2M(v)

r
+
Q2(v)

r2
− 1

3
λr2

and σi(i = 1, 2, 3) are Pauli matrices which are given

by

σ1 =

 0 1

1 0

, σ2 =

 0 − i

i 0

,
σ3 =

 1 0

0 −1

, (9)

and we denote ξ↑/↓ for the eigenvectors of σ3. For 1/2

spin fermions, the wavefunction has two spin states.

Now, we only refer to the spin field for the upper case

ξ↑. (After a completely identical step for the spin

down ξ↓ case, we can obtain the same result.) We

employ the following ansatz as

ψ↑(v,R, θ, φ) =


C(v,R, θ, φ)

0

D(v,R, θ, φ)

0

exp

(
i

h̄
I↑(v,R, θ, φ)

)
. (10)

Inserting the ansatz into the Dirac equation (6), dividing by the exponential term and multiplying by h̄, we

obtain the resulting equations to the leading order in h̄.

1√
F (r, v)


(iC −D)

(
∂vI↑ +

Q(v)q
r

)
0

(−C − iD)
(
∂vI↑ +

Q(v)q
r

)
0

+
√
F (r, v)


−D∂RI↑

0

−C∂RI↑
0


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+
1

r sin θ


0

− iD∂φI↑
0

− iC∂φI↑

+
1

r


0

−D∂θI↑
0

−C∂θI↑

+m


C

0

D

0

 = 0. (11)

It is difficult to directly get the expression of the action. Considering the properties of the black hole, we carry

out the separation of variables as

I↑ = −ωv +W (R) + J(θ, φ), (12)

where ω is the energy of the emitted particle measured by an observer at infinity. Inserting Eq.(12) into Eq.(11),

we have

− iC√
F (r, v)

(
ω − Q(v)q

r

)
+

D√
F (r, v)

(
ω − Q(v)q

r

)
−D

√
F (r, v)W ′(R) +mC = 0, (13)

− D

r

(
Jθ(θ, φ) +

i

sin θ
Jφ(θ, φ)

)
= 0, (14)

C√
F (r, v)

(
ω − Q(v)q

r

)
+

iD√
F (r, v)

(
ω − Q(v)q

r

)
− C

√
F (r, v)W ′(R) +mD = 0, (15)

− C

r

(
Jθ(θ, φ) +

i

sin θ
Jφ(θ, φ)

)
= 0. (16)

Equations (14) and (16) imply that J(θ, φ) is a com-

plex function. The solution of J(θ, φ) is the same

as the spin-down case, so its contribution to the rate

emission is canceled out. Note that, whatever m = 0

or m ̸= 0, it does not affect the result. As regard the

remaining equation, when C = iD, we can obtain

W+(R) =

∫ 2

(
ω − Qq

r

)
F (r, v)

dR, (17)

and when C = − iD, then

W ′
−(R) = 0. (18)

This corresponds to the incoming particle absorbed in

the classical limit with probability P (absorption) = 1.

From Eq.(17), we can obtain the imaginary part of the

action

Im I = ImW+(R) = Im

∫ 2
(
ω − Qq

r

)
F ′(r, v)(r − rH)

dR

=

π

(
ω − Qq

rH

)
M

r2H
− Q2

r3H
− 1

3
λrH

. (19)

The above integral is divergent at R = 0, which cor-

responds to the horizon r = rH. Making use of a

prescription corresponding to the Feynman propaga-

tor, we can get the non-vanishing imaginary part of

the action. When incorporating self-gravitational in-

teraction into the charged black hole, not only should

the energy conservation but also the charge conser-

vation be taken into account. As Ren and Zhao

mentioned,[38,39] since the fact that particle tunnel-

ing through a barrier is an instantaneous process, we

should replace rH(M,Q) with r′H(M − ω,Q − q), M

with M − ω, and Q with Q − q when a particle with

mass ω and charge q tunnels from the event horizon.

Besides, as Medved and Vagenas mentioned,[40] be-

cause of the quantum uncertainty principle, it is un-

natural to expect that the black hole mass and charge

can jump, fromM toM−ω, Q to Q−q, in such a dis-

continuous manner. Furthermore, quantum blurring

will require a ‘gradual’ transition (relating to what-

ever time scale is characteristic of the radiation pro-

cess). So it is much more accurate to calculate with

M →M − ω and Q→ Q− q, and then suitably inte-

grate over ω and q. So we rewrite the imaginary part

of the action in a more concise form as follows:
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Im I ′ = Im

(ω,q)∫
(0,0)

I|M→M−ω

Q→Q−q

(
dω′ − Q− q′

r′H
dq′

)

= −Im

(M−ω,Q−q)∫
(M,Q)

iπ

F ′(r′H, v)

(
d(M − ω′)− Q− q′

r′H
d(Q− q′)

)
. (20)

The entropy of the black hole before emission is SBH(M,Q) = πr2H, then the entropy after emission becomes

SBH(M − ω′, Q− q′) = πr′2H , thus dSBH(M − ω′, Q− q′) = 2πr′Hdr
′
H. From the event horizon F (r′H, v) = 0, we

can derive the following expression:

d(M − ω′)− Q− q′

r′H
d(Q− q′) = r′H

(
M − ω′

r′2H
− 1

3
λr′H − (Q− q′)2

r′3H

)
dr′H − r′Hdṙ

′
H. (21)

Thus, we can get

Im I ′ = −1

2

(M−ω,Q−q)∫
(M,Q)

2πr′Hdr
′
H − 2πr′H

(M − ω′)/r′2H − λr′H/3− (Q− q′)2/r′3H
dṙ′H

= −1

2
∆SBH +

(M−ω,Q−q)∫
(M,Q)

SBH(M − ω′, Q− q′)

(M − ω′)/r′2H − λr′H/3− (Q− q′)2/r′3H
dṙ′H, (22)

where ∆SBH = SBH(M −ω,Q− q)−SBH(M,Q) is the change of Bekenstein–Hawking entropy before and after

the particle tunnels out of the event horizon. The tunneling rate of the black hole can then be expressed as

Γ =
P (emission)

P (absorption)
= exp(−2Im I ′)

= exp

∆SBH − 2

(M−ω,Q−q)∫
(M,Q)

SBH(M − ω′, Q− q′)

(M − ω′)/r′2H − λr′H/3− (Q− q′)2/r′3H
dṙ′H

 . (23)

From Eq.(23) we can see that the tunneling probability of the fermion is not only related to the change of the

Bekenstein–Hawking entropy, but also to the integral of the changing horizon, which is different from the case of

stationary black holes. Because ṙ′H is the function of v for the non-stationary black hole, the integral in Eq.(23)

could not be worked out. However, we have presented the fermion tunneling of the non-static black hole in de

Sitter space, and we could make the physical meaning clear by the tunneling method. The results reflect the

dynamical change of the Vaidya–Bonner de Sitter black hole.

3. Conclusion

In this paper, we have successfully extended Kerner and Mann’s fermion tunneling method to the emission

of charged fermions from the Vaidya–Bonner de Sitter black hole. For the Vaidya–Bonner de Sitter black

hole which is non-stationary, after performing coordinate transformation, we find that there are many good

properties for us to discuss the tunneling process, such as the property that the event horizon and the time-like

limit surface locate at the same place, and the property that the line element satisfies Landau’s coordinate clock

synchronization. This is convenient for us in choosing the appropriate matrices γµ and viewing the Hawking

radiation of fermions. As a result, the true tunneling rate is well recovered by charged fermions tunneling from

the black hole.

The result indicates that the tunneling rate of the non-static black hole is related to the integral of the

changing horizon as well as the change of Bekenstein–Hawking entropy, which is different from the stationary
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cases. It also essentially implies that unitary theory is violated. This is because the non-static black hole is

non-stationary and cannot be treated as an isolated system.
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