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This paper presents a treatment of the entanglement transfer between atoms in two distant cavities coupled by an

optical fibre. If the atoms resonantly and collectively interact with the local single-mode cavity fields and the dipole—

dipole interaction between the atoms is neglected, then it shows that a complete transfer of entanglement from one

pair of atoms to another can be deterministically realized. Furthermore, it also investigates the effects of dipole—dipole

interaction on entanglement transfer on the condition that the interaction between the atoms and the cavity is much

weaker than the coupling between the cavity and the fibre.
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1. Introduction

Entanglement is the main resource of quantum
computation and quantum information processing
(QIP). Usually, atoms are applied to store informa-
tion while photons are always employed to carry and
process information. Therefore, much effort has been
devoted to the generation and manipulation of entan-
glement in the past decade.l'=% One of the schemes
to produce entanglement nonlocally is entanglement
swapping,®® which enables us to entangle two quan-
tum systems that have never interacted directly with
each other. Recently, another scheme which has been
intensively studied is entanglement transfer from one
quantum system to another. In particular, the entan-
glement transfer between the fields and qubits is of
primary importance and has been widely studied.!”-8!
Lee et all investigated how entanglement can be
transferred between qubits and continuous-variable
(CV) systems. Serafini et all'%) presented strategies
to enhance the dynamic entanglement transfer from
continuous-variable to finite-dimensional systems by
employing multiple qubits.

Recently, the system of two distant cavities
coupled by an optical fibre has received broad
interest,['* =13 since it is crucial for the implementa-
tion of quantum communication and quantum compu-
tation. Pellizzari'¥ proposed a scheme which allows
for reliable transfer of quantum information between

two atoms in distant cavities coupled by an optical
fibre. Serafini et all'® investigated the possibility of
realizing effective quantum gates between two atoms
by using the same device. Yin and Lil'®! proposed a
multiatom and resonant interaction scheme to gener-
ate entangled states and realize logical gates in such a
system. In order to realize quantum communication,
the entanglement transfer between atoms trapped in
Mo-
tivated by these works, we discuss the entanglement

distant optical cavities is also very important.

transfer from a pair of atoms to another in two dis-
tant cavities via an optical fibre. We also discuss the
effects of dipole-dipole (DD) interaction!’”=2° on the
entanglement transfer under the condition that the in-
teraction between the atoms and the cavity is much
weaker than the coupling between the cavity and fibre.

The paper is organized as follows. In Section 2, we
introduce the model under consideration. In Section
3, entanglement transfer between atoms is discussed.
In Section 4, the influence of DD interaction on the
entanglement transfer is investigated. In Section 5, a
summary is given.

2. The model

First, we introduce the atom—cavity—fibre system.
As shown in Fig.1, four identical two-level atoms 1, 2
and 3, 4 are separately trapped in two distant single-
mode optical cavities A and B coupled by an optical
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fibre. The atoms resonantly and collectively interact
with the local cavity fields. We assume that the size
of the space occupied by the atoms in each of the cavi-
ties is much smaller than the wavelength of the cavity
field. So, all the atoms in each of cavities can interact
with the same field. On the other hand, the atoms in
the same cavity are separated that they have no direct
interaction with each other.

1 2 3 4
[ [ ] [ ] [ ]
A B
Fig.1. The atom—cavity—fibre system with atoms 1, 2 in
cavity A, atoms 3, 4 in cavity B.
In the rotating-wave approximation, the interac-

tion Hamiltonian of the atom—field system can be writ-
ten as (h =1)

Har = g1(01 +02)al + g2(03 +04)ad +He., (1)

where af and aj are the creation operators for the
mode of cavity A and B respectively, g1 and go are
the coupling constants between the cavities and the
trapped atoms respectively, ¢ and o7 are the lower-
ing and raising operators for the atom respectively.

The interaction Hamiltonian for the optical fibre
coupled to the modes of the two cavities can be mod-
elled as('4

oo
Hip =) vi{bjlaf + (1) e'?af] + He},  (2)
j=1
where b; is the annihilation operator for the mode j
of the fibre, v; is the coupling strength between the
modes of cavities and the fibre mode j, and the phase
@ is due to propagation of the field through a fibre
of length I: ¢ = 27wl/c,'¥ w is the frequency of the
cavities. Now, let 7 be the decay rate of the cavities’
fields into a continuum of fibre modes. Considering
the short fibre limit (I7)/(27¢) < 1, we find that only
one resonant mode b of the fibre interacts with the
cavity modes. The Hamiltonian Hip can be reduced
to
Hip =vib(af +af) + H.c, (3)

where the phase (—1)7 e1¥ has been absorbed into the
annihilation and creation operators of the mode of the
second cavity field.

In the interaction picture, the total Hamiltonian
of the atom—cavity—fibre combined system is

Hy = Har + Hir. 4)

3. Entanglement transfer be-

tween atoms

In this section, we investigate the entanglement
transfer from atoms 1, 2 to atoms 3, 4. For simplicity,
we assume that there is only one excitation number in
the entire system. Suppose that at the initial time cav-
ities and fibre are in vacuum states and all the atoms
in the cavity B are in ground states, while the atoms
1, 2 are in entangled states: cosa|10)12 + sin «|01)12,
where |10)12 means that the atoms 1 and 2 are in the
excited state and the ground state, respectively.

The subspace with one excitation number can be

spanned by the basis state vectors:

} = |10)12/00)34]000)s,
} = ]01)12|00)34]000)s,
) =00)12/10)34|000)s¢,
|¢4) = [00)12]01)34|000)s,
} = 100)12|00)34]100),
} =100)12|00)34]010),
) =100)12[00) )

00)12]00)34|001 ), (5)

where |ningons)s denotes that there are n; photons in
the mode of cavity A, ns photons in the mode of cav-
ity B, ng photons in the fibre mode. In this subspace,

the initial state of the system can be written as

[1(0)) = cosa|¢) + sina|¢a). (6)

At any time t, the state of the whole system can

be expanded in terms of the basis vectors Eq.(5) as
7
() =D Ai(b)]én)- (7

i=1

The time evolution of the total system is governed by

the Schrodinger equation

.0
i [W(t) = Hl(t). (8)

Substituting Eq.(7) into Eq.(8), we obtain the matrix
form of Eq.(8):11

5 7
igAi(t) = ZHijAj(t)7 (9)
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where H;; are elements of the matrix representation
for the Hamiltonian Eq.(4) in the one excitation num-
ber subspace:

where we have assumed ¢g; = go = g. The eigenvalues
and the corresponding eigenstates of the Hamiltonian

Eq.(10) are easily derived as

0000go00O0
0000g00
0000040 Ei25 =0,
H=| 00000g40]|, (10) Ey5 = +V2g,
gg0000 v Eg7 = £/20% + 29, (11)
00gg OO0V
000O0UvVv UV and
1 1
lp1) = ﬁ\%) - ﬁ\%),
p2) = —— 1)+~ dn) — ——|ér)
2 e N T e T i
r r 1
= ———¢1) + ————01) — ———¢),
Is) = g 00t g O T a7
1 1 1 1 1 1
= —=|b1) + —=ld2) — ——=|th3) — —=¢a) + =|65) — = |d6),
s} = 5slon) + 5 zlen) = = lon) = 210 + ghon) = 5lek)
5) = —=lé1) + —=lén) — —=lds) — —=léa) — 21ds) + 21o)
905*2\&1 2\@2 2\&3 2\/54 25 26;
1 1 1
= ———|¢1) + +
1 1 1 T
b [a) + = |¢5) + = |P6) + s 07),
1 1 1
1 1 1 T
e ¢4) — = |65) — =|B6) + ———=]01), 12
where r = v/g . In terms of Eq.(12), we write the unitary matrix S which diagonalizes the Hamiltonian (10)
as follows:
1 1
— - 0 0 0 O 0
V2 V2
S 1
V14 2r2 V14 2r2 V14 2r2
r r 1
0 0 0 -
V14 2r2 V14 2r2 V14 2r2
1 1 1 1 1
= — — — - - —= 0 1
S 2V/2 2v/2 2V/2 2V/2 2 (13)
1 1 1 1 1 1 0
2v/2 2v/2 2v/2 2V/2 2 2
1 1 1 1 1 1 r
W2 4212 22422 224272 22422 2 2 V24 2r2
1 1 1 1 } 1 T
2V2+2r2 2v2+2r2 2v2+2r2 224272 2 2 /24272
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By use of the unitary matrix S and its inverse matrix
S~1 Eq.(9) can be written as

i%SA =SHS 'SA, (14)
where A = [A1, Ao, A3, Ay, A5, Ag, A7]T.

Because the matrix SHS~! is diagonal, by solv-

ing Eq.(14) we can obtain the solution of Eq.(9) as

7
:Z ik[SA(0)]ge B (15)
=1

Substituting Eqgs.(11) and (13) into Eq.(15), for the
initial condition A(0) = [cos a, sin a, 0,0,0,0,0]T, we
have

Aq(t) 2417 (cos sin o) + r cosa + 1(cos + sin @) cos(v/2gt)
= — a—sina) + ————cosa + ~(cosa + sina
! A1 +12) 2(1 +12) 4 J
1
—|—4(1+ )(cosa—i—sma cos(V2gt\/1 +12),
243 2 1
As(t) = —ﬁ(cosa —sina) + Q(JGT cosa + Z(cosa + sin a) cos(V2gt)
1
+4(1+ )(cosa+s1na cos(V2gt\/1 +12),
r
r? r? 1
As(t) = —m(cosa— sin «r) + 2(1700805 - z(cosa—ksina) cos(v2gt)
1
+ m(cosa + sin a) cos(V2gt/1 + 12),
Ay(t) = As(t),
i i
As(t) = — cos v + sin &) sin(v/2gt) — ——=————(cos @ + sin &) sin(v/2gt 1+ 1r2),
5(t) 2\/5( ) sin(v2gt) 2\[\/72( ) sin(v2gtV )
As(t) = —= cosa+31na sin(v2gt —————(cos a + sin «) sin( \f 2gt\/ 1+ 12),
Aq(t) = m(cosa —sina) — # cos o + m cos(V2gt\/1 + 12)(cos a + sin av). (16)

Then at any time ¢, the density operator for the whole
system is given by

p(t) = [(&) (W ()] (17)

The information about the entanglement between

atoms ¢ and j is contained in the reduced density ma-

trix pa;;, and pa;; can be obtained from Eq.(17) by

tracing over the variables of the fields and other atoms.

In the bases |00), |01), |10}, and |11), p4;; can be given
by

ki lArl? 000

0 A2 A,A% 0

PAij = DA - (18)
0 AAT AP0
0 0 0 O

It is convenient to quantify the degree of any bi-
partite entanglement by concurrence?!l defined as

C=max{0, VA1 = vV = VA = VAu}, (19)

where A; is the ith eigenvalue in decreasing order of
matrix pai; = paij(oy @ 0y) Pl (0y @ 0y), 0y is the
Pauli spin matrix and the asterisk denotes complex
conjugation. The concurrence varies from C' = 0 for
a separable state to C' = 1 for a maximally entangled
state. If the density matrix has the form of Eq.(18),

the concurrence can be calculated by

Cij(t) = 2[A; A7. (20)

We present the results of the concurrence C7o and
C34 in Fig.2, which shows the influences of the pa-
rameter r on the entanglement transfer with o = 7 /4
(namely the two atoms are initially in the maximal

entangled states).
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Fig.2. The entanglement transfer between the atoms 1, 2
and 3,4, where C12 is represented by a solid curve, Csy4 is
represented by a dotted curve: (a) r = 20, = w/4; (b)
r=1,a=mx/4; (c) r=0.01,a = 7/4.

In Fig.2 (a), r = v/g = 20, which means that the
interaction between the fibre and the cavity is much
stronger than the coupling between the cavity and the
atoms; we can observe that C12 and C34 both range
from 0 to 1 with the same oscillation period \/§7r,
and the latter retards by half the oscillation period
in comparison with the former. The entanglement
completely transfers from atoms 1, 2 to atoms 3, 4
at the time gt = (2n — 1)7/v/2 and then comes back
at the time gt = 2nn/y/2, where n = 1,2,3... . Be-
cause in the regime r > 1, the transmission time of
photons through the fibre becomes much shorter than
the interaction time of the atom and cavity modes.
The fibre modes are almost unpopulated during the
whole operation process. It is just as if atoms 1, 2
and atoms 3, 4 are resonantly coupled through a single
mode of the cavity field, so the entanglement transfer
from a pair of atoms to another can be deterministi-
cally realized. In Fig.2(b), when r becomes smaller,
the efficiency of entanglement transfer decreases and
the evolution of C1o and C34 becomes irregular. If
r < 1, this denotes that the interaction between the
fibre and the cavity is weak enough that the cavity
A reduces to a two-atom Tavis—-Cummings model and
without the link of cavity B. Since the atoms in cavity
B are initially in the ground states, the entanglement
between atoms 3, 4 will always be zero, as shown in
Fig.2(c).

If the condition r > 1 is satisfied by the cou-
pling constants v and g (which is not very diffi-

cult to achieve in experiment), we have —(|10)12 +

V2
01)12) @ [00)5s  — %momz@(umg” 01)34).

Therefore, the perfect entanglement transfer is deter-
ministically implemented, which may have an impor-

tant application in the field of quantum communica-
tion.

4. Effects

entanglement transfer

of DD interaction on

In this section, we discuss the influences of DD in-
teraction on the entanglement transfer under the con-
dition that the interaction between the fibre and the
cavity is much stronger than the coupling between the
cavity and the atoms. Considering the DD interaction
between the atoms,

Hpap = (21(0102+ +0f02)

+25(030f + 05 04). (21)

In the Schrédinger picture, the Hamiltonian of the
whole system has the form

4
Hy =w (ai"al + a;ag +bTb+ Zaf)
1=1
+Har + Hirp + Han, (22)

where we have assumed that the interaction between
the atoms and the cavity field and the coupling be-
tween the cavity and fibre fields are resonant. Also,
of = (|1;)(1;] —10;)(0;])/2 for atom i. Let us intro-
duce three normal bosonic modes ¢, c_, and ¢ by the
canonical transformations:['°)

¢ = (a1 —a2)/V?2,
cy = (a1 + ag +V2b)/2,
c_ = (a1 +ag — V2b)/2. (23)

Then, based on the new bosonic operators, the Hamil-
tonian Eq.(22) can be re-expressed as

1
HS = 5[91(0’1 + 0'2)(01 + Cir + \/§b+)

+g2(03 + 04)(ct + & — V2b7) + Heel
4
+w <c+c + Z af) + (w+ V2v)ctey
i=1
+(w — V2v)cteo + Haa. (24)

It can be easily seen from Eq.(24) that the mode ¢
resonantly interacts with the atoms but the modes ¢+
nonresonantly interact with the atoms. In the regime
v > g, the interaction of the atoms with the non-
resonant modes is highly suppressed, and the system
reduces to four atoms resonantly coupled through a
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single-mode harmonic oscillator. So the Hamiltonian |p2) = 01)12]00)34]0),
Eq.(24) in the interaction picture becomes |63) = [00)12]10)34|0)c,
1 =
Hy = 5[91(01 +02)ct — g2(03 + 04)c” [94) = 1001210L)34/0)c,
|#5) = 100)12/00)34[1)c, (26)

+H.c.]+ Haa. (25)

As in Section 3, the subspace in the single excitation
regime can be spanned by the following basis state

vectors:

|p1) = [10)12]00)34|0).,

where |0), and |1). are number states of the mode ¢
with zero and one photon, respectively. For the same
initial state |1(0)) = cosal¢p1) + sina|p2), using the
same method as that in Section 3, we can show that
at time ¢, [(t)) = S20_ Ai|¢i), where

1 1
Ai(t) = i(cosa — sina) exp(imgt) + Z(COSQ + sin «) exp(—imgt)

V8+m?+m [ igt
+ ——(cosa+sina)exp |——(m + V8 + m?2
VCESTER Jow =5 |
+ 8+m2—m( + . ) [ igt( \/m)_
—————(cosa +sina)exp | ——(m — m?)|,
8v/8 +m?2 P L 2 J
1 1
As(t) = —§(c0sa —sina) exp(imgt) + Z(cosa + sin «) exp(—imgt)
V8+m?+m [ igt |
+ ——(cosa+sina)exp |——(m + V8 + m?2
T Jop |yl |
8+ m2—m . [ gt |
4+ ——n(cosa +sina)exp | ——=—(m — V8 + m? R
OVCERTE Jop |yl d

As(t) = i(cosa + sin ) exp(—imgt)

B V8+m24+m

8v8 + m?
8Bt m?
Ay(t) = As(t),

(cosa + sin @) exp [— 5

igt
ﬁ(m-i— 8+m2)}

2 _ igt
S8+ m m(cosa+sina)exp [—lg(m—\/S—i-m?)} ,

As(t) = ;(cosa+sina)exp {—igt(m—i— V8 +m2)]

V16 + 2m?2
1

o~ (cosa—sina)exp {—igt(m — m)} : (27)

V16 + 2m?2

where m = 2/g.

In terms of Egs.(20) and (27), we present the re-
sults of the concurrence Ci5 and C34 in Fig.3, which
shows the effects of the DD interaction between the
atoms on the entanglement transfer in the regime
v>g.

In Fig.3(a), the DD interaction is much stronger
than the interaction between the cavity and the atoms;
we note that Cho and C34 still both range from 0 to
1 with the same oscillation period, and C34 is de-
layed by half the oscillation period with respect to
C12. Besides, the time of entanglement transfer be-

2

comes longer with the increase of the strength of DD
interaction. Although the coupling between the atoms
and the cavity is weak, we cannot completely ignore it
in practical situations. Considering its influences, we
find that the concurrence C3, will oscillate sinusoidally
with a large number of small oscillations. However,
the entanglement transfer between the two pairs of
In Fig.3(b), when the
strength of DD interaction is comparable to the reso-

atoms still can be realized.

nant interaction, the entanglement cannot completely
transfer from atoms 1, 2 to atoms 3, 4. If the DD inter-

action is much weaker than the coupling between the
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atoms and the cavity, the results are shown in Fig.3(c),
which are the same as those in Fig.2(a). That is, the
DD interaction can be safely neglected when it is very
weak.

Concurrence

Concurrence

Concurrence

Fig.3. The entanglement transfer between the atoms 1, 2
and 3,4 with the influence of DD interaction, where C12
is represented by a solid curve, C34 is represented by a
dotted curve: (a) m = 10, = w/4; (b) m = 1,a = w/4;
(¢) m=0.01,a = 7/4.

5. Summary

In this paper, we have studied the entanglement
transfer between two pairs of atoms in two distant
cavities coupled by an optical fibre. Supposing that
the atoms collectively and resonantly couple with the
local fields and the DD interaction between the atoms
is ignored, we show that a complete transfer of entan-
glement between the two pairs of atoms can be deter-
ministically realized when the interaction between the
fibre and the cavity is very strong.

When the coupling between the fibre and cavity
modes is much stronger than the coupling between the
atoms and the cavity field, the entire system can be
approximated as four qubits resonantly coupling to a
single-mode harmonic oscillator. In this limitation,
particular attention has been paid to the influences
of DD interaction between the atoms on the entan-
glement transfer. For strong DD interaction, we note
that complete entanglement transfer can still be real-
ized, but the time is prolonged.
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