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The entanglement property of two identical atoms, initially entangled in Bell states, coupled to a single-mode cavity

is considered. Based on the reduced non-perturbative quantum master equation method, the entanglement evolution

of the two atoms with decay is investigated beyond the conventional rotating-wave approximation. We show that the

counter-rotating wave terms, usually neglected, have a great influence on the disentanglement behaviour of the system.

The phenomena of entanglement sudden death and entanglement sudden birth will occur. In addition, we show that

the entanglement can be strengthened by introducing the dipole-dipole interaction of the two atoms.
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1. Introduction

Entanglement plays a central role in the field of

quantum information science. It is generally con-

sidered a valuable resource for some non-classical

tasks, such as quantum computation,—3!

(4] (5]

quantum
teleportation,
cryptography.
have triggered research on the dynamical behaviour

superdense coding,
(6,7]

and quantum
Therefore, applications of interest

of entanglement in order to achieve control over quan-
tum disentanglement.!8—10]

Recently, the dynamics of entanglement in bi-
partite systems has attracted much attention!!—2°!
since the first work of Yu and Eberly,[?® where they
found that entanglement may terminate abruptly in
a finite time while coherence is lost asymptotically.
Thereafter, this abrupt effect has been termed entan-
glement sudden death (ESD). Subsequently, ‘entan-
glement sudden birth’ (ESB)I?7 is another highlight
and further extension of the field, where they try to
present an explanatory study of multipartite entan-
glement evolution.

In the conventional study of quantum optics,
the rotating-wave approximation (RWA) is widely

adopted, where counter-rotating terms of the light—

matter interaction Hamiltonian, corresponding to the
emission and absorption of virtual photons without
energy conservation, is neglected. This is because the
coupling ratio is of the order of 1077-107° in atom-
field systems, and thus the RWA is justified. Recently,
Meiser and Meystre[?8] have investigated cavity sys-
tems with superstrong coupling, where the effect of
the counter-rotating terms should be considered. This
regime can be achieved in solid state systems.

Unlike the previous works, we study the disentan-
glement between a pair of qubits with decay, which in-
teract with a cavity beyond the RWA. On considering
real processing, atomic decay is unavoidable, which
can be caused by two different physical mechanisms.
The first is the transition without light radiation. In
this process the energy is emitted by thermal energy
or other forms. The second is the radiation transition.
Photons will be emitted with the atomic transition.
In our model the second is the main physical mecha-
nism because the collision probability between the two
atoms is very small. Thus a discussion on the effect
of atomic decay caused by spontaneous emission on
entanglement evolution is necessary.

This paper is organized as follows. In Section 2,
a two-qubit model with decay is presented and the re-
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duced non-perturbative quantum master equation of
atoms is derived. In Section 3, the entanglement evo-
lution of two initially entangled atoms is investigated
by using Wootters’ concurrence.!? In the last section,
the conclusions are given.

2. Model

Consider two atoms A and B, which are inter-
acting with a single-mode cavity resonantly. For sim-
plicity, we assume that the two atoms have the same
parameters. This can be described by the following

Hamiltonian:
H = H, + H; + Hy, (1)
where
o 2
H= S 0.+ Qlotor 1otor), O
i=1
Hf = Wa+av (3)
H.e = Mo(a™ +a). (4)

Here 0 = Y2 (0F +07), 0s, = les) el — 19 gl
and o; = |g;)(e;| are the atomic operators with |e;)
and |g;) being the excited and ground states of the
ith atom; wg is the atomic transition frequency be-
tween the ground state and the excited state; A is the
coupling constant between atom and cavity; a and af
denote the annihilation and creation operators of the
cavity mode with frequency w; {2 is dipole—dipole cou-
pling strength between atoms.

Taking the atomic spontaneous emission into con-
sideration, the reduced non-perturbative quantum
master equation of atoms could be obtained by path

integrals, 3]

0

7a:_-£aa
at” Hoap

— pa0; 0; ), (5)

where Ly, £, and L,¢ are Liouvillian operators defined
as

EOp = [Ha + vap]v

Eap = [Haap]a
Lasp = [Hat, pl, (6)

and < --- >y stands for partial trace of cavity mode;
is the atomic decay constant; p, is the reduced density
matrix of two atoms.

Assuming that the cavity field is initially in
vacuum state, in the standard product basis B =
{le€),leg), |ge), lgg)}, the non-perturbative reduced
master equation of the atoms could be derived from
Eq.(5),12!

O o= = i Lo 0]
T Pa = — 1/ |02 0295 Pa
atp 9 1 29 P

— iQ[o 0y + 0307, pal

- )\QU[Flapa]+)\2[F2apa]o-
2

o2

(207 pacy — 0, 0; pa
=1

a0y 07 ), (7)

>

where

1 = fi(leg)(ee| + |ge){eel)
+fa(lee)(eg| + |ee)(gel)
+k1(leg)(gg] + |ge)(ggl)
+k2(lgg){eg| + |99)(gel).

Fy = f{(lee){eg| + |ee)(gel)
+/5 (leg)(ee| + |ge) eel)
+ki(lg9)(egl + |99)(gel)
+k3(leg)(gg| + |ge){ggl),

_ il — exp(idit)

fl - 151 )
1 — exp(—idat)
fo=—F—
1(52
b — 1 — exp(—idaqt)
1 — IAQ )
1 —exp(iAgt)
ki2 =1 Al s

and 6, = wyp—N2—w, §o = wy—N+w, A1 = we+2—w,
As = wg + 2 + w, superscript * means conjugate.

3. Disentanglement

3.1.Initial state and the entanglement
measurement
In this section, we will use Wootters’ concurrence
to quantify the degree of entanglement.[??! For two

qubits, the concurrence is calculated from the density
matrix p for qubits A and B:

C(p) = maX(O, \/)Tl - \/)‘» - \/)‘» - \/E% (8)
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where ); are the eigenvalues of the matrix
g:pAB(J;(@Jf)p*AB(J;@Jf) 9)

arranged in decreasing order. Here p% 5 denotes the

B) is the stan-

complex conjugation of pap, and af (
dard Pauli matrix acting in the space of qubit A (or
B). The concurrence varies from C(p) = 0 for an un-
entangled state to C(p) = 1 for a maximally entangled
state.

Here we restrict our analysis to the initial entan-

gled states
|¢) = al01) + 5[10), ) = a|00) + B|11),  (10)

where « is real, 8 = |3|e!” and o? + |3|> = 1. For
these two entangled states, the initial atomic density
matrix has an “X” structurel®?! which is maintained
during the evolution.!®3l The reduced density matrix
of the two atoms p,, in the standard product basis
B = {[1) = |ee),|2) = leg),|3) = lge),|4) = lgg)},
could be written as

pi1 0 0 pusg

0 p22 p23s O
= , (11)
0 p32 p33 0O

pa1 0 0 pag

The concurrence of p, could be obtained

Cy(t) = 2max{0, |p23| — /p11paa},
Cy(t) = 2max{0, [p14| — \/P22p33}- (12)

3.2. Numerical results and discussion

In order to study the effect of counter-rotating
terms on the entanglement dynamics of the system, we
investigate the entanglement evolution of two atoms
by numerical calculation. For simplicity, the reso-
nant case w = wy is considered. We choose v/ =
4.35 x 1072

Generally, the dipole-dipole interaction between
atoms is much weaker than the interaction between
atoms and cavity. Thus the case of 2 <« A is dis-
cussed at first.

1) We focus on the disentanglement of two qubits
with the initial state of |¢). The entanglement evolu-
tion of two decayed atoms is shown in Figs.1, 2 and
3 with different parameters. One can see that the
change of Cy against o is symmetrical because of the
symmetry of the initial state |¢). When w = A, Fig.1
shows that the concurrence Cy changes with the ini-

tial value o? and the time At. It can be seen that the

concurrence decreases to zero in a finite time and the

entanglement undergoes so-called ESD.

Concurrence

Fig.1. The concurrence Cy as a function of a? and the
time A\t with w = A, 2 = 0.

There is a slight difference when w = 3\, as shown
in Fig.2. It is easy to note that there exist small fluc-
tuations when o2 is near 0 or 1. Particularly, when the
two atoms are not entangled initially, namely a? = 0

or a? = 1, there is entanglement sudden birth.

Concurrence

\
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U

Fig.2. The concurrence Cy as a function of a? and the
time At with w = 3\, 2 =0.

As w = 10\, Fig.3 reveals the time evolution of
concurrence. It is shown that the entanglement de-
cays to zero in a finite time, then revives with small
amplitude and finally disappears permanently. Partic-
ularly, when the two atoms are not entangled initially,
namely o? = 0 or a? = 1, there is also entanglement
sudden birth and its amplitude is larger than that of
the case 0 < o? < 1, then the entanglement decreases

to zero eventually due to the atomic decay.
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Concurrence
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Fig.3. The concurrence Cy as a function of o? and the
time At with w = 10\, 2 = 0.

2) Alternatively, we focus on the disentanglement
of two qubits with the initial state |¢)). The entangle-
ment evolution is investigated in Figs.4, 5 and 6. The
figures are not symmetrical to o because the initial
state of the two atoms is asymmetrical.

When w = A, Fig.4 shows that the concurrence
Cy decays exponentially to zero in almost all cases
except where the value of o is near 0. In the case of
small o2, there exists a small fluctuation before Cy
vanishes permanently. Particularly, when a? = 0,
there exists small ESB and ESD. This effect results
from the coaction of the rotating wave process and

counter-rotating process on the whole system.

Concurrence

Fig.4. The concurrence Cy as a function of a? and the
time A\t with w =\, 2 =0.

By contrast, as w = 3\, Fig.5 reveals that the am-
plitude of the fluctuation is higher than that of w = A
in the case of small a. It is also found that the range
for the existence of the fluctuation is larger than that
of the previous case. But there is no ESB in the case

of a2 = 0.

A5
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Concurrence
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Fig.5. The concurrence Cy as a function of a? and the
time At for w = 3\, 2 =0.

When w = 10, the time evolution of the concur-
rence is plotted in Fig.6. The concurrence decreases
monotonically and exponentially to zero when o? is
near 1. The smaller the a? is, the more intense the
fluctuation is. The concurrence disappears perma-

nently at last because the atoms decay.

Concurrence

Fig.6. The concurrence Cy as a function of a? and the
time At for w = 10\, 2 = 0.

When the distance between the atoms is less than
the wave length in the cavity, the dipole—dipole inter-
action of the atoms cannot be neglected. Assuming
that 2 < w, then the Eq.(7) can be simplified.

Considering that the dipole—dipole interaction of
the atoms is weaker than the interaction between
atoms and cavity, we choose w = 50 A = 100 {2. The
entanglement evolution of two decayed atoms with the
initial state of |¢) is plotted in Fig.7. It is shown that
entanglement can be strengthened by introducing the
dipole—dipole interaction. The time that concurrence
decays to zero is prolonged, and the amplitude of ESB
becomes high when the two atoms are not entangled

initially.
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Concurrence

Fig.7. The concurrence Cy as a function of o2 and the
time At with w = 50\ = 100 {2.

As for the other initial state [¢), the entangle-
ment evolution is similar to that of the case of no
dipole—dipole interaction of the atoms. On the whole,
dipole—dipole interaction can strengthen the entangle-

ment.

4. Conclusions

In summary, we have investigated the disentan-
glement of two identical atoms with decay coupling
to a one-mode cavity resonantly beyond the RWA.
It is shown that entanglement evolution is dependent
on the ratio of the atom—field coupling to the atomic
transition frequency, and the phenomena of entangle-
ment evolution are rich. The physical mechanism be-
hind the phenomena is the process of emission and
absorption of a virtual photon and the atomic de-
cay. Also, the introduction of dipole-dipole interac-
tion can strengthen the entanglement between atoms.
The study of entanglement evolution beyond the RWA
is a significant problem because of its importance to
the field of strong coupling. It will help to deal with
the practical case of the solid state system. The con-
sideration of atomic decay is also of practical signifi-

cance.
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