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This paper studies conformal invariance and generalized Hojman conserved quantities of mechanico-electrical sys-

tems. The definition and the determining equation of conformal invariance for mechanico-electrical systems are provided.

The conformal factor expression is deduced from conformal invariance and Lie symmetry under the infinitesimal single-

parameter transformation group. The generalized Hojman conserved quantities from the conformal invariance of the

system are given. An example is given to illustrate the application of the result.
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1. Introduction

Symmetries and conservation laws are profound
statements about how the world works, so this theory
has some theoretical significance. There are mainly
three kinds of symmetries: the Noether symmetry,!]
the Lie symmetry®?l and the Mei symmetry.[3) Re-
spectively, there are mainly three kinds of conserved
quantities (i.e., the Noether conserved quantity, the
Hojman conserved quantity and a new type of con-
served quantity) according to these main kinds of
symmetries.!4~15]

Conformal invariance was introduced into physics

[16] and Conningham” shortly after Ein-

by Bateman
stein’s first paper on special relativity. Then it was ap-
plied widely to the gauge theory'® and the quantum
field theory.'” Recently, conformal invariance has
been developed rapidly in dynamical mechanical sys-
tems; Cai et al studied the conformal invariance and
conserved quantities of mechanical systems.[20=2%! In
1873, Maxwell studied the problems of the mechanico-
electrical system by using Lagrange’s method; he ob-
tained the Lagrange-Maxwell equation, which is very
famous today. Recently, Fu et al got the discrete
variation principle and first integral of mechanico-
electrical systems.[?6=35 In this paper, we study the
conformal invariance and generalized Hojman con-
served quantities of mechanico-electrical systems. The

determining equation and conformal factor deduced
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from conformal invariance and Lie symmetry of con-
formal invariance for mechanico-electrical systems are

provided.

2. The differential equations of

the systems

A mechanico-electrical system couples a mechan-
ical process to an electromagnetic process. The me-
chanical part consists of N particles, and is described
The
electromagnetic part corresponds to m electrical cir-

by n generalized coordinates ¢s(s = 1,...,n).

cuits consisting of linear conditions and a capacitor.
For a circuit k, we denote the current by iy, the
electronic potential by wuy, the capacitor charge by
ex(k = 1,...,m) (with é, = i), the resistance by
Ry, and the capacitance by Cj. The Lagrange func-
tion of the mechanico-electrical system is

L= T(qsa(js) - V(QS) + Wm(Qsa ek) - WC(qS, ek)v (1)

where T and V are, respectively, the kinetic and the
potential energy. The electric field energy and mag-
netic field energy are, respectively, defined by

r=1

. 1 & e%
Wi = Lirigiy, We= 3 kz::l T (2)

DO =

where Ly, (with k # r) is the inductance of circuit
k due to circuit r, and Ly is the self-inductance of
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circuit k, and the summation is taken over repeated
suffixes.

Let ¢ (s=1,...,n,n+1,... ,n+m) denote the
generalized coordinates. We denote the coordinate
components by ¢s;(s = 1,...,n) and the electricity
components by ¢s(s = n+1,... ,n+m). The mo-
tion of the system is given by the following Lagrange—
Maxwell equations:

gL oL os o
ds ds qs
(s=1,...,n,n+1,... ,n+m), (3)

where Qs(s = 1,...
potential forces. The Qs(s = n+1,...,n+ m) are

,n) are the generalized non-

the electric potential energy, the dissipative function
1) of the system is given by

'L/) = '(/}e<7;k) + wm(QSaq's)a (4)

where the electric dissipation function is
1 m
e =5 Rui, (5)
k=1

and 1y, is the function for the viscous frictional damp-
ing forces, thus —0v/0¢s (s = 1,... ,n) correspond to
the dissipative forces.

From Eq.(3), we have

gaL_aL_Q o
dt 9qs aQS_ ° d4s’
(s=1,...,n,n+1,... ,n+m), (6)

where Qs — 0Y/0¢s (s=1,...,n,n+1,... ,n+m)
are generalized non-conservation forces. From Eq.(6)

we obtain
o
As j Bs — s = Ou 7
kG + Qs + 4. (7)
where
0L
Ak = 575
¥ 04504y,
B 0’L . 0L B (r“)iL
7 94,00.™ " 94,0t~ dq’
(s,k=1,... , n,n+1,... ,n+m). (8)

Suppose that Eq.(6) are nonsingular, namely

det< O°L );&o. )

aq.s 8%

From Eq.(7), we obtain

Gs = as(t,q,q), (s=1,...,n,n+1,... ,n+m). (10)

3. The conformal factor that the
conformal systems possess Lie

symmetry

Let
o
d4s’

If we want to get the conformal invariance of the

FS:ASde+BS_QS+

(1)

mechanico-electrical systems, we can search for the de-
pendent or independent variable transformation which
the conformal invariance of Eq.(6) or Eq.(7) corre-
sponds to. Considering the symmetries inherent in
Eq.(7), we introduce a single-parameter infinitesimal

transformation with respect to time and coordinates

t" =t+ebo(t,q,9), a5 =qs(t) +e&s(t,q,q9), (12)

where € is a small parameter, £ and &, are the in-
finitesimal generators.
The vector field itself has the form
0
dqs’

0
0) — ¢, —

the first and second prolongations of the vector field
are respectively

X0 =xO 4 (& - q@%

S

and

. - 0
x@ = x@) 4 (&s — 2ds&0 — quO)ai

ds

Definition If there is a nonsingular matrix I’

satisfying the condition
XO(F,) = IU(F), (13)

then this kind of invariance is called the conformal
invariance of Eq.(6) under single-parameter infinites-
Equation (13) is the

determining equation of conformal invariance of the

imal transformation Eq.(12).

mechanico-electrical system, and I'! is called the con-

If the generators & and &g of the
infinitesimal transformation Eq.(12) satisfy Eq.(13),

formal factor.

then the above transformations are called conformal
transformations.

Equation (10) must be both the conformal invari-
ance and the Lie symmetry under the infinitesimal
transformation if we want to get the expressions of
the conformal factor of conformal invariance. We cal-
culate the difference of

XO(F) = XO(F,) |p—o - (14)
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Since
. O 5§k Oy ..
= 1
&= 7, T 9q, 4 r+ 9q, o (15)
. 0%, 0%, 0%, .. 0%¢;, %, .. 0. 0%, . ..
- 2 .r 2 s r .r i 2 N .r 1 r a- a- 4dr4;4
=2 T 2natt T2 aq.0t" T 9000, T2 9g04, U T g, T T 94,0, 0
agk; aar aa'r‘ . aar . .
, 4 Ek=0,1...,mrj=1,... 1
+ 8qr( ot 5613 q]+ 5613 q])’ ( 07 , Ty g ) 7”)7 ( 6)
then
X(Fy) = Ag(€r — 200 — dxéo) + X P (Aar)ix + XD (Bs — Qs — Py)
= Ag(€k — 26kéo — dréo) + X O (Aa)in + X (Bs — Qs — Py)
(B Qs - s)
+ (& — o) i
9%, ¢, 5§k 9%, &, Oy
— A 2 . . ISR e i ISR ]
5’“[8'8#*85 G4t 50 T 9600, T B, 0g, I
. (9% 350 850 2€o ; 0%y .. 0&.
-2 qr As 2 . 4y a_  4r
q’“( ot " og. " T g, ¥\ 2ag.0t " 204,04, * 0g, !
0% .. 060 Do .. .
x(0) A,
+ &jraq'jq rQj 8 a4, > + (Asr) G
afk 860 . ) .. (BG Qs - P@) .
+ — — r : + C(t,q,q),
<6Q7’ a(b‘ W )1 8‘]1@ ( a q)
(s,k,mj=1,...,n), (17)
where C(t, q, q) is the summation of items in which ¢s are not included. For the same reason
9%, 9%, [9/3% 9%, &, Do
X(2) = A (678 22— r i a5 Uy a. a- J
(7o) lro {8 ot 204,00, " 9g, " " 94,00, " 34, 94,
08 0 . 350 . 0%¢y 9%& . 0%
—2 r _AS 2 N T 2 . r4j T
O‘k( o o, T g, HE\ 294,01 T “0g,00;, 7Y T 8g, @
6250 860 8aj
T a- T X(O) As
94,04, 0, 94, ) AT (A
0, 08 . > d(Bs — Qs — Py) .
+ 5 (079 s + C tv ) ) 18
(8(]7“ 8QTq 6(]k ( 1 q) ( )
where Qg = —ASk(Bk — Qk — Pk)
Letting Eq.(18) be subtracted from Eq.(17), we can obtain
9%, 0*¢ 0 0%, 08 0as \ ..
XO(F) = XOE) |p—o = Agr 2 2 ; ——) (G, — o
o) = A o = A 2 0 204,00, 9.+ 94,00, " 04 94, ) )
. 9o 350 350
_92A. _
5k(qk: (6% ) ( at + aqr qr + aqr Qo
9%& d*¢ 06 . 9% 08 0aj \ ..
_As Ir | 2 2 a- ! r— Gr
hlk < 94,0t 94,00, " 2q, " 94,04, " B4, am) & —ar)
0 0% . \,. O(Br, — Qr — Py)
X( ) A - - r - G
(Ask) (G — ar) + (8% ag, I+ (Gr — ) Bi ;
(s,k,j,r=1,...,n). (19)
Since
G — o, = G + AN By = AP (Apdm + By — Q1 — P) = AP F, (20)
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we have

X(z)(Fs) —X(2)(FS)

_ %, 0%, . O %€, Ok, 0o\
Fi=0 = {AS’“ <Qaqrat 25600, T 0q, T 9404, T 94, aqr) A

— Asqu (2 8(]7«675 + 28qTan qJ 8q7~ 3%3(]] O[] 87(]] aqr

0& 0% . 0%
_ o8t [ 250
258 < 8t + 8qrq7‘ + aqT a’l“)

9*&o 8¢ - & & . 9o aaj>Arl

o 0o . I(By, — Qr — Py)
(0) kl YSk rl
AT AAT (6@ 9d ’“>A D g
= BLA,
(S,k,j,?",lil,...,n)7 (21)

where 5é = A, AR
If Eq.(7) is Lie symmetric under the infinitesimal transformation Eq.(12), then

XO(F,) |p.—0 = 0. (22)

From Egs.(21) and (13), we have I'! = .. If Eq.(7) is conformal invariant under the infinitesimal transfor-
mation Eq.(12), from Eq.(21), we get

(Fls - Bé)(Fl) = X(2)<FS) |Fs:0 ’ (Svl =1,... vn)v (23)

then the necessary and sufficient condition that the conformal invariance would be the Lie symmetry of the
system is
=B, (24)

Proposition 1 Under the infinitesimal transformation Eq.(12), the necessary and sufficient condition that
the conformal invariance would be the Lie symmetry of Eq.(7) is the conformal factor

9%, %¢, 0k %¢, 0, Oa; :
l_ . . 5k J rl
To = Au (284@5 290007t 8, T 95,00, T 8, aq'r) 4
*&o 9*¢ 0&o 9*¢o 0&p Oay;j
— Agdx (2 2 2 980 00y
S’“q’“( 84,0t * “04,0q; 7+ g, T 84,04, T 3y a%)
0 0% . 0 08, 0& . O(By — Qr — Pr)
_ o8t [ 250 (0) kl YSk rl
26, ( 5+ 6qrqr + aqrar + XV (Age)A™ + ( 94, aqqu)A 3ir ;
s, k,j,r,l=1,...,n). 25
(5,k,j NN (25)

Inference If Eq.(10) can be expressed in the standard form
Fszdsias(t7q7(j):05 (5:17"'7n)7 (26)

under the infinitesimal transformation Eq.(12), the necessary and sufficient condition that the conformal invari-
ance would be the Lie symmetry of Eq.(26) is the conformal factor satisfying

F[ —9 6255 9 8265 . 855 8255 ) 855 8Oéj
s — - . q; - O A
dqot —  0q0q; Oq  0q04; dq; 0q,
. < 9%& ¢ . 0% 9% &0 8%‘)
0qot — 0q0q; Oqr  0¢,04; 0q; Oq

0 0. 0% 0 0& . \ Oas
_ogsl [ 250 Zs0 _ [ Z5F X580
205 ( ot M dqr ot 04y ar> (3(11 94 Qk> dqr, 27)
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Comparing Eq.(10) with Eq.(26), we have Az = gk,
Bs - Qs - P@ = _O[s(t7qa(j); uSng EQ(25)7 we can
easily obtain Eq.(27).

4. The generalized Hojman con-
served quantities of conformal

mechanico-electrical systems

The conformal invariance of mechanico-electrical
systems can lead to a generalized Hojman conserved
quantity under certain conditions.

Proposition 2  For mechanico-electrical sys-
tems, if generators &y, &; under the infinitesimal trans-
formations Eq.(12) satisfy Eq.(22) and the conformal
factor Eq.(25) or Eq.(27), and also satisty the follow-
ing equations

dayg d

“lnp=0 28
o5, Ta =0 (28)

then the generalized Hojman conserved quantities can
be induced from the systems

10 1 0
:;&(Mfoﬂ'ﬁaqu
1o . . .

; aqs [:u(fs - QS€O)] - 50

= const.. (29)

Iy (1€s)

The proof of Proposition 2 is the same as that in
Ref.[36].

5. An illustrative example

Capacitor C is shown in the following Fig.1. It

is an electrode plank (unit mass m = 1) which is
R I
I 1 Y —
| I |
—>

Fig.1. An electrocircuit of a capacitor.

hung on a spring with stiffness k. The plank is vi-
brating in the vertical direction under the action of

gravity, elastic and electric field force. L; (L; = 1)
is the inductance, R is the resistance, S is the dis-
tance, E = ¢ is the electromotive force. Let us study
the conformal invariance and the generalized Hojman
conserved quantities.

For this system, we choose the position of equi-
librium (point O) of the active plank of the capacitor
as the origin of the coordinate, and the active plank
described by generalized coordinate gq. The electrody-
namical part is described by the generalized electric
quantity e. We denote the kinetic energy of the active
plank of the capacitor by T' = ¢2/2, by the magnetic
energy of capacitor Wy, = ¢é2/2, by the potential of
spring V' = kq?/2, and by the electric energy of the
capacitor W, = Ae?/2; then, the Lagrange function of
the system is

1., 1., 1 1
L:*.2 *.2_*k2_*A2
gU" T ¢ T ghe — A

where A is constant. The dissipation function can be

written as
1, .
¢=¢e+¢m=§R€ +qu-

The voltage of the capacitor can be written as u, =
Ré. We denote the space coordinates and general elec-
tricity in unified generalized coordinates ¢,, then the
Lagrange function can be written as

1. 1., 1

L= Q%‘F*‘b—i

1
= - kq? — = Ag?
9 2 q1 D) ds, (30)

the dissipation function can be written as

1. .
¢ = we + wm = §RQ§ + kQ1Q1a (31)
and the voltage of the capacitor is written as
Uy = RQQ (32)

Let us study the conformal invariance and the
generalized Hojman conserved quantities.
The differential equations of motion are

doL oL  dy

o dtog  Oq adl_Ql

Tl doL oL 0y _
dtdgy  dga  Bga
P

| (33)
Fy =§o— Aga
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Furthermore, we have

Iy 0 0 .0 . 0
x® — ~ -~ -~ -~
n) = (o5 ooy veag +éq )
F=q
X
Fy=§; — Ago

From Eq.(22), we can obtain the equations
gl = 07
& — A& = 0. (34)

Taking the infinitesimal transformation genera-
tors as

=0, &L=q, &=q, (35)

the equations in Eq.(34) exist, and we have

and the result is the same as Eq.(37). Therefore
the determining equations of conformal invariance of

Eq.(33) are

F 10\ (i
x@ [T = n S (39)
Fy 01 G2 — Agqa

Here Eq.(35) has conformal invariance and Lie symme-
try simultaneously. Substituting Eq.(35) into Eq.(22)
and (28), we obtain

d

“lny= 4

g me=0 (40)
when

1= expd;, (41)

and consequently we obtain the Hojman conserved
quantities

Iy = 243 + 4. (42)

6. Conclusion

When mechanico-electrical systems have confor-
mal invariance by the action of infinitesimal transfor-
mations, we can obtain the determining equations and
conformal factor. The existence of the conformal fac-
tor is the sufficient and necessary condition of con-
formal invariance and Lie symmetry simultaneously,
and we can also induce generalized Hojman conserved

quantities under some conditions.

¥ @) F _ 51 _ ¢
Fy §2 — A G2 — Aga
10 G
- " (36)
01 G2 — Ago
Therefore, the conformal factor is
10
I= . (37)
01
Utilizing Eq.(25), we can also obtain
Fl _ 8§€ 8§€ % o %8(){3
* Oq 04y Oq  Oqi Ogy
10
= (38)
01
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