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This paper is devoted to studying the conformal invariance and Noether symmetry and Lie symmetry of a holonomic

mechanical system in event space. The definition of the conformal invariance and the corresponding conformal factors of

the holonomic system in event space are given. By investigating the relation between the conformal invariance and the

Noether symmetry and the Lie symmetry, expressions of conformal factors of the system under these circumstances are

obtained, and the Noether conserved quantity and the Hojman conserved quantity directly derived from the conformal

invariance are given. Two examples are given to illustrate the application of the results.
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1. Introduction

It is of importance not only in geometry but also
in mechanics to study the dynamics of mechanical
systems in event space. Since the generalized coor-
dinates and the time are on an equal footing in event
space, one can choose parameters flexibly to establish
the equations in a simpler form, and then by using
parametric equations in event space not only can the
dynamical equations in the usual configuration space
be obtained, but the energy integral can also be ob-
tained directly. In 1960, Syngel!l studied the dynam-
ics of holonomic conservative systems in event space.
In 1983, Rumyantsev? established parametric equa-
tions with multipliers in event space for nonholonomic
conservative systems. Meil®4 studied the variational
principle, the parametric equations and the method
of their integration for nonholonomic nonconservative
systems.

Research on symmetries and conserved quanti-
ties of dynamical systems is a modern developmental

aspect of analytical mechanics.!®~23]

In recent years,
some important results on the study of symmetries
and conserved quantities of mechanical systems in the
event space have been obtained.[24=28] Meil22:23] stud-
ied the Noether symmetry, the Lie symmetry and a

form invariance of holonomic or nonholonomic systems

in event space. Li et all?* studied the Noether theory
of systems with unilateral constraints in event space.
Xu et all®® gave the symmetries and the Hojman con-
served quantities of holonomic systems in event space.
Zhang?%! presented a type of Hojman high-order adi-
abatic invariants of holonomic systems in event space.
Zhang®” gave the Hojman conserved quantities of
Birkhoffian systems in event space. Jia et all*® stud-
ied the Mei symmetry and Mei conserved quantity of
nonholonomic systems of non-Chetaev’s type in event
space. In 1997, Galiullin et al?) studied a conformal
invariance of a Birkhoffian system. In fact, a confor-
mal invariance means that each equation of a system
after undergoing infinitesimal transformations is iden-
tical to the one multiplied with a conformal factor.
The conformal invariance has proved to be a useful
tool in quantum field theory, statistical mechanics, ge-
ometric probability and others. In the present paper,
the conformal invariance and the Noether symmetry
and the Lie symmetry of holonomic mechanical sys-
tems in the event space are further studied, the rela-
tions between the conformal invariance and Noether
symmetry and Lie symmetry are revealed, and the ex-
pressions of corresponding conformal factors are given.
Noether conserved quantities and Hojman conserved
quantities directly derived from the conformal invari-
ance are discussed.
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2. Equations of motion of holo-
nomic mechanical systems in

event space

We consider a mechanical system whose con-
figuration is determined by n generalized coordi-
nates ¢s (s = 1,... ,n). Now we construct an (n + 1)-
dimensional event space. The coordinates of space
points are ¢s (s =1,...,n) and ¢, which may be re-
garded as totally independent variables. Introducing

the notation

(s=1,...

n), (1)

r1 =t, Ts+1 = (s,

then, all the variables xz, (o =1,... ,n+ 1) may be

given as a function of the parameter 7 each. Let

To = T4 (T) be some curves of class C? such that
dxy ,

=z, (a=1,...

—_— 1
dT a? 7n+ ) (2)

are not all zero at the same time, and we have

dx !
fo=—="2 (a=1,...,n+1). (3)
dt x)

Suppose the Lagrangian of the system in the con-
figuration space is L = L (t,q,q), the non-potential
generalized forces are QY = Q% (t,q, q), then the La-
grangian in the event space is

! x!
A(xa,m@:xaL(ma,?,..., +) @)
Ly L1

and non-potential forces are

"7
Pl = W11,
/

/
T2 Lnt1
Py = 21QY (xavw'" y— ) : ()

!
Ty T

The differential equations of motion for the holonomic
mechanical system in event space can be written as

S,n+1), (6)

where

d 0 0
¢ dr oz,  Oza
Obviously, the equations in Eq.(6) are not indepen-
dent. The first equation of Eq.(6) is the result of the
last n equations. The last n equations of Eq.(6) can

be written as

(s=1,...,n),

(7)

— 1
Foi1 = hsy1p41750 + Rogp1 =0,

where
n B 9%/
s+1,k+1 = 7835;“8%“’
9’4 9’4
RS _ 1 !
S T P S Y P
oA
- — P, 8
T +1 (8)

Supposing that the system is nonsingular, i.e.

det (hst1,6+1) # 0, we may obtain 7, from Eq.(7)
as

2l = hepr (Ta,zh,2)), (s=1,...,n). (9)

3. Conformal invariance and
Noether symmetry of holo-
nomic mechanical systems in

event space

We introduce the infinitesimal transformations of
a group with respect to the coordinates x, and pa-

rameter 7 in event space, such as

=7, 25 (T7) = x4 (T) + Azq,

(a=1,...,n+1). (10)

Their expanded forms are

Lnt1), (1)

where ¢ is an infinitesimal parameter, and &, are the
infinitesimal generators. Below are introduced the in-
finitesimal generator vector

XO g0, (12)
its first extended vector
X0 =x© ¢ ai;’ (13)
and its second extended vector
ﬂ”:X®+yfl (14)

>z’
Definition 1 For the holonomic mechanical sys-
tem in event space, if there is a nonsingular matrix
(Cg ) such that the following equations come into ex-
istence:
X®E, (A) = Pa] = CJ [E5 (4) — Ps],
(,B=1,...,n+1), (15)
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then this kind of invariance is called the conformal in-
variance of Eq.(6) under the infinitesimal transforma-
tions (11), and the matrix (C?) is the corresponding
conformal factors.

Equation (15) can be called the determining equa-
tion of conformal invariance of the holonomic mechan-
ical system (6) in event space.

For holonomic mechanical systems in event space,
the Noether theory points out(2:23] that if there ex-
ists a gauge function Gy = Gx (:cg, :1:23) such that the
generators &, of the infinitesimal transformations (11)
satisfy the following Noether identity:

XD (A) + Pyt + Gy =0, (16)

then the corresponding invariance is the Noether sym-

metry of the system.

Another method to identify the Noether symme-
try is to find a solution for the Killing equations. The

Killing equations have the form!??
oA oA 0¢, oGN
A Sa a. P.&a =Y, 1
8xa§ + oxl, 6x5xﬁ +FPala t 0T, o =0, (I7)
oA 06, OGN B
oar. 81‘% 83&’6 =0, (B=1,...,n+1). (18)

In regard to the relation between the conformal
invariance and the Noether symmetry of the holo-
nomic mechanical system in event space, we have the
following proposition.

Proposition 1 For the infinitesimal transforma-
tions (11), which correspond to a Noether symmetry
of the holonomic mechanical system (6) in event space,
and the non-potential generalized forces P, satisfying
the conditions

(s -5 i) o (524 52 ) =0 @mts) 19
if and only if the conformal factors (C%) are
OB =FE, (&), (,f=1,...,n+1), (20)
i.e. the determining equation (15) of conformal invariance can be written as
X®) [Eq (A) = Pa] = Ea () [Bs (A) = Ps], (a=1,....n+1), (21)

then the infinitesimal transformations (11) are also related to the conformal invariance of the system.

Proof According to a relation given by Mei,[?3 we have

X (B (4)] = Ea [XD (4)] = -

Hence we obtain

d®> [ oA 9¢s
Oy Oy,

) PR By () + o2 SBy (). (22)

X (B, (4) = Pa] = Ea [ XD (4) + Pags + Gk = Fa (Pss) = Ba (Gi) = XD (P)

d* [ 04 ogg 9¢s d
) <8:v’ﬁ [“)xg) + Eo (§p) B (A) + D/, 3. s (4). (23)
Since
OP, dPg O
Fo (P383) = o (Ps) € + PyFa (69) + 5206, + S 2052 (24)
and

B (65) = 1 (5. (29
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substituting Eqs.(24) and (25) into Fq.(23), we have
X® B, (A) — Py] = Eq [X<1> (A) + Pgés + GN - (f— ( a;: gi" %i:)
B (65) [E5 (4) = Pol = €9 (Py) = 5265 — G250 = X (Po) + 52285 (4)
= Bo [X () + Pags + Gk | - f—; (gé giz + Zf:) + Eq (€5) [E5 (A) — Pj]
— & <8P gf,j ) & (i gf/@ gfﬁ + gj:) + gﬁi % [Eg (A) — Pp). (26)

Equation (26) is an important relation of the holonomic mechanical system in event space under the infinitesimal

transformations (11

). For the system (6), if the transformations (11) are related to the Noether symmetry, i.e.

the transformations (11) satisfy the Noether identity (16), the Killing equations (18), and the conditions (19),

then from Eq.(26) we may obtain

x® [Ea (A)_Pa] =k

According to definition 1, the infinitesimal transfor-
mations (11) correspond to the conformal invariance
of the system.

By means of proposition 1 and the Noether
theorem, 2l we can easily obtain the following propo-
sition.

Proposition 2 For the holonomic mechanical
system (6) in event space, if the generators &, of the
infinitesimal transformations (11) satisfy the Noether
identity (16), the Killing equations (18) and the con-
ditions (19), then the conformal invariance of the sys-
tem can directly lead to a Noether conserved quantity,
such as

04

In = aar,

——&4 + GN = const. (27)

Proposition 2 reveals the relation between the
conformal invariance and the Noether conserved quan-
tity of the holonomic mechanical system in event
space.

Example 1 Consider a holonomic mechanical
system whose Lagrangian and non-potential general-
ized force are

1,.
L=t Q=-t" (28)
Now we come to study the conformal invariance and
the Noether conserved quantity of the system in event
space.

Let

T1=1t, T2=4gq, (29)

o (§p) [Ep (A) —

Pgl, (a=1,...,n+1). (21)
then we have
1 72 ) ?
1=y (%)
Py = 2ixdal, Py, = —alxda). (30)

The Noether identity (16) gives

e ? L 5 [ ? ’
r1xy p & — 30\ o &+
1 1

!
2 [ L2 /
1= )&
L1

+ zirdahé — atadrl & + Gy = 0. (31)
Take the infinitesimal generators
§1="211, L= (32)

and substitute expression (32) into Eq.(31), then we

will obtain
1
Gn = ga::lga:g

Hence the generators (32) correspond to the Noether

(33)

symmetry of the system. Substituting expressions
(32) and (30) into Eq.(19), we can easily verify that
the conditions (19) are existent, and therefore, the
generators (32) also correspond to the conformal in-
variance of the system. The conformal factors (20)
give

2 0

Ch = ,

0 1 (34)

and the determining equations (21) have the following
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form
(@) Ei(A) - P _ 20 Ey(A) - Py 7
Ey (A)— P 0-1 Ey (A)— P
(35)
where
0 1o}
X® = 95— —.
T 81’1 + Z2 63}2 (36)

Substituting the generators (32) and the gauge func-
tion (33) into Eq.(27), we have

1 ) 25\
In = —a}aS + iz (,2) + 3 <,2> = const. (37)
3 x T

Equation (37) is a Noether conserved quantity di-
rectly derived from the conformal invariance (32).

4. Conformal invariance and Lie
symmetry of holonomic me-

chanical systems in event space

Take the infinitesimal transformations in the fol-
lowing form:

TN=7T, 2] =71, Topq = Tepr + st (T8),

(s=1,...,n). (38)

3

|

Definition 2 For the holonomic mechanical sys-
tem in event space, if there is a nonsingular matrix
(Lg ) such that the following equations come into ex-
istence:

X® (Fopa) = LiFj4, (s,5=1,...,n), (39)

then this kind of invariance is called the conformal in-
variance of Eq.(7) under the infinitesimal transforma-
tions (38), and the matrix (L) is the corresponding
conformal factors.

Equation (39) can be called the determining equa-
tions of conformal invariance of the holonomic me-
chanical system (7) in event space.

A Lie symmetry is an invariance of differential
equations under the infinitesimal transformations of
groups. The invariance of Eq.(7) of the holonomic
mechanical system in event space under infinitesimal
transformations (38) leads to the satisfaction of the

following determining equations

X(z) (Fs-‘rl)

Feti—o 0,

According to Egs.(7) and (14), we have

X (Foyr) = XD (hayrna1) Ty + hasrpar&igr + XU (Ropa)

41 41 P&y
= xW (hst1k4+1) Thgr + Pstr it ( (9:; T+ 5‘:&11 T+ 8%82[3 x’ax’ﬁ
+ XD (Ryyq). (41)
By utilizing Eqs.(7) and (9), we have
O¢k1 011 € i

(2 _ 1 +1 + +1

x® Fsr)lp,o = X (hgi1 k1) Pt + Pttt ( pr— + Mmhm + axaaxﬁ%xﬁ
+ XO (R ). (42)

Hence

X® (Fst1) — x® (Fot1)

|Fs+1:0

Since

—x® (h5+1,k+1) (xZ_H — hk+1) + hot1,k+1

angrl "
e —h . 4
Er (xz+1 l+1) (43)

" " 7 7 " 7
Th1 = M = 2+ hiernge R = hiva g (Rgansi1@iy + Rivn) = his i P, (44)

where /~zk+1,j+1hj+178+1 = 0k+1,5+1, substituting Eq.(44) into Eq.(43) yields

) .
— | x® (hss1r1) + hsr1i1 afH—l hit1,j41Fj41. (45)
Lh41

X® (Fop1) — XP (Foyy)

‘Fs+1:0
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Let 5
7 +1 | 7
Bl = | XD (hgi1s1) + hoprirt o | hrgtget, (46)
041
then Eq.(45) can be written as
X@ (Foy1) = XP (Ford)lp,,,_, = BiFm (47)

From Eq.(47), and utilizing definition 2 and the determining equations (40), we can easily obtain the following

proposition.

Proposition 3 For the infinitesimal transformation (38), which corresponds to Lie symmetry of the

holonomic mechanical system (7) in event space, if and only if the conformal factors (ng) are

4 , 0 = .
8= 8= [XO (i) + husnior g i, (53 =L,
Tk4+1

(48)

i.e. the determining equation (39) of conformal invariance can be written as

o ~
X3 (Foyy) = {X(l) (hs+1,k+1) + hSH’lHBflkﬂl] hig1j41Fjp1, (s=1,...,n),
+

then the infinitesimal transformations (38) are also re-
lated to the conformal invariance of the system.

Proposition 3 reveals the relation between the
conformal invariance and the Lie symmetry of the
holonomic mechanical system in event space. From
proposition 3 and the Hojman theorem,?”] we can eas-
ily obtain the following proposition.

Proposition 4 For the holonomic mechanical
system (7) in event space, if the infinitesimal transfor-
mations (38) are related to the conformal invariance of
the system, and there exists a function A = A (24, 2),)
satisfying the following condition

(49)

Proposition 4 gives the relation between the con-
formal invariance and the Hojman conserved quantity
of the holonomic mechanical system in event space.

Example 2 The Lagrangian of a mechanical sys-

tem in event space is

75\ 2

A= -x] <,2> exp (—vyx1), (y=const.). (53)
Ty

Now we study the conformal invariance and the Hoj-
man conserved quantity of the system.

Equation (7) gives

Ohst1 d
—+ — ln)\ = 0, (50) x” xl
Ory dr “Fexp (—vyr1) — — gaf exp (—vy1)
where 1 (1)
q 9 0 P — yayexp (—vyxy) = 0. (54)
— =x,— — +hsr1=——, 51
ar e Ozq T ox) st 0z (51)
) ) ) The conformal factors (48) give
then the conformal invariance of the system directly
leads to the Hojman conserved quantity, such as o€
19 19 Li=". (55)
In = ——— (N —— (N = t. 2
5= N Omans (As+1) + N, (Ai41) = coms
(52)  The determining equation (49) gives
|
1 " xlll ! !
— exp (—y@1) & — — 5 exp (—yx1) & — vexp (—y1) &
T €29)
a .,L,// x/
- e —Fexp (—ya1) — — g exp (—yw1) — yrh exp (—yan) (56)

A (a1)*
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Equation (56) has a solution
§2 = 2. (57)

The generator (57) is related to the conformal invari-
ance and the Lie symmetry of the system. Substitut-
ing expression (57) into Eq.(54), we obtain the con-
formal factor

Li=p=1 (58)
Equation (50) gives
" J
, xf d
— + —InA=0. 59
RESH + xll + dr n ( )

It has a solution

1 xh
A= 7 exp (wcg - l"l) . (60)
Substituting expressions (57) and (60) into Eq.(52)
yields
:L,/
Iy = yra — =2 = const. (61)
1
The conserved quantity (61) is a Hojman conserved
quantity corresponding to the conformal invariance

(57).
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