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Variable coefficient nonlinear systems, the Korteweg de Vries (KdV), the modified KdV (mKdV) and the nonlinear
Schrodinger (NLS) type equations, are derived from the nonlinear inviscid barotropic nondivergent vorticity equation

in a beta-plane by means of the multi-scale expansion method in two different ways, with and without the so-called y-

average trick. The non-auto-Béacklund transformations are found to transform the derived variable coefficient equations

to the corresponding standard KdV, mKdV and NLS equations. Thus, many possible exact solutions can be obtained

by taking advantage of the known solutions of these standard equations. Further, many approximate solutions of the

original model are ready to be yielded which might be applied to explain some real atmospheric phenomena, such as

atmospheric blocking episodes.
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1. Introduction

Nonlinear atmospheric dynamics is an important
and active research topic in atmospheric science.' =6
In the study of atmospheric and oceanic dynamical
systems, the nonlinear inviscid barotropic nondiver-

gent vorticity equation in a beta-planel27]

(O + u0y + v0y) (Vg — uy — /\%w) + Bot =0 (1)

is one of the simplest but meaningful models, where
u = —1, and v = ¢,. In Eq.(1), ¥ is the stream
function, u and v are components of velocity, the
Rossby parameter 5 is given by By = (wo/Ro) cos ¢y,
in which Ry is the earth’s radius, wy is the angular fre-
quency of the earth’s rotation and ¢ is the latitude,
Mo = fo/v/gH, fo is the Coriolis parameter, g is the
gravitational acceleration, H is the average height of
the atmosphere.

From Eq.(1), some types of constant coeffi-
cient nonlinear systems, such as the Korteweg de

Vries (KdV), modified KdV (mKdV), and nonlinear
Schrédinger (NLS) equations, have been derived by
using some types of different approximations like the
long wave approximation and by introducing multi-
ple time and space scales.[3] The obtained equations
are integrable, and have been substantially investi-
gated. In fact, they have also been derived in a similar
way in many other fields, such as plasma physics,®!
condensed matter,”) oceanic internal waves,'%, the
interaction between the Gulf Stream and eddies,!'!
equatorial soliton waves, 2] atmospheric intraseasonal
oscillation® and cyclogenesis,!® etc. The known re-
sults of these deduced equations lead to many use-
ful analytical solutions of the original system (1), and
have been well discussed for some actual phenomena;
for instance, the solitary Rossby waves found in this
way have been widely used to explain the vortex pair
blocking observed in the atmosphere (see Refs.[2], [13]
and references therein). However, atmospheric phe-
nomena are so complex that solutions derived from the

*Project supported by the National Natural Science Foundation of China (Grant Nos 10735030, 10547124, 90503006 and 40305009),
the National Basic Research Program of China (Grant Nos 2007CB814800 and 2005CB422301), Specialized Research Fund for
the Doctoral Program of Higher Education (Grant No 20070248120), Program for Changjiang Scholars and Innovative Research
Team in University (Grant No IRT0734), the Scientific Research Starting Foundation for Returned Overseas Chinese Scholars,
Ministry of Education, China and the Program for New Century Excellent Talents in University of Ministry of Education of China

(Grant No NCET-05-0591).
fCorresponding author. E-mail: xytang@sjtu.edu.cn
http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



No.11

Variable coefficient nonlinear systems derived from an atmospheric dynamical system 4623

constant coefficient equations can only explain some
of the simplest and special cases. In many situations,
variable coefficient nonlinear equations have been re-
sponsible for many kinds of nonlinear phenomena, for
instance, the variable coefficient (VC) KdV (VCKdV)
equation with conditions given at the inflow site is
derived as governing the spatial dynamics in a simpli-
fied one-dimensional model for pulse wave propagation
through fluid-filled tubes with elastic walls."* There-
fore, in this paper, we aim to derive some variable
coefficient equations so as to provide some routes to
describe more true atmospheric phenomena like block-
ings.

One important observation is that in the usual
treatment of deriving either KdV or NLS type equa-
tions, one always separates the mean current, assumed
to linearly depend on y (namely, latitude) only, from
the whole stream and takes zero boundary values. In
reality, the mean westerly changes with time though
it almost remains the same shear type, which has not
yet been considered analytically so far. Consequently,
we are motivated to introduce time into the mean flow
and boundary conditions to reinvestigate the system
(1) following similar procedures of deriving constant
coefficient equations but with some fundamental mod-
ifications.

Another essential observation is that people are
used to utilizing a y-average trick to get rid of the
variable y in the final derived equations. Recently,
some types of coupled KdV equations have been de-
rived from a two-layer fluid system without the y-
average trick.[>16] Since there are no exact reasons
for using the y-average trick in the derivation proce-
dures, in the next section, we therefore write down
the whole process of deriving the variable coefficient
KdV (VCKdV), mKdV (VCmKdV) and NLS (VC-
NLS) equations with and without the y-average trick
respectively to compare the results obtained by the
two different techniques so as to attest that the trick
can be removed.

The paper is organized as follows. In Section
2, for comparison, we derive the VCKdV, VCmKdV
and VCNLS equations via the multi-scale expansion
method with and without the so-called y-average
method.
method to find the non-auto-Bécklund transforma-
tions (NABT) which link the variable coefficient equa-

In Section 3, we use a simple direct

tions and the corresponding constant coefficient in-
tegrable ones. Thus, many exact solutions of the
VC equations can be yielded from the known solu-
tions of the corresponding constant coefficient equa-
tions through the NABTs. A theoretical dipole type
blocking episode is graphically displayed based on the
solution of the VCKdAV equation.

contains a short summary and discussion.

The last section

2. The derivations of the variable

coefficient nonlinear systems

In order to obtain some variable coefficient non-
linear systems, we have to assume that the real atmo-
spheric system possesses an only z-independent basic
flow. Hence, the stream function can be written in the
form of

1/J = IZJO(% t) + w/a (2)

where 9 is just the mean current with respect to not
only the latitude y but also the time t. Due to the
assumption (2), the original dynamical system (1) be-
comes

(O — Yoy0s) Any’ + J(¥', Any’) — A3ib,
+ (Bo + Yoyyy )V — (A§ — 02)¢bor = 0, (3)

where A, = 92 + 85 denotes the two dimensional
Laplacian operators, J(a,b) = azb, —ay,b, is the Jaco-
bian operator. For simplicity of notation, we will drop

Wl

out primes in Eq.(3) and the remaining parts of
this paper. In the following three subsections, the de-
tails of the derivation of the VCKdV, VCmKdV and
VCNLS equations are presented with and without the

y-average trick, respectively.

2.1. Derivation of the VCKdV equation

In this case, we introduce the multiple space and

time scales as

=0y, 7) =Y (z — cot), y, €/71),
1/10 = 1/10(11» 63/2t) = 7/)0(:’/; 7_)7 (4)

with € being a small parameter and ¢y an arbitrary
constant, as usual for the derivation of constant coef-
ficient KdV type equations. Taking the substitution
of Eq.(4) into Eq.(3) yields
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Yeere” + [Yeeey — (Yor +9r)AG — (Yoy + ¥y + co)teee + (¥ + Yo)yyr €
- (¢Oy +co + ¢y)¢£yy + (wyyy + ¢Oyyy + Bo + /\0260)7/)5 =0. (5)

The asymptotic expansions are imported for both the stream function 1) and the base stream 1y as well in the
following form

Y= ey + by + O(%), Py =Wy + ¥y + €Wy + O(e%), (6)

where ¢; = ¥;(&,y,7), ¥; = ¥;(y,7), (i = 1,2, j = 1,2,3) are functions of the indicated variables. We
substitute Eq.(6) into Eq.(5), and then require all the coefficients of different powers of € to be zero.
Vanishing the coefficients of O(e) and O(€?) gives

(Woy + co)Yieyy — ()\(2)00 + Bo + Yoyyy)V1e = Yoyyr — A%%T, (7)

and

(Woy + c0)V2eyy — (Aco + Bo + Poyyy)thae = —(Poy + co)treee — A(¥1 + 1)~
- ¢1yy€(w1 + ¢1)y + (¢1 + gjl)yyf + ¢1€(¢1 + Wl)yyyv (8)

respectively. Obviously, Eq.(7) is linear so it can be solved by the usual variable separation approach. Suppose
11 has a variable separation solution of the form

Y1 = Go(y, T)A(E, 7) = GoA. (9)
The substitution of the above ansatz (9) into (7) produces

Poyy = A\oWo + Fi, (10)
(Woy + c0)Goyy — Go(Ngco + Bo + ¥y + Ag¥oy) = 0, (11)

where F} = Fy(y) is an arbitrary integration function. It is noted that A remains undetermined, and Gy is
determined by Eq.(11) with Eq.(10).

2.1.1. VCKdV equation deduced with the y-average trick

In this case, just substituting Eq.(9) with Eqs.(10), (11) and %2 = 0 into Eq.(8), then following the usually
used y-average trick, say, integrating the coefficients of the resulting equation with respect to y from 0 to yg, a
VCKdV equation emerges immediately

A+ elAggg + €2AA€ + 63145 +e4A+es=0 (12)
with (e; = e;(7), i =1,2,3,4,5)
Yo (WOy +CO)2
e = — ———"dy, 13
! /0 Fiy + Bo v (13)

€2 = /yO Gol(Woy + co) Fiyy — (MNg% + F1)(Fuy + BO)]d% (14)
0

(Woy + co)(F1y + Bo)

e3 = /y0 (oy + c0)P1yyy — (Fiy + Bo + Ao + A5%0y) Py dy (15)
0 Fly + ﬁ() ’
¥ (co + Yoy ) Gor — Yoy Go
o W, 16
4 /0 Go(&p()y + CO) Y ( )
o — /y“ (Woy + co)(W1yy — AN31 )~ dy (17)
0 Fly + ﬁO 7

where ¥y and Gy are determined by Eqs.(10) and (11), Fy and ¥ are two arbitrary functions.
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2.1.2. VCKdAV equation deduced without the y-average trick

In order to discard the y-average trick utilized in the traditional treatment, we have to introduce the next
higher order o as

2 = Bi(y,7)A® + Ba(y,7)A + Ba(y, ) Ace + Baly,7) + Bs(y,7) / Ade + Bo(y, 7
= B1A® + ByA+ B3Age + By + Bs / Ad¢ + Bot. (18)

It can be easily verified that the VCKdV equation can be obtained in the form of Eq.(12) if we take B; (i =
0,1,2,3,5) to satisfy

(co + Woy)?Boyy — (co + Poy) [(Agco + Aoy + Bo + Fiy)Bo — Ag¥ir + Viyys)

+ Goes(Bo + Fiy) = 0, (19)
2(co + Woy)* Bryy — 2(co + Yoy )*(A5%oy + Fiy + Bo + Ajco) Ba

+ Golco + Wy ) (€2 Fiy + €aBy — FiyyGo) + Go(AaWy + Fy)(Fiy + Bo) = 0, (20)
(¢2 + Wy, )? Bayy + (GoW, — coBa — Wy, Ba)(MaWo, + Fiy + Bo + Moco)

+ Goes(Fiy + Bo) — Go(co + oy )Uryyy = 0, (21)
(co + Woy)? Bayy — (co + Wo, ) (NeUoy + Fiy + Bo + Moco) Bs + (Fiy + Bo)Goer

+ Golco + Wp,)? =0, (22)
(co + Woy)® Bsyy — (co + Yoy)*(Agco + Aoy + Bo + Fiy)Bs

+ Go(co + Yoy ) (Bo + Fiy)ea — (Gorco — GoWoyr + Gor¥oy)(Bo + Fiy) =0, (23)

and By arbitrary, where e; = ¢;(7) (i = 1,2,3,4,5) are arbitrary functions with respect to the indicated variable.

2.2. Derivation of the VCmKdV equation
Similar to the VCKdAV case, to derive the mKdV type equations, the long wave approximation ansatz reads
¢ = l/f(fa , T) = w(e(x - COt)v Y, GSt)a 711)0 = QZJO(y? Est) = Q)ZJO(y, T)v (24)

where € is an infinitesimal parameter, and ¢( is an arbitrary constant.
Substituting Eq.(24) into Eq.(3) yields

beere’ + [(¥ + Yo)yyr — Yeee(Wy + oy + co) = AS(¥ + vo)r + Yethegyle”
+ (Yyyy + Yoyyy + CO}‘% + Bo)ve — (vy + oy + co)tbyye = 0. (25)
To calculate further, ¥ and g are expanded as
= ey + €y + €y + O(eh), Yo =Wy + el + €Wy + W3 + O(e), (26)

where ¢; (i = 1,2,3) are functions of {&,y,7}, ¥; (i = 0,1,2,3) are functions of {y,7}. Substituting the
expansions (26) into Eq.(25), and vanishing the coefficients of O(e), O(€?) and O(e?), we have

(Woy + co)¥1eyy — (Poyyy + Ngco + Bo)thre = 0, (27)
(Poy + c0)acyy — oyyy + Ajco + Bo)tboe = (1 + W1 )yyytie — (Y1 + P1)yPryye

— NWor + Woyyr, (28)
(Woy + co)seyy — (Poyyy + >‘(2)CO + Bo)tse = (Yo + V2 )yyy e + (Y1 + U1)yyytoe — )\3%7

— (o + Yoy )¥reee — (V2 + Do)y treyy — (V1 + 1)y oeyy + (V1 + P1)yyr — Ajh1r. (29)

As mentioned in the last subsection, we can suppose that Eq.(27) possesses the following variable separation
solution

1 = Go(y, 7)A(E,7) = GoA. (30)
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Substituting Eq.(30) into Eq.(27), a relation between Go and ¥y is generated as
(Woy + c0)Goyy — (Poyyy + Ajco + o) Go = 0. (31)

Next, supposing
¢2 = GQ(y’ T)AQ + Gl (ya T)A = G2A2 + G1A7 (32)

and substituting it into Eq.(28) with Egs.(30) and (32), we have

Woyy — AWy + Fy = 0, (33)
(Toy + ¢0)?Gryy — (coG1 + G1%, — ¥1,Go)(Noco + Bo + Fiy + NeWo,)
— (Woy + c0)¥1yyyGo = 0, (34)
2(Woy + )’ Gayy — [(Poy + co) Fiyy — (\gWo + F1)(Bo + F1y)|G3
— 2G5(Wo,, + c)*(Noco + Bo + Fiy + AWo,) = 0. (35)

Similarly, F; = Fi(y) is an arbitrary integration function, and A remains free in this order.

2.2.1. VCmKdAV equation deduced with the y-average trick

In this case, we just substitute the obtained results presented above with ¢35 = 0 into Eq.(29), and then
integrate the result with respect to y from 0 to yo. In this way, a generalized VCmKdV equation is derived
immediately

Ar +e1Agee + (e2A% +e3A+es5)Ag +eaA+eg =0 (36)

with (e; = e;(7), i =1,2,3,4,5,6)

Yo Go (Woy + CQ)
€1 = ———4dy, 37
/0 )‘gGO - GOyy ( )
ey = /yo GoyyGay = GoGayyy — 2Goyyy G2 + 2Goy Gayy dy (38)
0 A(QJGO - GOyy ’
ez = /yo 2!p1yG2yy — 2g/1yny2 + (GOyGly)y — GOynyl — G0G1yyy dy (39)
0 )‘%GO - GOyy ’
B Yo 5
€4 = ln()\OGo — Goyy) dy7 (40)
0 T
vo GOyyWQy — GOW?yyy + gjlyGlyy — lenyl
es = dy, (41
/0 )‘(Q)GO - GOyy )
vo A(%Wh - g/lny
o= [ S “lwrg, (42)
/0 )\gGO - GOyy

where Gy, G1, G2 satisfy Eqgs.(31)—(35) with Eq.(33), ¥; is an arbitrary function of {y,7}.

2.2.2. VCmKdAV equation deduced without the y-average trick

Similarly, in order to discard the usage of the y-average trick, ¥3 cannot be assumed zero, instead; it can
be fixed as
Vg = By + B1Age + BoA® + B3A® + ByA + Bs€ + Bg / Adg, (43)

where B; = B;(y,7) (i =0,1,...,6) are functions of the indicated variables. Substituting Egs.(30)—(35) and
(43) into Eq.(29) can lead to VCmKdV equation in the form of Eq.(36) when B; (i = 0,1,...,6) satisfies

(Woy + c0)Biyy — (€108 — co — Woy)Go — (Ajco + Bo + Yoyyy) B1 + e1Goyy = 0, (44)
3(Woy + c0)Bayy — (Gayyy + €228)Go — 3(Woyyy + Bo + Aco) Ba + 2Goy Gayy
+ (G2y + 62>G0yy — 2Goyyy G2 =0, (45)
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2(Woy + c0) Bsyy + (Gry + €3)Goyy — 2(Woyyy + Ajco + 50) Bs — (Gyyy + €375)Go

— WiyyyGa + GoyGryy + 291y Gayy — GoyyyGr = 0, (46)
(Woy + co)Bayy — (Noco + Bo + Poyyy)Bs — (Payyy + esA5)Go + (es5 + W2y)Goyy
+ V1, Giyy — YiyyyG1 =0, (47)
(lI/Oy + CO)B5yy - O\(Q)CO + Bo + gloyyy)Bf) - (/\(2)G0 - GOyy)€6 = Viyyr + )\(2)!?17 =0, (48)
(Woy + o) Boyy — (Agco + Bo + Poyyy) Bs — (A§Go — Goyy)ea + XGor — Goyyr =0, (49)
where e; = ¢;(7) (i =0,1,...,6) are arbitrary functions of the indicated variable.

2.3. Derivation of the VCNLS equation

In order to derive the nonlinear Schrodinger type equations, we should use the multiple scales

flp = 1/’($7yat7§77) = ¢(xay7tv 6(1[,’ - Cot)7€2t)v 1/)0 = 7/}0(%7) = wO(y, 62t)a (50)

where € is an infinitesimal parameter, and ¢y is an arbitrary constant. Substituting Eq.(50) into Eq.(3) yields

Veere! + [ebyee + 20ner — (Yo + 1y + co)eee | € + [200etaye + Vatbyee
— 25 (%0 + U7 4 Vaar — (3%0y + by + 2¢0)Vaee + Veer + (¥ + Yo)yyr] €
+ [(Bo + X3¢0 + Yaay + Vyyy + Yoyyy) Ve + 200aye — (Yoy + Py + co)yye
+ 2gre — (Bthoy + 3ty + o) Vaae| € + (8 — Y0y 0) Ant + J (¥, Ant)
— Nwe + (Bo + Yoyyy)x = 0. (51)

We now introduce the asymptotic expansions
¥ = ey + Py + s+ O(eh), o = Vo + Wy + W, + W3 + O(*), (52)

with ¢; = ¥i(z,y,t,&,7) (1=1,2,3) and ¥; = ¥;(y,7) (j =0, 1,2,3) being functions of the indicated variables.
Similarly, we can write down the coefficients of O(¢), O(e?) and O(e3) which are obtained by substituting
Eq.(52) into Eq.(51). They are
(Bo + Woyyy )12 — Ao¥1t + Antpre — oy Anthr, =0, (53)
(Bo + Woyyy )2z — Aot + Anthar — Yoy Anthae = 200y P1ae — 210t
+ (co + Yoy ) Anthie — (Pryyy + Anth1y)P1a + Y1y + Y1y) Anthis
+ )\3‘1’07 = Yoyyr — (WOyyy + )‘300 + /80)7/’1& (54)
(Bo + Woyyy )3z — Ngbsr + Anthay — Yo, Antbse = (2¢0 + 3oy )V12ee — Antbir
+ (V1y + Y1) (Anth2e + 29P120e + Antie) — (Anthry + Pryyy )2z — Y12Antay
+ (Woy + o) Anthae — (Bo + Ajco + Yoyyy)2e — Payyy + 2¥10ye ) ¥1a
+ 20y Yauae — Y1eAnthry + (V2 + oy ) Anthie — Yreee + Ag1r
+ A1 — Yryyr — 20200 — Viyyythie. (55)

Obviously, the solution of Eq.(53) can be assumed as
Yy = Goly, T)A(E, 7)el o=t L cc. = GoAel P9t 4 cc., (56)

where ‘c.c.’” means the complex conjugation of the previous one. The substitution of Eq.(56) into Eq.(53) gives

k‘Wnyy + k‘BWOy + kBo + wk? 4+ w/\g B Goyy
k@oy +w GO

) Aeilkr=et) ¢ = 0. (57)

It can be demonstrated that the first part, i.e., ¥y-dependent, is related to the secular terms. Thus, the vanishing
of this part requires ¥, to be fixed by

koyyy + k(k2 + Fo)Woy + kBo + wk? + wAg +wkFy =0. (58)
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Because of Eq.(58), Go can be determined as

Go = Fysin(\/Foy + F»), (59)

where Fy, F| and Fy are arbitrary functions with re-
spect to 7.
Inserting Eq.(56) with Egs.(58), (59) and

Py = GoG1(1)Aee!F* ) 4 c.c. + Ga(y, 7)|A
= GOGlAgei(kx_wt) +c.c. + Gy|A%, (60)

into Eq.(54), we have
{1 Gok(Wryyy + 1, Fo + ¥, k%) A

L Go (cokFO — Wy + wk? — wA2 + Xcok

k
+ cok® + 2W0yk3)A5}ei(m_Wt) +c.c.
+ (Woyy — Ao¥), = 0. (61)

Obviously, the above equation indicates that
(Woyy — )‘SII’O)T =0, (62)

because it is related to the secular term. Solving
Egs.(58) and (62) simultaneously, we may have a spe-
cial solution
Yy = Cry + Co, (63)
with
Nw + Bok + wk? + C1 k3

Fy =
0 w+ Cirk

(64)

By integrating the coefficient of el**=“!) in Eq.(61),
and vanishing the result with considerations of
Eqs.(63) and (64), we find that ¥; must be fixed by

2
Now + Boky, (65)

lIﬁyyy w+ Chk y —

Due to Egs.(63)—(65), Eq.(61) possesses nontrivial
wave solutions only for

o 4C1 k2w + 2C%k3 4+ N3wCh + 2w?k + wf
° k(Bo — C1A3)

, (66)

while A remains free and shall be determined in the
next order.

2.3.1. VCNLS equation deduced with the y-
average trick

Now substituting the above results and
Y3 =10 (67)
into the third order equation (55), we get
,ylei(kwfwt) + 'y’fe* i(kz—wt) + 40 =0, (68)

where

71 = Gok(Bo — C1A)Ar + (i(w + C1k)(G1k — 1)W1y, — i G1k(Bok + Ngw) ¥y, — (Bok + Ngw

— 201K — 2wk*), ) GoAg +ikGo ((Crk +w)Gayyy — (Bok + Ngw)Gay ) |24

+ Ok
+ k<iGo(w + C1k)Wayyy + (C1AF = Bo)Gor + Go(Bok + Agw)%y)A —i
CiAg5 — Bo

% Go (3kcfA§ — 3kC1 By + 3N2wC — 3wy — 8k2Chw — AKPC? — 4kw2>A§§, (69)

(w + k‘Cl)(Cl/\g — 2](3201 — 2kw — ﬁo)

Yo = |:4]€2G0yG0 -

k(C12% — Bo)

G2yy

n AgwCh — 42 N2C w — 2k3N3C% — N2wfBy — 2kN3w? + kBoCi A2 — k32 G2:| (|A|2)
k(C1A3 — Bo) ¢
+ (Tryy — Ag¥1) - (70)
Vanishing the coefficients of different exponentials requires
Y =0, (71)
7 =0. (72)

From Eqs.(70) and (71) we know that the ¥;-dependent part of Eq.(70) is related to the secular terms. So in
order to eliminate the secular terms, ¥; has to be constrained further

(Pryy — A§P1)7 = 0. (73)
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Solving Egs.(65) and (73) simultaneously generates the general solution

)\2w+ﬂok
U = in |4/ 4
1 = Cy + C5sin o Cok y+Cy |, (74)

where Cs, C3 and Cy are arbitrary constants. Due to Eq.(71) with Eqs.(70) and (73), G2 is associated with Gy
by

(w + kC1)(C1NE — 2K2C — 2kw — Bo)Gayy — (NawC — 4> N2C 1w — 2K3\3C3
— AjwBo — 2kN3w? + kBoC1AE — kB3)Ga — 4K*(C1 A — Bo)GoGoy = 0. (75)
Finally, integrating Eq.(72) with Eq.(69) with respect to y from 0 to yo results in the VCNLS equation
1A +egdee +ieAe + e APA+ (e3+ies)A=0 (76)
with e; (i =0,1,2,3,4) given by

yo(w + k01)2(4k/’201 + dkw — 301)\% + 3ﬁ0)
€y = 3 3 5 (77)
k(C1A§ — Bo)

_ 2kC3(w+kCY) | . ) New + kB
€1 = W SIH(C4) S w + k‘Cl Yo + C4 5 (78)

B 2K3F} kBo + Miw + k2w + k3Cy
n Cl/\g — 2k201 — 2kw — ﬁo w + kOl

es = ea(T)

k bY: k2 k3C
X |sin(2Fy) — sin 2y0\/— bo+ [:j—:_kC’jJ * L 2R,
2k%(w + kCY) Yo
- Go,d 79
C1A2 — 2k2C — 2kw — By /0 Y (79)
v w+kCy )\(Q)W + kBo
3 = = ——W — Wy, d 80
€3 €3 (T) o Cl)\g — ﬂo 2yyy Cl>\(2) — 60 2ydY, ( )
Yo
eg =ey(1) = /0 (In Gy),dy, (81)

where ¥, is an undetermined (arbitrary) function, Gy is given by Eq.(59), and G is related to Gy by Eq.(75).

2.3.2. VCNLS equation deduced without the y-average trick
In this case, instead of Eq.(67), we can suppose

s = [Ga(y, ) Aee +1Galy, ) A + G5 (y, T)| AP A+ (Go(y,7) +1Gr(y, 7)) Al ™™~ + cc,
= [G3Aee +1GaAs + G5|APPA 4 (Go +1Gr) Ale*==t) 1 cc.. (82)

Now substituting Egs.(56), (60) and (82) with Egs.(59), (63), (64) and (66) into Eq.(55) arrives at a resulting
equation similar to Eq.(68) with v also given by Eq.(7) while v; given by
m=i [(k301 + k2w + kB + N2w)(w + kC1)Gs — k(A2w + ko) GoGay — (w + kC1)?Gyy
+ (w + KC1)GoGayyy | |APA + [ik(w + kC1)Golayyy — i h(\3w + ko) Gobay
—i(w + kC1)*Geyy +i(k*C1 + KPw + KBy + Ngw) (w + kC1)(Ge +1Gr)
— K(C1)3 = Bo)Gor + (@ + KC1)2Gryy | A +1 [ (FPC1 + k2w + ko + Mw)(w + kC1)G
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2 (w+ kcl)2 2 2
— (W kCy)2Glayy — o U (3Cy A2 — 4K2Cy — dw — 3ﬁU)GO} Ace
Ol>\o - 50
+ [i(w + kC1)(kG1 — 1) GoWryyy — iA§G1kw + k2G1 8y — i ANjw + 21 k3Ch + 21 k°w
—1kBo)Gory + (W + kC1) Gayy — (w + kCy)(K3Cy + KPw + kBo + Agw)c,g} Ae
— k(C10\2 — Bo)GoA,. (83)

Since 7o is still read as Eq.(70), then ¥ is also solved out as Eq.(74) and G is also related to Gy by

Eq.(75). Hereupon, from Eq.(72) with Eq.(83), we can obtain a type of VCNLS equation with the same form

as Eq.(76) while G; (i = 3,4,5,6,7) are determined by

eokGo(C10NE — Bo)? + (w + kC1)(C1AE — Bo) [(zf'cl + k2w + kBo + N2w)G3

— (w+ kC1)G3 + Gy 301)\2 — 4k201 — 4kw — 3By)(w + kC} 2= 0, 84
vy 0

erkGo(C1A = o) — (w+ kC1) | (K1 + k2w + kfo + Mjw)Ga — (w + KC1)Giy |

Aw + kB Nw + kB
) 2 _ 70 3 _zo= T PY =
+ 2k"GoC3(w + kC1)4 | e cos o T y+Cy 0, (85)

e2kGo(C1)2 — ) — [(w + kCy) (EGoGayyy + (K3C1 + k2w + kB + A\2w)Gs)

— k(\2w + kBo)GoGay — (w+ kOI)QGSyy] —0, (86)

eskGo(C1AG — o) = (@ + KC1)(kGoWayyy + (K*C1 + k2w + ko + Aw)Go)

— k(AW + ko) GoWay — (w + KC1)2Gayy| =0, (87)

kGolea — (I0Go),) (€13 — fo) — (w -+ KC1)[(KC1 + Kw + Ko + Aw)Gr

— (w + kCl)G?yy} =0

(83)

with e; = e;(7) (i = 0,1,2,3,4), W5 being arbitrary functions, Gy given by Eq.(59), and G5 determined by

Eq.(75).

3. Exact solutions of the variable

coefficient nonlinear systems

In this section, we are going to obtain some exact
solutions of the variable coefficient nonlinear equations
derived in the last section. As we know, there now ex-
ist many different ways to get exact solutions of non-
linear systems; for instance, the symmetry approach is
a powerful method, and can be applied to the models,
either integrable or not. Actually, the general symme-
try approach of Refs.[17] and [18] is equivalent to find-
ing some non-auto-Bécklund transformations (NABT)
among different differential equations. Recently, it
has been discovered that full finite Lie point symme-
try transformation groups of constant coeflicient inte-
grable systems can be directly obtained with the help

of gauge and space-time transformations of Lax pairs
(or linear triads) without using the standard Lie alge-
bra and Lie group theory.['?) For constant coefficient
nonintegrable systems, a direct method is also estab-
lished to find Lie point subalgebras.[2?! Here, we will
utilize the latter direct method to find NABT between
variable coefficient nonlinear systems and constant co-
efficient ones. Then taking advantages of the NABT
and the known results of the constant coefficient non-
linear equations, the solutions of the variable coeffi-
cient nonlinear systems can be generated. Firstly let
us generally outline the direct method to show how
to find the NABT, and then apply it to the equa-
tions VCKdAV (12), VCmKdV (36) and VCNLS (76)
to yield their solutions which finally lead to several
approximate solutions of the original model (1).
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3.1. Outline of the direct method to find
NABT between two equations

In Ref.[21], Clarkson and Kruskal introduced a di-
rect method to obtain similarity reductions of partial
differential equations (PDEs) and utilized it to solve
the Boussinesq equation. It is a very simple method
because it does not make use of group theory. The
main idea is to look for a reduction of a given (1+41)-
dimensional PDE in the form

u(x,t) = W(z,t,U(2)), z=z(z,t), (89)

which is the most general form for a similarity
reduction.??! For an nth order given PDE

F(z,t,u,ug, ugizi,...) =0, (4, 7=1,2,...,n), (90)

substituting Eq.(89) into Eq.(90) and then requiring
the result to be an ordinary differential equation for
U(z) imposes conditions upon W, z and their deriva-
tives that enable one to solve out W and z.

It is interesting that for many real physical sys-
tems, it is enough to seek the symmetry reductions in
a simple form

u(z,t) = a(z,t) + Bz, 0)U(2), z=z(x,t), (91)

instead of the general Eq.(89). The above method can
be readily extended to higher dimensional PDEs. (2]
Actually, the Clarkson and Kruskal direct sym-
metry reduction method implies that it is possible to
find the NABT between two systems by a simple direct
method without using any group theory. To realize

this idea is quite straightforward just by substituting

(Xi = Xi(xlaan" . ,l’n)7 1= 1a2?"' 7n) (92)

into a given PDE Eq.(90) and requiring U to sat-
isfy a particular PDE (which is rightly the aim equa-
tion) under the transformation {u,zq,...
{U, X1, ...
that it is enough to suppose Eq.(92) be the form of

Y
,Xn}. It is not surprising but interesting

u(xy, o, ..., Tp)
:a(xtha"' 7xn)+6(x17x27"' ,(En)
XU(X13X27"' 7X’I'L)7 (93)

for various nonlinear systems, especially for those for
which the CK’s direct reduction method works. In
the following, we will apply the form of Eq.(93) with
n = 2 to the VCKdV, VCmKdV and VCNLS equa-
tions and ask for U to satisfy the corresponding stan-
dard constant coefficient KdV, mKdV and NLS equa-
tions respectively; hereafter, solving the conditions on
a, B, X1 and X, leads to the NABT and then the
solutions of the VC equations.

3.2. Exact solutions of the VCKdV equa-
tion (12)

As described in the last subsection, we suppose

A=a(&T)+B(ET)P(X(ET),T(E 7))
=a+ BP(X,T), (94)

and then substitute it into Eq.(12) with the require-
ment that P satisfies

Pr+6PPx + Pxxx =0. (95)

Here we avoid detailed calculations and just directly

u(T1, T, Tn) write down the results (as in the other two cases).
= I/V(acl,acg7 coy T, U(X1, X, .. ,Xn)), After computation, we obtain
|
e 6 e e eiege5 — €163 + €1,€ e
we_ B _ ] 150_71/ 1€2€5 1237 1763 4, ﬁzﬁ()l, (96)
€2 50 €2 €2 €9

5O§+/61£0 n /50 /616265 - 61637 +eires drdr, (97)

VG 43
T = %30 /eld’r

with the condition

e1egeq — €162, + €1, = 0, (99)

where (g and &y are arbitrary constants.
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Therefore, the solutions of Eq.(95) can produce solutions of the VCKdV Eq.(12) with Eqgs.(97)-(99

). For

example, a simple well-known soliton solution of Eq.(95) which reads

P = 2K%sech®(KX — 4K3T)

(100)

with K being an arbitrary constant gives a corresponding solution of Eq.(12) as

A _gg 6 e g/eleg% —61637 +61763d
ﬂo €2 €2
2K2 e e1ese —eeT—&—eTe
501 hz[ /ﬂ0§+K/€1£0+/ /125 €3 1r€s 4

s

9 K263/2e dT] ,

with the condition (99).

3.3. Exact solutions of the VCmKdV
equation (36)

For the VCmKdV Eq.(36), it can be transformed
to the standard constant coefficient mKdV equation

Pr+6P*Px + Pxxx =0 (102)
with the substitution of Eq.(94) into Eq.(36). After
detailed calculations, we get

a = _67?)’ B = TO 627
262 €9
T=T3 / erdr,
o2
X =Toé + To/ (3 — e5> dr, (103)
462

with Ty being an arbitrary constant and the conditions

e1ear — €16y — 2e1e2eq = 0,

2e1e0e3, — (e1€9)re3 — 4ejedes = 0. (104)

It is known that Eq.(102) has the following single

(101)

where K is an arbitrary constant, which then gener-
ates the solution of Eq.(36) in the form of

2
A:_+KTO\/Tsech KTo€+KT0/ L
2es €2 deo

—e5 — K2T361>d7} , (106)

with conditions (104).

3.4. Exact solutions of the VCNLS equa-
tion (76)

In this case, the similar form of the assumption
(94) is made only with the difference that «, 3, P are
complex while X, T are real. After calculations, it is
revealed that the substitution of the assumption into
Eq.(76) with e; (i = 0,1,2,3,4) all being functions of
7 can transform the VCNLS Eq.(76) to the standard
constant coefficient NLS equation

soliton solution iPr+ Pxx +|P?P=0 (107)

P = Ksech(KX — K°T), (105)  with

|
B 4 B2¢2
a=0, X=_D% Vet g / 2 dr, (108)
eoef 2e4dT f2€4d‘f' eoef deqdr
— 2 2 4
5-B 2 exp (i €07 €2 eoeif + €0€2€4§2 A +/e2+ eoesf _ 2/e4d7> , (109)
V €o deges 2e
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where B is an arbitrary constant, and the conditions

ea(epre1 — €pe1r)\/ €2 + deges + 2(2ea-e3 — (degeq + 637)62)6(2)

+ ((e2, — 2eze4)ed — ererrea — 2ep,e2e3)eq = 0,

(110)

(2(eqr +2e3)es — (deareq + earr)en + 23 el

+ ((2e0re4 + 607—.,—)6% — epregear)ey — 63763 =0.

Familiarly, Eq.(107) possesses such a solution

P = V2K sech(K) X + 2K K, T)e~ t (KX~ (&I -K)7T)

(111)

(112)

with K and K being arbitrary constants, which then produces a solution of Eq.(76)

BK162

€0€f 2e4dT

262
—=sech
€0

A=—-BK;

. €0r€2 — €pear + 2epe2ey o
X expi{i & —i

4edes

¢+ BK, / (‘0’2\/6% + 4epes

2K Be?
+ > >d7‘
eoef 2e4dT €0€f 4eyudT
L a + /€2 +46063> ¢
260

BK62

eoef 2eqdT

iBKegy\/e? +4eges  i(K? — K?)B%e3
— — + 2e4 |dT 5,

606‘[ 4eyudT

808\[ 2eq4dT

with conditions (110)—(111).

3.5. An illustration: a theoretical dipole
blocking episode

The solutions presented above can all be used to
describe some real atmospheric phenomena such as
various blocking systems. In Ref.[24], a special solu-
tion generated from the KAV equation derived with
the y average method has successfully captured the
salient features of a dipole type blocking event, and
was then further discussed through a real case. How-
ever, it is rather difficult to adjust the functions and
parameters to produce an explicit desirable expres-
sion. Fortunately, the non-traditional method makes
the job much easier for the existence of more arbi-
trary functions. In detail, all the variable coefficients
e; (i =1,2,...,5) of the VCKdV equation (12) de-
rived without the y-average method are entirely ar-
bitrary and should be determined during the deriva-
tion with the y-average trick. As an illustration, we
give a theoretical dipole blocking episode based on the
VCKdAV soliton solution (101). In this case, the orig-
inal stream function up to the first order reads

Y & agy + ay + 2GBOK2F(63/21€)

)\2
X sin 2% T Fo +60y
ap + co

(113)

K /60
18

x sech? { (3ﬁ(x — cot) — 2K25063/2t):| ,

(114)

where F(e3/2t) is an arbitrary function of the indi-
cated variable, if we assume ez = e5 = §g = ¥y (y,7) =
0, Yo(y,T) = apy + a1 with constants ag and a;. Fig-
ure 1 displays a dipole type blocking event with a life-
time of seven days, where the function F' is taken as

F = sech [2063/2(t —4), (115)
and all the constants are
ap=—-1, a1 =3, e=0.1,
Bo=1, K=8, X\ =0.25. (116)

It is remarkable that due to the arbitrary func-
tions and parameters in the analytical expression of
the stream, the type and the lifetime of an atmo-
spheric blocking can be easily fixed to match a real
blocking case. More importantly, the background
stream remains arbitrary in functions y and ¢, there-
fore a more real background westerly can be taken,
for instance, a wester wind with linear and nonlinear
shears. Further, we hope that blocking events can be
somehow predicted based on some weather and cli-

mate information, especially on the basic westerly.
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T

Fig.1. A dipole type blocking life cycle from the theoretical solution (114) with F given by Eq.(115)
and the parameters given by Eq.(116). The contour interval (CI)=2.
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4. Summary and discussions

Three types of variable coefficient nonlinear
systems are derived from the nonlinear inviscid
barotropic nondivergent vorticity equation in a beta-
plane with and without the y-average trick. It is thus
testified that the y-average trick can be removed in
the derivation process though it is commonly used in
the literature without exact reasons. The variable co-
efficients are all functions of time which essentially
originate from the background basic flow because the
uniform background basic flow is considered as a func-
tion of {y, t} instead of a linear function of y only as in
the usual treatment. In addition, when expanding the
flow dream without the basic flow, we simultaneously
expand the basic flow in an appropriate manner.

Through a simple direct method, we successfully
find NABTSs between the variable coefficient systems
and the corresponding standard constant coefficient
ones. Thus, in principle, many types of exact solutions

of the variable coefficient models can be obtained by
taking advantage of the NABTSs and the known solu-
tions of the constant coefficient ones. However, only
one simple type of exact solutions, i.e., single soliton
solutions, are written down for the derived variable co-
efficient nonlinear systems which therefore give three
possible approximate solutions of the original nonlin-
ear dynamical system in some particular order.

It can be seen that many functions of time appear
in these solutions, some of which are arbitrary. More-
over, because the time dependent functions are related
to the background westerly and/or unfixed boundary
conditions, they thus can be determined according to
different situations of the background westerly and
boundary conditions in some real atmospheric phe-
nomena, such as atmospheric blockings, and therefore
they may be interpreted by our analytical solutions.
More real applications of our solutions will be further
discussed in our continuous research work.
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