
Vol 18 No 11, November 2009
1674-1056/2009/18(11)/4622-14 Chinese Physics B c⃝ 2009 Chin. Phys. Soc.

and IOP Publishing Ltd

Variable coefficient nonlinear systems derived from
an atmospheric dynamical system∗

Tang Xiao-Yan(唐晓艳)a)†, Gao Yuan(高 原)a),

Huang Fei(黄 菲)b), and Lou Sen-Yue(楼森岳)a)c)d)

a)Department of Physics, Shanghai Jiao Tong University, Shanghai 200030, China

b)Physical Oceanography Laboratory, Ocean University of China, Qingdao 266003, China

c)Faculty of Science, Ningbo University, Ningbo 315211, China

d)School of Mathematics, Fudan University, Shanghai 200433, China

(Received 25 July 2008; revised manuscript received 26 March 2009)

Variable coefficient nonlinear systems, the Korteweg de Vries (KdV), the modified KdV (mKdV) and the nonlinear

Schrödinger (NLS) type equations, are derived from the nonlinear inviscid barotropic nondivergent vorticity equation

in a beta-plane by means of the multi-scale expansion method in two different ways, with and without the so-called y-

average trick. The non-auto-Bäcklund transformations are found to transform the derived variable coefficient equations

to the corresponding standard KdV, mKdV and NLS equations. Thus, many possible exact solutions can be obtained

by taking advantage of the known solutions of these standard equations. Further, many approximate solutions of the

original model are ready to be yielded which might be applied to explain some real atmospheric phenomena, such as

atmospheric blocking episodes.
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1. Introduction

Nonlinear atmospheric dynamics is an important

and active research topic in atmospheric science.[1−6]

In the study of atmospheric and oceanic dynamical

systems, the nonlinear inviscid barotropic nondiver-

gent vorticity equation in a beta-plane[2,7]

(∂t + u∂x + v∂y) (vx − uy − λ20ψ) + β0ψx = 0 (1)

is one of the simplest but meaningful models, where

u = −ψy and v = ψx. In Eq.(1), ψ is the stream

function, u and v are components of velocity, the

Rossby parameter β0 is given by β0 = (ω0/R0) cosϕ0,

in which R0 is the earth’s radius, ω0 is the angular fre-

quency of the earth’s rotation and ϕ0 is the latitude,

λ0 = f0/
√
gH, f0 is the Coriolis parameter, g is the

gravitational acceleration, H is the average height of

the atmosphere.

From Eq.(1), some types of constant coeffi-

cient nonlinear systems, such as the Korteweg de

Vries (KdV), modified KdV (mKdV), and nonlinear

Schrödinger (NLS) equations, have been derived by

using some types of different approximations like the

long wave approximation and by introducing multi-

ple time and space scales.[2,3] The obtained equations

are integrable, and have been substantially investi-

gated. In fact, they have also been derived in a similar

way in many other fields, such as plasma physics,[8]

condensed matter,[9] oceanic internal waves,[10], the

interaction between the Gulf Stream and eddies,[11]

equatorial soliton waves,[12] atmospheric intraseasonal

oscillation[4] and cyclogenesis,[5] etc. The known re-

sults of these deduced equations lead to many use-

ful analytical solutions of the original system (1), and

have been well discussed for some actual phenomena;

for instance, the solitary Rossby waves found in this

way have been widely used to explain the vortex pair

blocking observed in the atmosphere (see Refs.[2], [13]

and references therein). However, atmospheric phe-

nomena are so complex that solutions derived from the

∗Project supported by the National Natural Science Foundation of China (Grant Nos 10735030, 10547124, 90503006 and 40305009),

the National Basic Research Program of China (Grant Nos 2007CB814800 and 2005CB422301), Specialized Research Fund for

the Doctoral Program of Higher Education (Grant No 20070248120), Program for Changjiang Scholars and Innovative Research

Team in University (Grant No IRT0734), the Scientific Research Starting Foundation for Returned Overseas Chinese Scholars,

Ministry of Education, China and the Program for New Century Excellent Talents in University of Ministry of Education of China

(Grant No NCET-05-0591).
†Corresponding author. E-mail: xytang@sjtu.edu.cn
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn



No.11 Variable coefficient nonlinear systems derived from an atmospheric dynamical system 4623

constant coefficient equations can only explain some

of the simplest and special cases. In many situations,

variable coefficient nonlinear equations have been re-

sponsible for many kinds of nonlinear phenomena, for

instance, the variable coefficient (VC) KdV (VCKdV)

equation with conditions given at the inflow site is

derived as governing the spatial dynamics in a simpli-

fied one-dimensional model for pulse wave propagation

through fluid-filled tubes with elastic walls.[14] There-

fore, in this paper, we aim to derive some variable

coefficient equations so as to provide some routes to

describe more true atmospheric phenomena like block-

ings.

One important observation is that in the usual

treatment of deriving either KdV or NLS type equa-

tions, one always separates the mean current, assumed

to linearly depend on y (namely, latitude) only, from

the whole stream and takes zero boundary values. In

reality, the mean westerly changes with time though

it almost remains the same shear type, which has not

yet been considered analytically so far. Consequently,

we are motivated to introduce time into the mean flow

and boundary conditions to reinvestigate the system

(1) following similar procedures of deriving constant

coefficient equations but with some fundamental mod-

ifications.

Another essential observation is that people are

used to utilizing a y-average trick to get rid of the

variable y in the final derived equations. Recently,

some types of coupled KdV equations have been de-

rived from a two-layer fluid system without the y-

average trick.[15,16] Since there are no exact reasons

for using the y-average trick in the derivation proce-

dures, in the next section, we therefore write down

the whole process of deriving the variable coefficient

KdV (VCKdV), mKdV (VCmKdV) and NLS (VC-

NLS) equations with and without the y-average trick

respectively to compare the results obtained by the

two different techniques so as to attest that the trick

can be removed.

The paper is organized as follows. In Section

2, for comparison, we derive the VCKdV, VCmKdV

and VCNLS equations via the multi-scale expansion

method with and without the so-called y-average

method. In Section 3, we use a simple direct

method to find the non-auto-Bäcklund transforma-

tions (NABT) which link the variable coefficient equa-

tions and the corresponding constant coefficient in-

tegrable ones. Thus, many exact solutions of the

VC equations can be yielded from the known solu-

tions of the corresponding constant coefficient equa-

tions through the NABTs. A theoretical dipole type

blocking episode is graphically displayed based on the

solution of the VCKdV equation. The last section

contains a short summary and discussion.

2. The derivations of the variable

coefficient nonlinear systems

In order to obtain some variable coefficient non-

linear systems, we have to assume that the real atmo-

spheric system possesses an only x-independent basic

flow. Hence, the stream function can be written in the

form of

ψ = ψ0(y, t) + ψ′, (2)

where ψ0 is just the mean current with respect to not

only the latitude y but also the time t. Due to the

assumption (2), the original dynamical system (1) be-

comes

(∂t − ψ0y∂x)∆hψ
′ + J(ψ′, ∆hψ

′)− λ20ψ
′
t

+ (β0 + ψ0yyy)ψ
′
x − (λ20 − ∂2y)ψ0t = 0, (3)

where ∆h = ∂2x + ∂2y denotes the two dimensional

Laplacian operators, J(a, b) = axby−aybx is the Jaco-

bian operator. For simplicity of notation, we will drop

out primes “ ′ ” in Eq.(3) and the remaining parts of

this paper. In the following three subsections, the de-

tails of the derivation of the VCKdV, VCmKdV and

VCNLS equations are presented with and without the

y-average trick, respectively.

2.1.Derivation of the VCKdV equation

In this case, we introduce the multiple space and

time scales as

ψ = ψ(ξ, y, τ) ≡ ψ(ϵ1/2(x− c0t), y, ϵ
3/2t),

ψ0 = ψ0(y, ϵ
3/2t) ≡ ψ0(y, τ), (4)

with ϵ being a small parameter and c0 an arbitrary

constant, as usual for the derivation of constant coef-

ficient KdV type equations. Taking the substitution

of Eq.(4) into Eq.(3) yields
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ψξξτ ϵ
2 +

[
ψξψξξy − (ψ0τ + ψτ )λ

2
0 − (ψ0y + ψy + c0)ψξξξ + (ψ + ψ0)yyτ

]
ϵ

− (ψ0y + c0 + ψy)ψξyy + (ψyyy + ψ0yyy + β0 + λ0
2c0)ψξ = 0. (5)

The asymptotic expansions are imported for both the stream function ψ and the base stream ψ0 as well in the

following form

ψ = ϵψ1 + ϵ2ψ2 +O(ϵ3), ψ0 = Ψ0 + ϵΨ1 + ϵ2Ψ2 +O(ϵ3), (6)

where ψi ≡ ψi(ξ, y, τ), Ψj ≡ Ψj(y, τ), (i = 1, 2, j = 1, 2, 3) are functions of the indicated variables. We

substitute Eq.(6) into Eq.(5), and then require all the coefficients of different powers of ϵ to be zero.

Vanishing the coefficients of O(ϵ) and O(ϵ2) gives

(Ψ0y + c0)ψ1ξyy − (λ20c0 + β0 + Ψ0yyy)ψ1ξ = Ψ0yyτ − λ20Ψ0τ , (7)

and

(Ψ0y + c0)ψ2ξyy − (λ20c0 + β0 + Ψ0yyy)ψ2ξ = −(Ψ0y + c0)ψ1ξξξ − λ20(Ψ1 + ψ1)τ

− ψ1yyξ(Ψ1 + ψ1)y + (ψ1 + Ψ1)yyτ + ψ1ξ(ψ1 + Ψ1)yyy, (8)

respectively. Obviously, Eq.(7) is linear so it can be solved by the usual variable separation approach. Suppose

ψ1 has a variable separation solution of the form

ψ1 = G0(y, τ)A(ξ, τ) ≡ G0A. (9)

The substitution of the above ansatz (9) into (7) produces

Ψ0yy = λ20Ψ0 + F1, (10)

(Ψ0y + c0)G0yy −G0(λ
2
0c0 + β0 + Ψ1y + λ20Ψ0y) = 0, (11)

where F1 ≡ F1(y) is an arbitrary integration function. It is noted that A remains undetermined, and G0 is

determined by Eq.(11) with Eq.(10).

2.1.1. VCKdV equation deduced with the y-average trick

In this case, just substituting Eq.(9) with Eqs.(10), (11) and ψ2 = 0 into Eq.(8), then following the usually

used y-average trick, say, integrating the coefficients of the resulting equation with respect to y from 0 to y0, a

VCKdV equation emerges immediately

Aτ + e1Aξξξ + e2AAξ + e3Aξ + e4A+ e5 = 0 (12)

with (ei ≡ ei(τ), i = 1, 2, 3, 4, 5)

e1 = −
∫ y0

0

(Ψ0y + c0)
2

F1y + β0
dy, (13)

e2 =

∫ y0

0

G0[(Ψ0y + c0)F1yy − (λ20Ψ0 + F1)(F1y + β0)]

(Ψ0y + c0)(F1y + β0)
dy, (14)

e3 =

∫ y0

0

(Ψ0y + c0)Ψ1yyy − (F1y + β0 + λ20c0 + λ20Ψ0y)Ψ1y

F1y + β0
dy, (15)

e4 =

∫ y0

0

(c0 + Ψ0y)G0τ − Ψ0yτG0

G0(Ψ0y + c0)
dy, (16)

e5 =

∫ y0

0

(Ψ0y + c0)(Ψ1yy − λ20Ψ1)τ
F1y + β0

dy, (17)

where Ψ0 and G0 are determined by Eqs.(10) and (11), F1 and Ψ1 are two arbitrary functions.
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2.1.2. VCKdV equation deduced without the y-average trick

In order to discard the y-average trick utilized in the traditional treatment, we have to introduce the next

higher order ψ2 as

ψ2 = B1(y, τ)A
2 +B2(y, τ)A+B3(y, τ)Aξξ +B4(y, τ) +B5(y, τ)

∫
Adξ +B0(y, τ)ξ

≡ B1A
2 +B2A+B3Aξξ +B4 +B5

∫
Adξ +B0ξ. (18)

It can be easily verified that the VCKdV equation can be obtained in the form of Eq.(12) if we take Bi (i =

0, 1, 2, 3, 5) to satisfy

(c0 + Ψ0y)
2B0yy − (c0 + Ψ0y)[(λ

2
0c0 + λ20Ψ0y + β0 + F1y)B0 − λ20Ψ1τ + Ψ1yyτ ]

+G0e5(β0 + F1y) = 0, (19)

2(c0 + Ψ0y)
3B1yy − 2(c0 + Ψ0y)

2(λ20Ψ0y + F1y + β0 + λ20c0)B1

+G0(c0 + Ψ0y)(e2F1y + e2β0 − F1yyG0) +G2
0(λ

2
0Ψ0 + F1)(F1y + β0) = 0, (20)

(c20 + Ψ0y)
2B2yy + (G0Ψ1y − c0B2 − Ψ0yB2)(λ

2
0Ψ0y + F1y + β0 + λ20c0)

+G0e3(F1y + β0)−G0(c0 + Ψ0y)U1yyy = 0, (21)

(c0 + Ψ0y)
2B3yy − (c0 + Ψ0y)(λ

2
0U0y + F1y + β0 + λ20c0)B3 + (F1y + β0)G0e1

+G0(c0 + Ψ0y)
2 = 0, (22)

(c0 + Ψ0y)
3B5yy − (c0 + Ψ0y)

2(λ20c0 + λ20Ψ0y + β0 + F1y)B5

+G0(c0 + Ψ0y)(β0 + F1y)e4 − (G0τ c0 −G0Ψ0yτ +G0τΨ0y)(β0 + F1y) = 0, (23)

and B4 arbitrary, where ei ≡ ei(τ) (i = 1, 2, 3, 4, 5) are arbitrary functions with respect to the indicated variable.

2.2.Derivation of the VCmKdV equation

Similar to the VCKdV case, to derive the mKdV type equations, the long wave approximation ansatz reads

ψ = ψ(ξ, η, τ) ≡ ψ(ϵ(x− c0t), y, ϵ
3t), ψ0 = ψ0(y, ϵ

3t) ≡ ψ0(y, τ), (24)

where ϵ is an infinitesimal parameter, and c0 is an arbitrary constant.

Substituting Eq.(24) into Eq.(3) yields

ψξξτ ϵ
4 + [(ψ + ψ0)yyτ − ψξξξ(ψy + ψ0y + c0)− λ20(ψ + ψ0)τ + ψξψξξy]ϵ

2

+ (ψyyy + ψ0yyy + c0λ
2
0 + β0)ψξ − (ψy + ψ0y + c0)ψyyξ = 0. (25)

To calculate further, ψ and ψ0 are expanded as

ψ = ϵψ1 + ϵ2ψ2 + ϵ3ψ3 +O(ϵ4), ψ0 = Ψ0 + ϵΨ1 + ϵ2Ψ2 + ϵ3Ψ3 +O(ϵ4), (26)

where ψi (i = 1, 2, 3) are functions of {ξ, y, τ}, Ψi (i = 0, 1, 2, 3) are functions of {y, τ}. Substituting the

expansions (26) into Eq.(25), and vanishing the coefficients of O(ϵ), O(ϵ2) and O(ϵ3), we have

(Ψ0y + c0)ψ1ξyy − (Ψ0yyy + λ20c0 + β0)ψ1ξ = 0, (27)

(Ψ0y + c0)ψ2ξyy − (Ψ0yyy + λ20c0 + β0)ψ2ξ = (ψ1 + Ψ1)yyyψ1ξ − (ψ1 + Ψ1)yψ1yyξ

− λ20Ψ0τ + Ψ0yyτ , (28)

(Ψ0y + c0)ψ3ξyy − (Ψ0yyy + λ20c0 + β0)ψ3ξ = (Ψ2 + ψ2)yyyψ1ξ + (Ψ1 + ψ1)yyyψ2ξ − λ20Ψ1τ

− (c0 + Ψ0y)ψ1ξξξ − (ψ2 +Φ2)yψ1ξyy − (ψ1 + Ψ1)yψ2ξyy + (ψ1 + Ψ1)yyτ − λ20ψ1τ . (29)

As mentioned in the last subsection, we can suppose that Eq.(27) possesses the following variable separation

solution

ψ1 = G0(y, τ)A(ξ, τ) ≡ G0A. (30)
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Substituting Eq.(30) into Eq.(27), a relation between G0 and Ψ0 is generated as

(Ψ0y + c0)G0yy − (Ψ0yyy + λ20c0 + β0)G0 = 0. (31)

Next, supposing

ψ2 = G2(y, τ)A
2 +G1(y, τ)A ≡ G2A

2 +G1A, (32)

and substituting it into Eq.(28) with Eqs.(30) and (32), we have

Ψ0yy − λ20Ψ0 + F1 = 0, (33)

(Ψ0y + c0)
2G1yy − (c0G1 +G1Ψ0y − Ψ1yG0)(λ

2
0c0 + β0 + F1y + λ20Ψ0y)

− (Ψ0y + c0)Ψ1yyyG0 = 0, (34)

2(Ψ0y + c0)
3G2yy − [(Ψ0y + c0)F1yy − (λ20Ψ0 + F1)(β0 + F1y)]G

2
0

− 2G2(Ψ0y + c0)
2(λ20c0 + β0 + F1y + λ20Ψ0y) = 0. (35)

Similarly, F1 ≡ F1(y) is an arbitrary integration function, and A remains free in this order.

2.2.1. VCmKdV equation deduced with the y-average trick

In this case, we just substitute the obtained results presented above with ψ3 = 0 into Eq.(29), and then

integrate the result with respect to y from 0 to y0. In this way, a generalized VCmKdV equation is derived

immediately

Aτ + e1Aξξξ + (e2A
2 + e3A+ e5)Aξ + e4A+ e6 = 0 (36)

with (ei ≡ ei(τ), i = 1, 2, 3, 4, 5, 6)

e1 =

∫ y0

0

G0(Ψ0y + c0)

λ20G0 −G0yy
dy, (37)

e2 =

∫ y0

0

G0yyG2y −G0G2yyy − 2G0yyyG2 + 2G0yG2yy

λ20G0 −G0yy
dy, (38)

e3 =

∫ y0

0

2Ψ1yG2yy − 2Ψ1yyyG2 + (G0yG1y)y −G0yyyG1 −G0G1yyy

λ20G0 −G0yy
dy, (39)

e4 =

∫ y0

0

(
ln(λ20G0 −G0yy)

)
τ
dy, (40)

e5 =

∫ y0

0

G0yyΨ2y −G0Ψ2yyy + Ψ1yG1yy − Ψ1yyyG1

λ20G0 −G0yy
dy, (41)

e6 =

∫ y0

0

λ20Ψ1τ − Ψ1yyτ

λ20G0 −G0yy
dy, (42)

where G0, G1, G2 satisfy Eqs.(31)–(35) with Eq.(33), Ψ1 is an arbitrary function of {y, τ}.

2.2.2. VCmKdV equation deduced without the y-average trick

Similarly, in order to discard the usage of the y-average trick, ψ3 cannot be assumed zero, instead; it can

be fixed as

ψ3 = B0 +B1Aξξ +B2A
3 +B3A

2 +B4A+B5ξ +B6

∫
Adξ, (43)

where Bi ≡ Bi(y, τ) (i = 0, 1, . . . , 6) are functions of the indicated variables. Substituting Eqs.(30)–(35) and

(43) into Eq.(29) can lead to VCmKdV equation in the form of Eq.(36) when Bi (i = 0, 1, . . . , 6) satisfies

(Ψ0y + c0)B1yy − (e1λ
2
0 − c0 − Ψ0y)G0 − (λ20c0 + β0 + Ψ0yyy)B1 + e1G0yy = 0, (44)

3(Ψ0y + c0)B2yy − (G2yyy + e2λ
2
0)G0 − 3(Ψ0yyy + β0 + λ20c0)B2 + 2G0yG2yy

+ (G2y + e2)G0yy − 2G0yyyG2 = 0, (45)
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2(Ψ0y + c0)B3yy + (G1y + e3)G0yy − 2(Ψ0yyy + λ20c0 + β0)B3 − (G1yyy + e3λ
2
0)G0

− 2Ψ1yyyG2 +G0yG1yy + 2Ψ1yG2yy −G0yyyG1 = 0, (46)

(Ψ0y + c0)B4yy − (λ20c0 + β0 + Ψ0yyy)B4 − (Ψ2yyy + e5λ
2
0)G0 + (e5 + Ψ2y)G0yy

+ Ψ1yG1yy − Ψ1yyyG1 = 0, (47)

(Ψ0y + c0)B5yy − (λ20c0 + β0 + Ψ0yyy)B5 − (λ20G0 −G0yy)e6 − Ψ1yyτ + λ20Ψ1τ = 0, (48)

(Ψ0y + c0)B6yy − (λ20c0 + β0 + Ψ0yyy)B6 − (λ20G0 −G0yy)e4 + λ20G0τ −G0yyτ = 0, (49)

where ei ≡ ei(τ) (i = 0, 1, . . . , 6) are arbitrary functions of the indicated variable.

2.3.Derivation of the VCNLS equation

In order to derive the nonlinear Schrödinger type equations, we should use the multiple scales

ψ = ψ(x, y, t, ξ, τ) ≡ ψ(x, y, t, ϵ(x− c0t), ϵ
2t), ψ0 = ψ0(y, τ) ≡ ψ0(y, ϵ

2t), (50)

where ϵ is an infinitesimal parameter, and c0 is an arbitrary constant. Substituting Eq.(50) into Eq.(3) yields

ψξξτ ϵ
4 +

[
ψξψyξξ + 2ψxξτ − (ψ0y + ψy + c0)ψξξξ

]
ϵ3 +

[
2ψξψxyξ + ψxψyξξ

− λ20(ψ0 + ψ)τ + ψxxτ − (3ψ0y + 3ψy + 2c0)ψxξξ + ψξξt + (ψ + ψ0)yyτ
]
ϵ2

+
[
(β0 + λ20c0 + ψxxy + ψyyy + ψ0yyy)ψξ + 2ψxψxyξ − (ψ0y + ψy + c0)ψyyξ

+ 2ψxtξ − (3ψ0y + 3ψy + c0)ψxxξ

]
ϵ+ (∂t − ψ0y∂x)∆hψ + J(ψ, ∆hψ)

− λ20ψt + (β0 + ψ0yyy)ψx = 0. (51)

We now introduce the asymptotic expansions

ψ = ϵψ1 + ϵ2ψ2 + ϵ3ψ3 +O(ϵ4), ψ0 = Ψ0 + ϵΨ1 + ϵ2Ψ2 + ϵ3Ψ3 +O(ϵ4), (52)

with ψi ≡ ψi(x, y, t, ξ, τ) (i = 1, 2, 3) and Ψj ≡ Ψj(y, τ) (j = 0, 1, 2, 3) being functions of the indicated variables.

Similarly, we can write down the coefficients of O(ϵ), O(ϵ2) and O(ϵ3) which are obtained by substituting

Eq.(52) into Eq.(51). They are

(β0 + Ψ0yyy)ψ1x − λ20ψ1t +∆hψ1t − Ψ0y∆hψ1x = 0, (53)

(β0 + Ψ0yyy)ψ2x − λ20ψ2t +∆hψ2t − Ψ0y∆hψ2x = 2Ψ0yψ1xxξ − 2ψ1xtξ

+ (c0 + Ψ0y)∆hψ1ξ − (Ψ1yyy +∆hψ1y)ψ1x + (Ψ1y + ψ1y)∆hψ1x

+ λ20Ψ0τ − Ψ0yyτ − (Ψ0yyy + λ20c0 + β0)ψ1ξ, (54)

(β0 + Ψ0yyy)ψ3x − λ20ψ3t +∆hψ3t − Ψ0y∆hψ3x = (2c0 + 3Ψ0y)ψ1xξξ −∆hψ1τ

+ (Ψ1y + ψ1y)(∆hψ2x + 2ψ1xxξ +∆hψ1ξ)− (∆hψ1y + Ψ1yyy)ψ2x − ψ1x∆hψ2y

+ (Ψ0y + c0)∆hψ2ξ − (β0 + λ20c0 + Ψ0yyy)ψ2ξ − (Ψ2yyy + 2ψ1xyξ)ψ1x

+ 2Ψ0yψ2xxξ − ψ1ξ∆hψ1y + (ψ2y + Ψ2y)∆hψ1x − ψ1tξξ + λ20ψ1τ

+ λ20Ψ1τ − Ψ1yyτ − 2ψ2xtξ − Ψ1yyyψ1ξ. (55)

Obviously, the solution of Eq.(53) can be assumed as

ψ1 = G0(y, τ)A(ξ, τ)e
i(kx−ωt) + c.c. ≡ G0Ae

i(kx−ωt) + c.c., (56)

where ‘c.c.’ means the complex conjugation of the previous one. The substitution of Eq.(56) into Eq.(53) gives(
kΨ0yyy + k3Ψ0y + kβ0 + ωk2 + ωλ20

kΨ0y + ω
− G0yy

G0

)
Aei(kx−ωt) + c.c. = 0. (57)

It can be demonstrated that the first part, i.e., Ψ0-dependent, is related to the secular terms. Thus, the vanishing

of this part requires Ψ0 to be fixed by

kΨ0yyy + k(k2 + F0)Ψ0y + kβ0 + ωk2 + ωλ20 + ωF0 = 0. (58)
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Because of Eq.(58), G0 can be determined as

G0 = F1 sin(
√
F0y + F2), (59)

where F0, F1 and F2 are arbitrary functions with re-

spect to τ .

Inserting Eq.(56) with Eqs.(58), (59) and

ψ2 = G0G1(τ)Aξe
i(kx−ωt) + c.c.+G2(y, τ)|A|2

≡ G0G1Aξe
i(kx−ωt) + c.c.+G2|A|2, (60)

into Eq.(54), we have{
iG0k(Ψ1yyy + Ψ1yF0 + Ψ1yk

2)A

+
G0

k

(
c0kF0 − ωF0 + ωk2 − ωλ20 + λ20c0k

+ c0k
3 + 2Ψ0yk

3
)
Aξ

}
ei(kx−ωt) + c.c.

+ (Ψ0yy − λ20Ψ0)τ = 0. (61)

Obviously, the above equation indicates that

(Ψ0yy − λ20Ψ0)τ = 0, (62)

because it is related to the secular term. Solving

Eqs.(58) and (62) simultaneously, we may have a spe-

cial solution

Ψ0 = C1y + C0, (63)

with

F0 = −λ
2
0ω + β0k + ωk2 + C1k

3

ω + C1k
. (64)

By integrating the coefficient of ei(kx−ωt) in Eq.(61),

and vanishing the result with considerations of

Eqs.(63) and (64), we find that Ψ1 must be fixed by

Ψ1yyy +
λ20ω + β0k

ω + C1k
Ψy = 0. (65)

Due to Eqs.(63)–(65), Eq.(61) possesses nontrivial

wave solutions only for

c0 =
4C1k

2ω + 2C2
1k

3 + λ20ωC1 + 2ω2k + ωβ0
k(β0 − C1λ20)

, (66)

while A remains free and shall be determined in the

next order.

2.3.1. VCNLS equation deduced with the y-

average trick

Now substituting the above results and

ψ3 = 0 (67)

into the third order equation (55), we get

γ1e
i(kx−ωt) + γ∗1e

− i(kx−ωt) + γ0 = 0, (68)

where

γ1 = G0k(β0 − C1λ
2
0)Aτ +

(
i(ω + C1k)(G1k − i)Ψ1yyy − iG1k(β0k + λ20ω)Ψ1y − (β0k + λ20ω

− 2C1k
3 − 2ωk2)Ψ1y

)
G0Aξ + i kG0

(
(C1k + ω)G2yyy − (β0k + λ20ω)G2y

)
|A|2A

+ k
(
iG0(ω + C1k)Ψ2yyy + (C1λ

2
0 − β0)G0τ +G0(β0k + λ20ω)Ψ2y

)
A− i

ω + C1k

C1λ20 − β0

×G0

(
3kC2

1λ
2
0 − 3kC1β0 + 3λ20ωC1 − 3ωβ0 − 8k2C1ω − 4k3C2

1 − 4kω2
)
Aξξ, (69)

γ0 =

[
4k2G0yG0 −

(ω + kC1)(C1λ
2
0 − 2k2C1 − 2kω − β0)

k(C1λ20 − β0)
G2yy

+
λ40ωC1 − 4k2λ20C1ω − 2k3λ20C

2
1 − λ20ωβ0 − 2kλ20ω

2 + kβ0C1λ
2
0 − kβ2

0

k(C1λ20 − β0)
G2

](
|A|2

)
ξ

+ (Ψ1yy − λ20Ψ1)τ . (70)

Vanishing the coefficients of different exponentials requires

γ0 = 0, (71)

γ1 = 0. (72)

From Eqs.(70) and (71) we know that the Ψ1-dependent part of Eq.(70) is related to the secular terms. So in

order to eliminate the secular terms, Ψ1 has to be constrained further

(Ψ1yy − λ20Ψ1)τ = 0. (73)
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Solving Eqs.(65) and (73) simultaneously generates the general solution

Ψ1 = C2 + C3 sin

√−λ
2
0ω + β0k

ω + C1k
y + C4

 , (74)

where C2, C3 and C4 are arbitrary constants. Due to Eq.(71) with Eqs.(70) and (73), G2 is associated with G0

by

(ω + kC1)(C1λ
2
0 − 2k2C1 − 2kω − β0)G2yy − (λ40ωC1 − 4k2λ20C1ω − 2k3λ20C

2
1

− λ20ωβ0 − 2kλ20ω
2 + kβ0C1λ

2
0 − kβ2

0)G2 − 4k3(C1λ
2
0 − β0)G0G0y = 0. (75)

Finally, integrating Eq.(72) with Eq.(69) with respect to y from 0 to y0 results in the VCNLS equation

iAτ + e0Aξξ + i e1Aξ + e2|A|2A+ (e3 + i e4)A = 0 (76)

with ei (i = 0, 1, 2, 3, 4) given by

e0 =
y0(ω + kC1)

2(4k2C1 + 4kω − 3C1λ
2
0 + 3β0)

k(C1λ20 − β0)2
, (77)

e1 =
2kC3(ω + kC1)

C1λ20 − β0

sin(C4)− sin

√−λ
2
0ω + kβ0
ω + kC1

y0 + C4

 , (78)

e2 ≡ e2(τ) =
2k3F 2

1

C1λ20 − 2k2C1 − 2kω − β0

√
kβ0 + λ20ω + k2ω + k3C1

ω + kC1

×

sin(2F2)− sin

2y0

√
−kβ0 + λ20ω + k2ω + k3C1

ω + kC1
+ 2F2


− 2k2(ω + kC1)

C1λ20 − 2k2C1 − 2kω − β0

∫ y0

0

G2ydy, (79)

e3 ≡ e3(τ) =

∫ y0

0

ω + kC1

C1λ20 − β0
Ψ2yyy −

λ20ω + kβ0
C1λ20 − β0

Ψ2ydy, (80)

e4 ≡ e4(τ) =

∫ y0

0

(lnG0)τdy, (81)

where Ψ2 is an undetermined (arbitrary) function, G0 is given by Eq.(59), and G2 is related to G0 by Eq.(75).

2.3.2. VCNLS equation deduced without the y-average trick

In this case, instead of Eq.(67), we can suppose

ψ3 = [G3(y, τ)Aξξ + iG4(y, τ)Aξ +G5(y, τ)|A|2A+ (G6(y, τ) + iG7(y, τ))A]e
i(kx−ωt) + c.c.,

≡ [G3Aξξ + iG4Aξ +G5|A|2A+ (G6 + iG7)A]e
i(kx−ωt) + c.c.. (82)

Now substituting Eqs.(56), (60) and (82) with Eqs.(59), (63), (64) and (66) into Eq.(55) arrives at a resulting

equation similar to Eq.(68) with γ0 also given by Eq.(7) while γ1 given by

γ1 = i
[
(k3C1 + k2ω + kβ0 + λ20ω)(ω + kC1)G5 − k(λ20ω + kβ0)G0G2y − (ω + kC1)

2G5yy

+ k(ω + kC1)G0G2yyy

]
|A|2A+

[
i k(ω + kC1)G0Ψ2yyy − i k(λ20ω + kβ0)G0Ψ2y

− i(ω + kC1)
2G6yy + i(k3C1 + k2ω + kβ0 + λ20ω)(ω + kC1)(G6 + iG7)

− k(C1λ
2
0 − β0)G0τ + (ω + kC1)

2G7yy

]
A+ i

[
(k3C1 + k2ω + kβ0 + λ20ω)(ω + kC1)G3
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− (ω + kC1)
2G3yy −

(ω + kC1)
2

C1λ20 − β0
(3C1λ

2
0 − 4k2C1 − 4kω − 3β0)G0

]
Aξξ

+
[
i(ω + kC1)(kG1 − i)G0Ψ1yyy − i(λ20G1kω + k2G1β0 − iλ20ω + 2 i k3C1 + 2 i k2ω

− i kβ0)G0Ψ1y + (ω + kC1)
2G4yy − (ω + kC1)(k

3C1 + k2ω + kβ0 + λ20ω)G4

]
Aξ

− k(C1λ
2
0 − β0)G0Aτ . (83)

Since γ0 is still read as Eq.(70), then Ψ1 is also solved out as Eq.(74) and G2 is also related to G0 by

Eq.(75). Hereupon, from Eq.(72) with Eq.(83), we can obtain a type of VCNLS equation with the same form

as Eq.(76) while Gi (i = 3, 4, 5, 6, 7) are determined by

e0kG0(C1λ
2
0 − β0)

2 + (ω + kC1)(C1λ
2
0 − β0)

[
(k3C1 + k2ω + kβ0 + λ20ω)G3

− (ω + kC1)G3yy

]
+G0(3C1λ

2
0 − 4k2C1 − 4kω − 3β0)(ω + kC1)

2 = 0, (84)

e1kG0(C1λ
2
0 − β0)− (ω + kC1)

[
(k3C1 + k2ω + kβ0 + λ20ω)G4 − (ω + kC1)G4yy

]
+ 2k2G0C3(ω + kC1)

√
−λ

2
0ω + kβ0
ω + kC1

cos

√−λ
2
0ω + kβ0
ω + kC1

y + C4

 = 0, (85)

e2kG0(C1λ
2
0 − β0)−

[
(ω + kC1)(kG0G2yyy + (k3C1 + k2ω + kβ0 + λ20ω)G5)

− k(λ20ω + kβ0)G0G2y − (ω + kC1)
2G5yy

]
= 0, (86)

e3kG0(C1λ
2
0 − β0)−

[
(ω + kC1)(kG0Ψ2yyy + (k3C1 + k2ω + kβ0 + λ20ω)G6)

− k(λ20ω + kβ0)G0Ψ2y − (ω + kC1)
2G6yy

]
= 0, (87)

kG0(e4 − (lnG0)τ )(C1λ
2
0 − β0)− (ω + kC1)

[
(k3C1 + k2ω + kβ0 + λ20ω)G7

− (ω + kC1)G7yy

]
= 0 (88)

with ei ≡ ei(τ) (i = 0, 1, 2, 3, 4), Ψ2 being arbitrary functions, G0 given by Eq.(59), and G2 determined by

Eq.(75).

3. Exact solutions of the variable

coefficient nonlinear systems

In this section, we are going to obtain some exact

solutions of the variable coefficient nonlinear equations

derived in the last section. As we know, there now ex-

ist many different ways to get exact solutions of non-

linear systems; for instance, the symmetry approach is

a powerful method, and can be applied to the models,

either integrable or not. Actually, the general symme-

try approach of Refs.[17] and [18] is equivalent to find-

ing some non-auto-Bäcklund transformations (NABT)

among different differential equations. Recently, it

has been discovered that full finite Lie point symme-

try transformation groups of constant coefficient inte-

grable systems can be directly obtained with the help

of gauge and space-time transformations of Lax pairs

(or linear triads) without using the standard Lie alge-

bra and Lie group theory.[19] For constant coefficient

nonintegrable systems, a direct method is also estab-

lished to find Lie point subalgebras.[20] Here, we will

utilize the latter direct method to find NABT between

variable coefficient nonlinear systems and constant co-

efficient ones. Then taking advantages of the NABT

and the known results of the constant coefficient non-

linear equations, the solutions of the variable coeffi-

cient nonlinear systems can be generated. Firstly let

us generally outline the direct method to show how

to find the NABT, and then apply it to the equa-

tions VCKdV (12), VCmKdV (36) and VCNLS (76)

to yield their solutions which finally lead to several

approximate solutions of the original model (1).
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3.1.Outline of the direct method to find

NABT between two equations

In Ref.[21], Clarkson and Kruskal introduced a di-

rect method to obtain similarity reductions of partial

differential equations (PDEs) and utilized it to solve

the Boussinesq equation. It is a very simple method

because it does not make use of group theory. The

main idea is to look for a reduction of a given (1+1)-

dimensional PDE in the form

u(x, t) =W (x, t, U(z)), z ≡ z(x, t), (89)

which is the most general form for a similarity

reduction.[22] For an nth order given PDE

F (x, t, u, ux, uxitj , ...) = 0, (i, j = 1, 2, ..., n), (90)

substituting Eq.(89) into Eq.(90) and then requiring

the result to be an ordinary differential equation for

U(z) imposes conditions upon W, z and their deriva-

tives that enable one to solve out W and z.

It is interesting that for many real physical sys-

tems, it is enough to seek the symmetry reductions in

a simple form

u(x, t) = α(x, t) + β(x, t)U(z), z ≡ z(x, t), (91)

instead of the general Eq.(89). The above method can

be readily extended to higher dimensional PDEs.[23]

Actually, the Clarkson and Kruskal direct sym-

metry reduction method implies that it is possible to

find the NABT between two systems by a simple direct

method without using any group theory. To realize

this idea is quite straightforward just by substituting

u(x1, x2, . . . , xn)

=W
(
x1, x2, . . . , xn, U(X1, X2, . . . , Xn)

)
,

(Xi = Xi(x1, x2, . . . , xn), i = 1, 2, . . . , n) (92)

into a given PDE Eq.(90) and requiring U to sat-

isfy a particular PDE (which is rightly the aim equa-

tion) under the transformation {u, x1, . . . , xn} →
{U,X1, . . . , Xn}. It is not surprising but interesting

that it is enough to suppose Eq.(92) be the form of

u(x1, x2, . . . , xn)

= α(x1, x2, . . . , xn) + β(x1, x2, . . . , xn)

× U(X1, X2, . . . , Xn), (93)

for various nonlinear systems, especially for those for

which the CK’s direct reduction method works. In

the following, we will apply the form of Eq.(93) with

n = 2 to the VCKdV, VCmKdV and VCNLS equa-

tions and ask for U to satisfy the corresponding stan-

dard constant coefficient KdV, mKdV and NLS equa-

tions respectively; hereafter, solving the conditions on

α, β, X1 and X2 leads to the NABT and then the

solutions of the VC equations.

3.2. Exact solutions of the VCKdV equa-

tion (12)

As described in the last subsection, we suppose

A = α(ξ, τ) + β(ξ, τ)P
(
X(ξ, τ), T (ξ, τ)

)
≡ α+ βP (X,T ), (94)

and then substitute it into Eq.(12) with the require-

ment that P satisfies

PT + 6PPX + PXXX = 0. (95)

Here we avoid detailed calculations and just directly

write down the results (as in the other two cases).

After computation, we obtain

α = −e3
e2

−
√

6

β0

e1ξ0
e2

− e1
e2

∫
e1e2e5 − e1e3τ + e1τe3

e21
dτ, β =

β0e1
e2

, (96)

X =

√
β0
6
ξ +

∫
e1ξ0 +

√
β0
6
e1

∫
e1e2e5 − e1e3τ + e1τe3

e21
dτdτ, (97)

T =

√
6

36
β

3
2
0

∫
e1dτ (98)

with the condition

e1e2e4 − e1e2τ + e1τe2 = 0, (99)

where β0 and ξ0 are arbitrary constants.
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Therefore, the solutions of Eq.(95) can produce solutions of the VCKdV Eq.(12) with Eqs.(97)–(99). For

example, a simple well-known soliton solution of Eq.(95) which reads

P = 2K2sech2(KX − 4K3T ) (100)

with K being an arbitrary constant gives a corresponding solution of Eq.(12) as

A = −e3
e2

−
√

6

β0

e1ξ0
e2

− e1
e2

∫
e1e2e5 − e1e3τ + e1τe3

e21
dτ

+
2K2β0e1

e2
sech2

[
K

√
β0
6
ξ +K

∫
e1ξ0 +

√
β0
6
e1

∫
e1e2e5 − e1e3τ + e1τe3

e21
dτ

−
√
6

9
K2β

3/2
0 e1dτ

]
, (101)

with the condition (99).

3.3. Exact solutions of the VCmKdV

equation (36)

For the VCmKdV Eq.(36), it can be transformed

to the standard constant coefficient mKdV equation

PT + 6P 2PX + PXXX = 0 (102)

with the substitution of Eq.(94) into Eq.(36). After

detailed calculations, we get

α = − e3
2e2

, β = T0

√
6e1
e2
,

T = T 3
0

∫
e1dτ,

X = T0ξ + T0

∫ (
e23
4e2

− e5

)
dτ, (103)

with T0 being an arbitrary constant and the conditions

e1e2τ − e1τe2 − 2e1e2e4 = 0,

2e1e2e3τ − (e1e2)τe3 − 4e1e
2
2e6 = 0. (104)

It is known that Eq.(102) has the following single

soliton solution

P = Ksech(KX −K3T ), (105)

where K is an arbitrary constant, which then gener-

ates the solution of Eq.(36) in the form of

A = − e3
2e2

+KT0

√
6e1
e2

sech

[
KT0ξ +KT0

∫ (
e23
4e2

− e5 −K2T 2
0 e1

)
dτ

]
, (106)

with conditions (104).

3.4. Exact solutions of the VCNLS equa-

tion (76)

In this case, the similar form of the assumption

(94) is made only with the difference that α, β, P are

complex while X, T are real. After calculations, it is

revealed that the substitution of the assumption into

Eq.(76) with ei (i = 0, 1, 2, 3, 4) all being functions of

τ can transform the VCNLS Eq.(76) to the standard

constant coefficient NLS equation

iPT + PXX + |P |2P = 0 (107)

with

α = 0, X =
Be2ξ

e0e
∫

2e4dτ
+B

∫
e2
√
e21 + 4e0e3

e0e
∫

2e4dτ
dτ, T =

∫
B2e22

e0e
∫

4e4dτ
dτ, (108)

β = B

√
e2
e0

exp

(
i
e0τe2 − e0e2τ + 2e0e2e4

4e20e2
ξ2 − i

e1 +
√
e21 + 4e0e3
2e0

ξ − 2

∫
e4dτ

)
, (109)
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where B is an arbitrary constant, and the conditions

e2(e0τe1 − e0e1τ )
√
e21 + 4e0e3 + 2(2e2τe3 − (4e3e4 + e3τ )e2)e

2
0

+ ((e2τ − 2e2e4)e
2
1 − e1e1τe2 − 2e0τe2e3)e0 = 0, (110)

(2(e4τ + 2e24)e
2
2 − (4e2τe4 + e2ττ )e2 + 2e22τ )e

2
0

+ ((2e0τe4 + e0ττ )e
2
2 − e0τe2e2τ )e0 − e20τe

2
2 = 0. (111)

Familiarly, Eq.(107) possesses such a solution

P = −
√
2K1sech

(
K1X + 2KK1T

)
e− i
(
KX−(K2

1−K2)T
)

(112)

with K and K1 being arbitrary constants, which then produces a solution of Eq.(76)

A = −BK1

√
2e2
e0

sech

[
BK1e2

e0e
∫

2e4dτ
ξ +BK1

∫ (
e2
√
e21 + 4e0e3

e0e
∫

2e4dτ
+

2KBe22

e0e
∫

4e4dτ

)
dτ

]

× exp

{
i
e0τe2 − e0e2τ + 2e0e2e4

4e20e2
ξ2 − i

(
BKe2

e0e
∫

2e4dτ
+
e1 +

√
e21 + 4e0e3
2e0

)
ξ

−
∫ (

iBKe2
√
e21 + 4e0e3

e0e
∫

2e4dτ
− i(K2

1 −K2)B2e22

e0e
∫

4e4dτ
+ 2e4

)
dτ

}
, (113)

with conditions (110)–(111).

3.5.An illustration: a theoretical dipole

blocking episode

The solutions presented above can all be used to

describe some real atmospheric phenomena such as

various blocking systems. In Ref.[24], a special solu-

tion generated from the KdV equation derived with

the y average method has successfully captured the

salient features of a dipole type blocking event, and

was then further discussed through a real case. How-

ever, it is rather difficult to adjust the functions and

parameters to produce an explicit desirable expres-

sion. Fortunately, the non-traditional method makes

the job much easier for the existence of more arbi-

trary functions. In detail, all the variable coefficients

ei (i = 1, 2, . . . , 5) of the VCKdV equation (12) de-

rived without the y-average method are entirely ar-

bitrary and should be determined during the deriva-

tion with the y-average trick. As an illustration, we

give a theoretical dipole blocking episode based on the

VCKdV soliton solution (101). In this case, the orig-

inal stream function up to the first order reads

ψ ≈ a0y + a1 + 2ϵβ0K
2F (ϵ3/2t)

× sin

√−λ
2
0c0 + β0
a0 + c0

y



× sech2
[
K
√
6β0

18

(
3
√
ϵ(x− c0t)− 2K2β0ϵ

3/2t
)]
,

(114)

where F (ϵ3/2t) is an arbitrary function of the indi-

cated variable, if we assume e3 = e5 = ξ0 = Ψ1(y, τ) =

0, Ψ0(y, τ) = a0y + a1 with constants a0 and a1. Fig-

ure 1 displays a dipole type blocking event with a life-

time of seven days, where the function F is taken as

F = sech
[
20ϵ3/2(t− 4)

]
, (115)

and all the constants are

a0 = −1, a1 = 3, ϵ = 0.1,

β0 = 1, K = 8, λ0 = 0.25. (116)

It is remarkable that due to the arbitrary func-

tions and parameters in the analytical expression of

the stream, the type and the lifetime of an atmo-

spheric blocking can be easily fixed to match a real

blocking case. More importantly, the background

stream remains arbitrary in functions y and t, there-

fore a more real background westerly can be taken,

for instance, a wester wind with linear and nonlinear

shears. Further, we hope that blocking events can be

somehow predicted based on some weather and cli-

mate information, especially on the basic westerly.



4634 Tang Xiao-Yan et al Vol.18

Fig.1. A dipole type blocking life cycle from the theoretical solution (114) with F given by Eq.(115)

and the parameters given by Eq.(116). The contour interval (CI)=2.
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4. Summary and discussions

Three types of variable coefficient nonlinear

systems are derived from the nonlinear inviscid

barotropic nondivergent vorticity equation in a beta-

plane with and without the y-average trick. It is thus

testified that the y-average trick can be removed in

the derivation process though it is commonly used in

the literature without exact reasons. The variable co-

efficients are all functions of time which essentially

originate from the background basic flow because the

uniform background basic flow is considered as a func-

tion of {y, t} instead of a linear function of y only as in

the usual treatment. In addition, when expanding the

flow dream without the basic flow, we simultaneously

expand the basic flow in an appropriate manner.

Through a simple direct method, we successfully

find NABTs between the variable coefficient systems

and the corresponding standard constant coefficient

ones. Thus, in principle, many types of exact solutions

of the variable coefficient models can be obtained by

taking advantage of the NABTs and the known solu-

tions of the constant coefficient ones. However, only

one simple type of exact solutions, i.e., single soliton

solutions, are written down for the derived variable co-

efficient nonlinear systems which therefore give three

possible approximate solutions of the original nonlin-

ear dynamical system in some particular order.

It can be seen that many functions of time appear

in these solutions, some of which are arbitrary. More-

over, because the time dependent functions are related

to the background westerly and/or unfixed boundary

conditions, they thus can be determined according to

different situations of the background westerly and

boundary conditions in some real atmospheric phe-

nomena, such as atmospheric blockings, and therefore

they may be interpreted by our analytical solutions.

More real applications of our solutions will be further

discussed in our continuous research work.
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