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In this paper we study the existence and stability of two-dimensional discrete gap breathers in a two-dimensional
diatomic face-centered square lattice consisting of alternating light and heavy atoms, with on-site potential and coupling

potential. This study is focused on two-dimensional breathers with their frequency in the gap that separates the acoustic

and optical bands of the phonon spectrum. We demonstrate the possibility of the existence of two-dimensional gap

breathers by using a numerical method. Six types of two-dimensional gap breathers are obtained, i.e., symmetric,

mirror-symmetric and asymmetric, whether the center of the breather is on a light or a heavy atom. The difference

between one-dimensional discrete gap breathers and two-dimensional discrete gap breathers is also discussed. We use

Aubry’s theory to analyze the stability of discrete gap breathers in the two-dimensional diatomic face-centered square

lattice.
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1. Introduction

Since the discovery of intrinsic localized modes
(ILMs) or discrete breathers (DBs) in Klein-Gordon
(KG) and Fermi-Pasta-Ulam (FPU) lattices in the
late 1980s,!"2! DBs and solitons have been a topic of
increasing interest in view of their significant role in
energy localization and transport. In 1994, Mackay
and Aubry established the existence of stationary
breathers in a broad range of lattice models.[! In their
method, breathers are obtained by continuation from
the anticontinuum limit at which the network is re-
duced to an array of uncoupled oscillators. Soon af-
terwards, the conditions for the existence of breathers
with a frequency above the optical band and inside
the gap separating it from the acoustic one were pre-
sented by Cretegny, Livi and Spicci.l¥! In 2003, Ma-
niadis, Zolotaryuk and Tsironis gave the four cases of
discrete gap breathers (DGBs).[’! The proof of the ex-
istence of breathers in diatomic FPU chains with arbi-
trary mass ratio was presented by James and Noble.[6]
Because the discrete breathers’ dynamics are simi-
lar to impurity modes that can move in gap, the
DGBs, as a kind of localized modes in one-dimensional

(1D) diatomic Klein—-Gordon chain,!” in 1D mixed
Klein-Gordon /Fermi-Pasta—Ulam chain(® and in 1D
diatomic 8-FPU chain, its local characteristic and sta-
bility were presented by Lii and Tian.[®1% All of them
focused on the 1D diatomic system. Recently, the
DBs in the two-dimensional (2D) diatomic square lat-
tice are increasingly catching people’s interest. Butt
and Wattis,'"] Bao and Takuji,'? investigated the 2D
monatomic FPU system.

The purpose of this paper is to investigate the
possibility of the existence and stability of the DGBs
in a 2D diatomic face-centered square lattice. First,
we discuss the DGBs in a 1D diatomic chain and an-
alyze the effects of different system parameters on
DGBs. Secondly, by controlling different system pa-
rameters, we transform a general 2D diatomic model
into the 2D KG model or the 2D G-FPU model.
Thirdly, in terms of the harmonic approximation, we
discuss the linearly dispersive relation of the phonon
in the lattice. Fourthly, we prove the existence of the
2D DGBs in a 2D diatomic face-centered square lattice
by using the rotating wave approximation (RWA),"!

the local anharmonicity approximation (LAA)P! and
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the numerical method, and obtained six types of 2D
DGBs, i.e.,
metric, whether the center of the breather is on a

symmetric, mirror-symmetric and asym-

light or a heavy atom. The stability of discrete pe-
riodic solution of discrete nonlinear system has been
discussed in many papers.['3=18] According to Aubry’s
theory,['617 we analyse the stability of DGBs in the
2D diatomic face-centered square lattice.

2. The one-dimensional model

We consider a generalised discrete 1D diatomic
chain model, the Hamiltonian of the system is given
by
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2.1. The discrete gap breathers in a 1D
B-FPU diatomic chain

When wyg = k = v = a = 0, the model is the 1D
[-FPU diatomic chain, the Hamiltonian of it is given
by

1. 1. .
H = Z §M1’U/§S + §M2’LL%S+1 + W(u2s — u25+1)
S
+ Wiugs i1 — tasy2) (2)

with W (r) being the interaction potential

k22 ﬁ4

where M; and M, are the masses of the heavy and

W(r) =

light atoms, ugs and wugsy1 are the displacements of
the heavy and light atoms in the 2s-th and (2s+1)-th
cells of the lattice from their equilibriums, k; and f3
are the linear coupling parameter and nonlinear cou-
pling parameter, respectively. The nonlinear vibration
equations for this system are given as follows:

My iigg
= ko(Ugeq1 — 2U2s + Us—1)

+ Bl(ugst1 — uzs)® — (uzs —u2s—1)*],  (4)

Myiioe 1
= ko(ugsqa — 2uasi1 + uas)

+ Bl(uzst2 — uzs+1)” — (u2st1 — u2s)*] . (5)

In the 1D system, we only consider the nearest neigh-
bour interactions. As in numerical calculation, a nec-
essary condition for the breather to exist is to avoid
This means that the
breather frequency and all its higher harmonic must

resonances with the phonons.

lie outside the phonon bands, but the frequency can
lie inside the gap or above the optical band. Here, we
only focus on the case that it lies inside the gap. For
this, we introduce the LAA and RWA, then, we still
assume the 1D DGBs to be of the following type

un (t) = ul cos wt . (6)

Substituting Eq.(6) into Eqgs.(4) and (5), then they
can be rewritten as follows:
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In the above analysis, v = u—", v =L C =
a MQ

1 Ba?
-1 +gp) ™ R
of the DGB. Maniadis, Zolotaryuk and Tsironisl®!
have gave four types of DGBs in 1D G-FPU diatomic
chain. The four DGBs are light-particle symmetric,

, and wy, is the frequency

heavy-particle symmetric, light-particle antisymmet-
ric, heavy-particle antisymmetric (LS, HS, LA, HA).
In the following section, we will discuss the effect
of different system parameters on the localization of
DGBs, we only select the HS as an example to analyse.

(i) The effect of different mass ratio on the stabil-
ity of DGBs (HS)

From the numerical results of Fig.1, we obtain
that the 1D DGBs profiles are correlated closely to the
mass ratio, i.e., the larger the mass ratio, the better
the localization of the 1D DGBs profiles. This is be-
cause the interaction of the nearest-neighbour atoms
in the 1D diatomic FPU models becomes weaker when
the mass ratio increases.

(ii) The effect of the hard coupling potential on
the localization of DGBs (HS)
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Fig.1. The graphical illustration of the effect of different mass ratio on the stability of DGBs (a) M1 /M2 = 2,
(b) My /My = 16.
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Fig.2. The graphical illustration of the localization of DGBs as a function of nonlinear coupling potential: (a)
the hard quartic nonlinear coupling potential with g = 0.01; (b) the hard quartic nonlinear coupling potential
with g = 1; (¢) the hard quartic nonlinear coupling potential with g = 100.

From the numerical results of Fig.2, we obtain that the 1D DGBs profiles are correlated closely with the

quartic nonlinear coupling parameter.
(iii) The effect of the soft coupling potential on the localization of DGBs (HS)
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Fig.3. The graphical illustration of the profiles of the effect of different nonlinear coupling potentials: (a) soft
coupling potential with ¢ = —0.01 and mass ratio M1/Ms = 2; (b) soft coupling potential with ¢ = —1 and
mass ratio My /My = 2; (c) soft coupling potential with ¢ = —100 and mass ratio My /M2 = 2.

In a 1D FPU model, the nonlinear coupling parameters 3 > 0 is the hard coupling potential, and otherwise
is soft coupling potential. We have investigated the relation between the coupling potential and localization.
Figures 2 and 3 show that under the soft coupling potential, the localization of the 2D DGBs profiles is better
than that under the hard coupling potential. Also, the larger the nonlinear coupling parameters, the larger the
amplitudes of the 1D DGBs.
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2.2. The discrete gap breathers in a 1D
KG diatomic chain

For kK = a = 3 = 0, the general Hamiltonian (1)
is transformed into the 1D KG diatomic chain

-9
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where M; and M, are the masses of the heavy and
light atoms, uos and wugsy1 are the displacements of

the heavy and light atoms in the 2s-th and (2s+1)-th
cell of the lattice from their equilibrium points, re-

l
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spectively, wy and 3 are the on-site potential param-
eters; ko is the linear coupling parameter. Applying
the same numerical methods as in 1D FPU model, we
see that, in a 1D KG model, there are also four types
of DGBs which are the same as in the 1D FPU model.
In a 1D KG chain, the larger the mass ratio, the bet-
ter the localization of the 1D DGBs profiles; and the
larger the onsite potential parameters, the larger the
amplitudes of the 1D DGBs.

3. The two-dimensional model

The Hamiltonian of a general 2D diatomic face-
centered square lattice is given by

2 2 +1 3 +1 3 +1 4
0%2m,2n KUgm—1,2n—1 KUgm on YU2m,2n

3 3 4

4 2 2, 1 3
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3
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3.1. The discrete gap breathers in a 2D KG diatomic face-centered square lattice

For k = a = 8 = 0, the general Hamiltonian (10) is transformed into that for the 2D KG diatomic

face-centered square lattice

-9 -2
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where M; and M, are the masses of the heavy and light atoms, ug,,—1,2,—1 and ug,, 2, are the displacements
of the heavy and light atoms in the (m,n)-th cell of the lattice from their equilibrium points, wy and 3 are the
on-site potential parameters, C' is the linear coupling parameter. The nonlinear vibration equations for this
system are obtained as follows:

Mitigm—1,2n-1

2 3
—WyU2m—1,2n—1 — YU2m—1,2n—1 T C (Ugm,2n + Uzm—2,2n—2 + U2am—2,2n + U2m 2n—2 — 4U2m—12n-1) , (12)

Motiom, 2n

2 3
—WoU2m,2n — Vs 2n T C (U2mi1,2n11 + U2m—1,2n-1 + U2m—1,2n+1 + U2mi1,2n—1 — 4U2m 2n) - (13)
Under harmonic approximation, the vibration equations for this system is obtained as follows:

. . 2
Mitiom—1,2n—1 = —WiU2m—1,2n—1 + C (U2m, 2n + U2m—2,2n—2 + U2m—2,2n + U2m 2n—2 — 4U2m—1,2n—1) , (14)

. 2
Matiom,on = —wiUzm,2n + C (U2m+1,2n41 + U2m—1,2n—1 + U2m—1,2n+1 + U2m+1,2n—1 — dU2m 20) - (15)

The linearly dispersive relation of the phonon in the lattice reads
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where p = My Ms/(M; + M) and M; > M. The  The band gap is
acoustic band has frequencies lying between w; and
wo, and the optical one has the frequencies lying be- wWeap = w4 (qB) —w—(qB)
tween wsz and wy. We call wy and ws the lower and My
: =\ 77 1] w-(g8) (20)
the upper edges of the phonon band gap, respectively. My
Substituting Eq.(17) into Eq.(16), we obtain the lin- o
early dispersive relation of the phonon in the lattice At the center of Brillouin zone ¢ =0, we have
2
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where 2y, = wi/Mz and 2y, = Jwi/M; are
the frequencies of discrete light atoms and heavy
atoms, respectively. At the edge of Brillouin zone
gs = +m/4ag, we have

2C 2

) w§+(2§42:7+“’0,
wi(gp)? = M, ) (19)

5 5 2C + w;

w3+ 023, = 5

Because of the existence of on-site potential, the

acoustic and optical phonon bands have been raised.

Mytigm—1,2n-1

+ C (u2m—1,2n+1 + U2m—1,2n—3 + U2m+1,2n—1 + U2m—32n—1 — U2m—1,2n—1) 5
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+ C (U2m,2n+2 + U2m 2n—2 + U2m+2,2n + U2m—2,2n — U2m 2n) -

From the above result, we know w_(0) # 0. So there is
a band gap, which is the obvious feature of the disper-
sive relation under the existence of on-site potential.

In the above analysis, we consider only the
nearest-neighbour interaction. In a 2D system, the
second nearest-neighbour interaction is very impor-
tant for the stability of the system. In the follow-
ing, we shall analyse the stability of the 2D DGBs
by considering the nearest-neighbour and the second
nearest-neighbour interactions. The nonlinear vibra-

tion equation for this system is obtained as follows:

2 3
—WoU2m—1,2n—1 — YU _19n—1 T C (U2m,2n + U2m—2,2n—2 + U2m 2n—2 + U2m—22n — 4U2m—1,2n—1)

(22)

2 3
—WoU2m,2n — YU on + C (U2m+1,2n41 + U2m—1,2n—1 F U2m+1,2n—1 + U2m—1,2n+1 — $U2m 2n)

(23)

In numerical calculation, a necessary condition for the breather to exist is to avoid resonances with the

phonons, i.e., the breather frequency and all its higher harmonics must lie outside the phonon bands. The
frequency can lie inside the gap or above the optical band. Here, we only focused on the case with the frequency
lying inside the gap. For this, we introduce the LAA and RWA, and assume the 2D DGBs to be of the following

types,
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Uzm—1,2n—1(t) = U9, _1 9,1 COSWL,
u2m,2n(t) = Ugm,gn cos wt. (24)
Substituting Eq.(24) into Eqgs.(22) and (23). Equations (22) and (23) can be rewritten as follows:
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w* — wZ (gB) 0 Lo 0 0 0 0
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B Ugm—1,2n4+1 T Y2m+4+1,2n—1 T U2m—1,2n—3 T U2m—3 2n—1 Um—1,2n—1 1C Uom—1,2n—-1) = U;

2 2

w” —wi(gn) 1

s 0 0 0 0 0 0

(wg =1 ) ugp 0, + 3 (“2m+1,2n+1 F U —1,2n—1 T Udm—1 2041 T U2n41,2n—1 — 2u2m,2n)
3

1 gl
+ 5 (ugm72,2 + ugm,2n72 + ugm+2,2n + ugm,2n+2 - 2ugm,2n) - E(ugmﬁn)s =0. (26)
The numerical solutions of Eqs.(25) and (26) are shown in Fig.4.

1 \ (b)

Fig.4. The graphical illustration of the profiles of the 2D DGBS in 2D diatomic KG lattice. (a) The heavy-
atom symmetric pattern obtained numerically from Egs.(16) and (17) with v = 0.025, C = 0.05, mass ratio
M /M2 = 16, and breather frequency w = 1.1. (b) The heavy-atom mirror-symmetric pattern with v = 0.025,
C = 0.05, mass ratio My /M2 = 16, and breather frequency w = 1.1. (c) The heavy-atom asymmetric pattern
with v = 0.025, C = 0.05, mass ratio M;/M> = 16, and breather frequency w = 0.5. (d) The light-atom
symmetric pattern with v = 0.025, C' = 0.05, mass ratio My /M = 16, and breather frequency w = 0.36. (e)
The light-atom mirror-symmetric pattern with v = 0.025, C' = 0.05, mass ratio M1/M> = 16, and breather
frequency w = 0.36. (f) The light-atom asymmetric pattern with v = 0.025, C' = 0.05, mass ratio My /M2 = 16,
and breather frequency w = 0.36.
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According to the numerical result, we see that it
is possible to find the 2D DGBs in a 2D KG diatomic
face-centered square lattice. The 2D DGBs have the
following six cases in symmetries:

Case 1 The 2D DGBs with symmetric profiles
are centered at a heavy atom, whether the lattice has
a soft or hard nonlinearity, and we call these patterns
HS.

Case 2 The 2D DGBs with mirror-symmetric
profiles are centered at a heavy atom, whether the lat-
tice has a soft or hard nonlinearity, and we call these
patterns HMS.

Case 3 The 2D DGBs with asymmetric profiles
are centered at a heavy atom, whether the lattice has
a soft or hard nonlinearity, and we call these patterns
HA.

Case 4 The 2D DGBs with symmetric profiles
are centered at a light atom, whether the lattice has
a soft or hard nonlinearity, and we call these patterns
LS.

Case 5 The 2D DGBs with mirror-symmetric
profiles are centered at a light atom, whether the lat-

tice has a soft or hard nonlinearity, and we call these
patterns LMS.

Case 6 The 2D DGBs with asymmetric profiles
are centered at a light atom, whether the lattice has
a soft or hard nonlinearity, and we call these patterns
LA.

The LS, LA, HS and HA patterns have been dis-
cussed in 1D G-FPU diatomic chain, but LMS and
HMS patterns can only be found in a 2D diatomic
face-centered square lattice. This is determined by
the structure of the 2D diatomic face-centered square
lattice.

In the following, we will discuss the effect of dif-
ferent system parameters on the localisation and sta-
bility of DGBs; we only select the HS as an example
for analysis.

i) The effect of the different mass ratios on the
stability of DGBs (HS)

We have investigated the relation between the
mass ratio and stability, the numerical results of Fig.5
show that the mass ratio has only a little effect on the
stability of HS patterns in the 2D KG model.

Fig.5. The graphical representation of the effect of different mass ratios on the stability of DGBs (HS), (a)

My /Ms =2, (b) My/Ma = 16.

ii) The effect of the hard on-site potential or soft on-site potential on the stability of DGBs (HS)

In a 2D KG model, the linear coupling parameter C' > 0 is attractive coupling, or else repulsive coupling;

v > 0 is hard on-site potential, or else soft on-site potential. Considering the on-site potential and the type
of coupling C, we can conclude that for systems with soft on-site potential, there are no stable DGBs if the
coupling between particles is attractive; however, with a repulsive coupling the stability is ensured for fairly
high values of the linear coupling parameter C. In Fig.6, we can see that figures 6(a) and 6(b) are stable but
figure 6(c) is unstable.

iii) The localization of DGBs (HS) with increasing quartic nonlinear on-site parameter

From the numerical result of Fig.7, we obtain that the 2D DGBs profiles are related closely to the quartic
nonlinear on-site parameter: the larger the nonlinear on-site parameter, the larger the amplitude of the 2D
DGB:s.
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0.2

0.1

Fig.6. The graphical representation of the profiles of DGBs under different nonlinear on-site potential and
coupling potential. (a) Hard on-site potential and attractive coupling with v = 0.025 and C = 0.05. (b) Soft on-
site potential and repulsive coupling with v = —0.025 and C = —0.05. (c) Hard on-site potential and repulsive
coupling with v = 0.025 and C' = —0.05.

Fig.7. The graphical illustration of the localization of DGBs with increasing nonlinear on-site potential: (a) the
small quartic nonlinear on-site potential with v = 0.025 and C' = 0.05, (b) the large quartic nonlinear on-site
potential with v =5 and C = 0.05.

3.2. The stability of DGBs in two-dimensional KG diatomic face-centered square
lattice
The stability of discrete periodic solution of a discrete nonlinear system has been discussed in many

papers.[1216:17 We introduce the variables transformation uam, on (£) — U2m.2n (£) + 2m.2n (t), thus the lin-
earized equations of Egs.(22) and (23) read

Miéom_19n-1 = —WiE2m—1.2n-1 — ’752m71,2n71(5§m71’2n71 + 3U2m—1,2n—1€2m—1,2n—1 + 3U§m71,2n71)
+ C(e2m,2n + €2m—22n-2 + €2m—2.2n + €2m. 2n—2 — 4€2m—1,2n—-1)
+ C(e2m—1,2n+1 + €2m—1,2n—3 + €2m+1,2n—1 + €2m—3,2n—1 — 4€2m—12n-1), (27)
Moéomon = —Wicam.on — ’752m,2n(€%m72n + 3U2m 2nE2m,2n + 3U§m72n)
+ C(e2m+12n41 + €2m—1,2n—1 + €2m—1,2n+1 + €2m+1,2n-1 — 4€2m.2n)

+ C(e2m,2n+2 + €2m.2n—2 + €2m—2.2n + €2m+2,2n — 4€2m 2n), (28)
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where €91 20 (f) and €2m,—1,2n—1(t) represent the small
perturbation of the solution of the dynamical equa-
tion. In the following, we only discuss the ey, 2, (f)
and the analysis of €21 2n—1(f) is the same as that
of €2m,2n (t). The linear stability of these solutions can
be studied by finding the eigenvalues of the Floquet
The Floquet
matrix transforms the column matrix with elements

matrix Fy, called Floquet multipliers.

given by €am 20 (t) and 7(0) = €ap,2,(0) into the cor-
responding column matrix with elements €y, 2, (T3).
And we have 7(0) = €91,,2,(0) and T, = 27/wy, that
is

E2m . 2n T €2m,2n 0

{e2m,2n(Th)} _ R {e2m,2n(0)} C (20)

{mom,2n(T)} {m2m,2n(0)}

The Floquet matrix Fy can be obtained by choosing
zero initial conditions except for one position or mo-
mentum equal to unity, and intergrating Eq.(28) nu-
merically in a time span of a breather period. The
final positions and momentum give the elements of
the corresponding column of the Floquet matrix. In
order to obtain accurate results, we have used a sym-
plectic integrator. Equation (28) can be written as an

eigenvalue equation
(N(U(t), f) L 5)2m,2n = EEQ?TL,Q?M (30)

where N (u(t),§) is called Newton operator. The solu-
tions of Eq.(28) can be described as the eigenfunctions
of Newton operator for £ = 0. The fact that the lin-
earized system is Hamiltonian and real implies that
the Floquet operator is a real and symplectic opera-
tor. The consequence is that if A is an eigenvalue, then
1/A, A* and 1/\* are also eigenvalues, and therefore
a necessary condition for linear stability is that every
eigenvalue has its modulus equal to one, i.e. it is lo-
cated in the unit circle on the complex plane. When
the coupling C' is switched on, the eigenvalue moves on
the complex plane as a continuous function of C', and
an instability can be produced only in three different
ways:[17]

a) A couple of conjugate eigenvalues reaches the
value 1401 (6 = 0) and leaves the unit circle along the
real line (harmonic bifurcation);

b) A couple of conjugate eigenvalues reaches —1
(f = +m) and leaves the unit circle along the real line
(subharmonic bifurcation);

¢) Two pairs of conjugate eigenvalues collide at
two conjugate points in the unit circle and leave it
(Kreign crunch or oscillatory bifurcation).

The study of breather stability can be comple-
mented by means of Aubry’s band theory. It con-

sists of studying the linearized system (29) for E # 0,
with the corresponding family of Floquet operators
Fg. For each operator Fg there are 2 x N Floquet
multipliers. A Floquet multiplier can be written as
A = exp(if), 6 is called the Floquet argument. If 6 is
real then |exp(if)] = 1 and the corresponding eigen-
function of Eq.(29) is bounded and corresponds to a
stability mode. If 6 is complex, it corresponds to an
instability mode. The set of points (6, E') with 6 real,
has a band structure. The breather is stable if there
are 2 X N band intersections with the axis £ = 0. If
the on-site potential is soft, the band will be tangent
to the E = 0 axis at (0, 0) with positive curvature.
When the coupling is switched on and is an attrac-
tive potential, the bands move upwards, and the in-
tersection points disappear, which implies that some
Floquet arguments become complex or, equivalently,
that some Floquet multipliers abandon the unit circle
and the breather becomes unstable.

In this paper, we use Aubry’s band analysis and
obtain some conclusions about the stability of DGBs
in a 2D KG diatomic face-centered square lattice.

(I) In this system, considering the on-site poten-
tial and the type of coupling, we obtain that for sys-
tems with soft on-site potential, there are no stable
DGBs if the coupling between particles is attractive,
but with a repulsive coupling the stability is ensured
for fairly high values of the coupling parameter C'.

(IT) For systems with hard on-site potentials, the
situation is opposite and the DGBs are stable with
attractive coupling and unstable with repulsive cou-
pling.

(II1) In the system, we only consider the on-site
potential being symmetric (k = 0), this characteristic
enlarges the stability range.

The reason why the system with hard on-site po-
tential and repulsive coupling is unstable, is that fur-
ther increase of C' will lead to harmonic bifurcation;
this instability mode is an asymmetric-extended one.
For the system with soft-on site and attractive cou-
pling, since no subharmonic bifurcations at A = +1
occur, the bands are gapless at § = +7. The sys-
tem eventually becomes unstable through harmonic
bifurcations. The difference, when we consider the
second nearest-neighbour interaction, is that we can
obtain more accurate numerical solutions and stabil-
ity of breathers. In a 2D model, the second nearest-
neighbour interaction is too strong to be ignored, so

it is necessary to consider this interaction.
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3.3. The discrete gap breathers in a 2D 3-FPU diatomic face-centered square lattice

For wg = k = v = a = 0, the model is of a 2D -FPU diatomic face-centered square lattice. By taking
into account the interaction between the lattice and its nearest-neighbors, the Hamiltonian of the 2D -FPU
face-centered square lattice is given by

-2 -2
Udp—12n—1  Uom2 1 1
H = E mQMln + 2?\14; + 50 (U2m,2n — u2m—1,2n—1)2 + 50 (U2m+41,2n41 — Uzm,2n)2

m,n

1 1
+ §ﬂ (u27n,2n - u2m—1,2n—1)4 + 56 (u27n+1,2n+1 - u2m,2n)4 ) (31)

where M; and My are the masses of the heavy and light atoms, u2y,—1,2n—1 and g, 2, are the displacements of
the heavy and light atoms in the (m,n)-th cell of the lattice from their equilibriums, C' and 3 are the linear and
nonlinear coupling parameters, respectively. The nonlinear vibration equations for this system are obtained as
follows:
Myiigm—12n-1 = C (U2m,2n + U2m—22n—2 + Uzm—2,2n + U2m 2n—2 — 4U2m—1,2n—1)
3 3 3
+ 5 [(UQmpn — Uom—12n-1)" — (U2m—1,2n—1 — U2m—22n—2)" + (U2m 2n—2 — U2m—1,2n—1)
3
- (U2m—1,2n—1 - U2m—2,2n) ] , (32)
Moiiom 2n = C (U2m+1,2n41 + U2m—1,2n—1 F U2m—1,2n+1 + U2m+1,2n—1 — 4U2m. 2n)

+ ﬂ |:(u2m+1,2n+1 - u27n,2n)3 - (u2’m,2n - u2m—1,2n—1)3 + (U2m+1,2n—1 - UZm,Qn)?’
- (u2m,2n - u2m71,2n+1)31| . (33)

The linear dispersive relation of the phonon of the lattice is as follows:

9 C
w? =
My M,

{(M1 + Mp) £ /M2 + M + 2M1 M cos 4qao] , (34)

where the sign “~” (“+”) stands for the acoustic (optical) phonon band.
We define the edges of these bands by wy, ws, ws and wy, thus we have

2C s
wlzoa (q—>0)a Wz = Ma (q_:l: )a

2C T 2C
w3:\/ﬁ27 (qi%>, Wy = o (g —0), (35)

where p = My Ms/(My + M) and M; > Ms. The acoustic band has the frequencies lying between wq and wo,
and the optical one has the frequencies lying between w3 and wy. We call wy and ws the lower and the upper
edges of the phonon band gap, respectively.

In the above analysis, we only consider the nearest-neighbour interactions. In the 2D system, the second
nearest-neighbour interaction is also important for the stability of system. In the following, we analyse the
stability of the 2D DGBs by considering the nearest-neighbour and the second nearest-neighbour interactions.
The nonlinear vibration equation for this system is obtained as follows:

My tigm—1,2n—1
= C (uam,2n + U2m—2,2n—2 + U2m—2,2n + U2m,2n—2 — 4U2m—1,2n—1)
+ C (U2m—1,2n+1 + U2m—1,2n-3 + U2m+1,2n—1 + U2m—3,2n—1 — 4U2m—12n—1)
+ 5 [(u2m,2n - u2m—1,2n—1)3 - (U2m—1,2n—1 - U2m—2,2n—2)3 + (U2m,2n—2 - U2m—1,2n—1)3

- (U2m—1,2n—1 - u2m—2,2n)3:| + 5 |:(u2m—1,2n+1 - U2m—1,2n—1)3 - (U2m—1,2n—1 - u2m—1,2n—3)3

+ (u2m+12n-1 — u2m71,2n71)3 — (U2m—1,2n—1 — u2m73,2n71)3 ) (36)
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Ml’uQm,Zn
= C (U2m—+1,2n41 + U2m—1,2n—1 + U2m—1,2n+1 + U2m+1,2n—1 — 4U2m 2n)
+ C (u2m,2n+2 + U2m 2n—2 + U2m—2,2n + Uam—2,2n — U2m.2n)

+0 [(U2m+1,2n+1 — U2m,2n)3 — (U2m,2n — u2m71,2n71)3 + (U2m+1,2n—-1 — u2m,2n)3
- (u2m,2n - U2m—1,2n+1)3] + ﬂ [(u2m,2n+2 - Uzm,Qn)S - (u2m,2n - U2m,2n—2)3
+ (u2m—+2,2n — U2m,2n)3 — (ugm,2n — u2m72,2n)3 ) (37)

In numerical calculation, a necessary condition for the breathers to exist is to avoid resonances with the
phonons, i.e. the breather frequency and all its higher harmonics should be outside the phonon bands. The
frequency, however, can lie inside the gap or above the optical band. Here, we only focus on the case that it
lies inside the gap. For this, we introduce the LAA and RWA, and still assume the 2D DGBs to be of the types
given in Eq.(24).

Substituting Eq.(24) into Eqgs.(36) and (37) separately yields

2
w 1
0 0 0 0 0
( 2) U’Zm 1,2n—1 + 35 2 (u2m,2n + u2m72,2n72 + u2m72,2n + u2m,2n72 - 2u2m71,2n71)

w2
1
0 0 0 0 0
+ B <u2m71,2n+1 T U —1,2n—3 T Udmt1.2n—1 T U2n—3.2n—1 — 2u2m71,2n71)
B 0 0 3 0 0 3 0 0 3
+ 1 |:(u2m,2n - u2m71,2n71) - (u2m71,2n71 - u2m72,2n72) + (u2m,2n72 - u2m71,2n71)
0 3 p 0 0 3 0 0 3
(“2m 1,2n—1 u2m72,2n) } + ic [(u2m71,2n+1 - u2m71,2n71) - (u2m71,2n71 - u2m71,2n73)
+ (ud 5 )= (u8 —uf )’ =0 (38)
Udm+1,2n—1 — UY2m—1,2n—1 Ugm—1,2n—1 — U2m—3,2n—1 =Y,
2
w 1
0 0 0 0 0
<w2 > ud, on T+ By (u2m+1,2n+1 + U 1,9n—1 T U2m—1,2n4+1 T U2m41,2n—1 — 2u2m,2n)
3
1 0
+ B (u2m ont2 T Uzm on_2 T U o on T U2m+2 on 2u2m,2n)
B 0 0 3 0 0 3 0 0 3
+ 1 |:(u2m+1,2n+1 - Uzm,Qn) - (u2m,2n - U2m—1,2n—1) + (u2m+1,2n—1 - U2m,2n)
0 0 3 B 0 0 3 0 0 3
- (uzm,2n - Uzm—1,2n+1) } + i [(UQm,2n+2 - U2m,2n) - (UQm,zn - u2m,2n—2)
0 0 3 0 0 3| _
+ (u2m+2,2n - u2m,2n) - (Uzm,zn - u2m72,2n) ] =0. (39)

Applying the same numerical methods to the 2D KG model, we find that in a 2D FPU model there are also
six kinds of DGBs, as in the 2D KG model. The different system parameters have different effects on the 2D
DGBs. In the following, we will analyse the different effects on the DGBs by numerical calculation.

I) The effect of different mass ratios on the stability of DGBs (HS)

15 0

Fig.8. The graphical representation of the effect of different mass ratios on the stability of DGBs, (a) M1 /M2 = 2;
(b) My /M2 = 16.
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From the numerical results of Fig.8, we obtain that the 2D DGBs profiles are related closely to the mass
ratio, i.e., the larger the mass ratio, the better the localization of the 2D DGBs profiles. This is because the
interaction of the neaest-neighbouring atoms in the 2D diatomic FPU models becomes weaker when the mass
ratio increases.

IT) The effect of the hard coupling potential or soft coupling potential on the stability of DGBs (HS)

0.03
0.02
3
N 0.01
0
—0.01
0 L
15
B . 15
10 \\///(5 10
15 0
m n

Fig.9. The graphical representation of the profiles of the effect of different nonlinear coupling potentials. (a)
Hard coupling potential with C' = 0.05, 8 = 0.025, mass ratio M; /M = 16, and breather frequency w = 1.1. (b)
Soft coupling potential with C' = 0.05, 3 = —0.025, mass ratio M1/Ms = 16, and breather frequency w = 1.1.

In a 2D FPU model, there is no on-site potential. The nonlinear coupling parameter 5 > 0 is the hard
coupling potential, and otherwise 8 < 0 is the soft coupling potential. We have also investigated the relation
between the coupling potential and stability. The numerical results of Fig.9 show that for the hard coupling
potential, the localisation of the 2D DGBs profiles is better than that for the soft coupling potential.

III) The localisation of DGBs (HS) with increasing quartic nonlinear coupling parameter

From the numerical results of Fig.10, we obtain that the 2D DGBs profiles are related closely to the quartic
nonlinear coupling parameter: the larger the nonlinear coupling parameters, the larger the amplitude of the 2D
DGBs.

Fig.10. The graphical illustration of the localization of DGBs with increasing nonlinear coupling potential; (a)
the small quartic nonlinear coupling potential with 3 = 0.005 (b) the large quartic nonlinear coupling potential
with 8 =0.1.

3.4. The stability of DGBs in two-dimensional 3-FPU diatomic face-centered square
lattice

Next, we discuss the stability of these solutions. According to Aubry’s theory, if we introduce the vari-
able transformations ugm—1,2n—1(t) — Uam—1,2n-1(t) + €2m—1,2n—1(t) and uom 2n(t) — vam,2n(t) + 2m,2n(t),
equations (36) and (37) become, respectively,

Miéom—1,2n—1



No. 10

Discrete gap breathers in a two-dimensional diatomic face-centered square lattice 4405

= Cleam2an + €2m-22n—2 + €2m—22n + €2m.2n—2 — 4€2m—1,2n—1)

+C(E2m—1,2n+1 + €2m—1,2n—3 + €2m+1,2n—1 + E2m—3,2n—1 — 4€2m—1,2n—1)

+ B[(u2m,2n — u2m71,2n71)2(52m,2n — €9m—1,2n—1) + (U2m—1,2n-1 — u2m72,2n72)2(52m71,2n71 — €om—2,2n—-2)

2
+ (U2m,2n—2 — U2m—1,2n—1)"(€2m,2n—2 — €2m—1,2n—1) + (U2m—1,2n—1 — U2m—2,2n)

2(€2m—1,2n—1 - €2m—2,2n)]

+ ﬁ[(u2m71,2n+1 - u2m71,2n71)2(52m71,2n+1 - 52m71,2n71) - (u2m71,2n71 - U2m71,2n73)2

X (€2m—1,2n—1 - €2m—1,2n—3) + (U2m+1,2n—1 - u2m—1,2n—1)2(€2m+1,2n—1 - €2m—1,2n—1)

— (U2m—-1,2n-1 — Y2m—32n—1)*(E2m—1,2n-1 — E2m—-3.2n-1)], (40)

M2é2m,2n

= C(e2m+1,2n+1 + €2m—1.2n-1 + €2m—12n+1 + €2m+1,2n—1 — 4€2m,2n)

+ C(e2m,2n+2 + €2m.2n—2 + €2m—2.2n + E2m+2,2n — 4€2m 2n)

+ Bl(u2m41,2n41 — Uzm,2n)2(52m+1,2n+1 — €am,2n) + (U2m,2n — u2m71,2n71)2(52m,2n — €om—1,2n-1)

+ (U2mt1,2n-1 — Uzm,zn)2(€2m+1,2n—1 — €9m,2n) + (U2m,2n — U2m—1,2n+1)2(€2m,2n — €9m—1,2n+1)]

+ ﬁ[(’U/Qm,QnJrQ - u2m,2n)2<52m,2n+2 - 52m,2n) - (u2m,2n - u2m,2n72)2(52m,2n - <<52771,27172)

+ (U2m+2,2n - U2m,2n)2(€2m+2,2n - €2m,2n) - (Uzm,zn - Uzm—z,zn)2(€2m,2n - €2m—2,2n)]7 (41)

where €2/,—1,2n—1 and o 25, Tepresent the small per-
turbation in the solution of the dynamical equations.
If no solutions of Eqgs.(40) and (41) diverge exponen-
tially for a very long time, the solutions of Eqs.(36)
and (37) are said to be linearly stable. This prop-
erty does not imply that a perturbation in the initial
conditions will remain small for all time for the real
nonlinear dynamical system (31). However, this linear
stability implies that disturbance will not grow expo-
nentially with increasing time. Such trajectories have
physically a significantly longer life-time than those
linearly unstable.

According to Aubry’s theory,!” the linear stabil-
ity of the breather solution depends on whether the
eigenvalues of the Floquet matrix equal 1, or a small
perturbation of the solution will not grow exponen-
tially with increasing time. Since the Floquet matrix
is symplectic, a breather is stable only if all the eigen-
values of the Floquet matrix lie in the unit circle. The
Floquet stability analysis of all these patterns showed
that only HA mode is unstable for all the gap frequen-
This instability comes from the fact that HA
mode is a multi-breather, centered at a heavy atom at

cies.

rest, with its nearest-neighbour light atoms oscillat-
ing out of phase. In physics terms, the heavy atoms
strongly perturb the motion of the light atoms which
are easily drawn into the oscillating motion. We also
investigated the relation between the mass ratio and
stability; the results show that the stability of HS and
LS patterns will become worse when the mass ratio

decreases. This instability comes from the fact that
the light atoms of these modes are perturbed more so
than the motion of the heavy atoms, while the mass
ratio between the heavy atom and the light atom de-
creases. However, the changing of the mass ratio does
not strongly affect the stability of HMS, HA, LMS
and LA patterns; the reason may be that the centered
atoms of these modes are at rest, and the directions
that the nearest-neighbouring atoms act on the cen-
tered atoms are opposite to each other.

4. Conclusions

In this paper, we have studied a general 2D di-
atomic face-centered square lattice with on-site and
coupling potentials separately. The model covers a lot
of 2D diatomic systems, so this model can be trans-
formed into the 2D diatomic KG and the 2D diatomic
FPU systems, or other systems. In the harmonic ap-
proximation, we discussed the linear dispersive rela-
tion of the phonon of the 2D diatomic KG and 2D
diatomic FPU lattices.
discussed the different system parameters that have
different effects on the localization of the 2D DGBs.
After that, we investigated the possibility of the exis-
tence and stability of the 2D DGBs in a 2D diatomic
face-centered square lattice. We proved their exis-
tence by using RWA, LAA and the numerical method,
and obtained six types of 2D DGBEs, i.e., symmetric,

At the same time, we also
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mirror-symmetric and asymmetric, no matter whether
the center of the breather lies on a light or a heavy
atom. In the 2D KG diatomic face-centered square lat-
tice, by using Aubry’s band analysis, we gave the con-
ditions of the stabilities of the DGBs in the systems,
i.e. the systems with soft on-site potential. There are
no stable DGBs if the coupling between particles is
attractive, but for a repulsive coupling the stability
is ensured for fairly high values of the linear coupling
parameter C. The conclusions are consistent with the
result obtained by numerical calculation as shown in
Fig.6. In the 2D B-FPU diatomic face-centered square
lattice, according to Aubry’s theory, only HA mode is
unstable for all the gap frequencies. We also inves-
tigated the relation between the mass ratio and sta-
bility, the results show that the stability of HS and

LS patterns will become worse when the mass ratio
decreases. This instability comes from the fact that
the light atoms of these modes are perturbed more
strongly than the motion of the heavy atoms, while
the mass ratio between the heavy atom and the light
atom decreases. In this article by discussing the DGBs
in 1D and 2D systems, we attained the difference be-
tween them. The main difference is that there are
four types of DGBs (HS, LS, HA, LA) in 1D diatomic
chain. However, there are six types of DGBs (HS,
HMS, HA, LS, LMS, LA) in 2D diatomic lattice. The
same characteristics are shown in both the systems
that the larger the mass ratio, the better the localiza-
tion of the DGBs profiles; and the larger the nonlinear
parameters, the larger the amplitudes of the DGBs.
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