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We study the propagation of (1+1)-dimensional spatial soliton in a nonlocal Kerr-type medium with weak non-

locality. First, we show that an equation for describing the soliton propagation in weak nonlocality is a nonlinear

Schrödinger equation with perturbation terms. Then, an approximate analytical solution of the equation is found by

the perturbation method. We also find some interesting properties of the intensity profiles of the soliton.
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1. Introduction

Spatial optical solitons, which are self-trapped op-
tical beams, propagate without change through a non-
linear medium when the diffraction associated with
a finite size of the wave is balanced by the self-
focusing induced by the nonlinearity. The propa-
gation of the nonlocal optical spatial solitons is de-
scribed by the nonlocal nonlinear Schrödinger equa-
tion (NNLSE),[1−3] where the nonlinear term repre-
sents a nonlocal form with a symmetric and real-
valued response kernel. Based on the degree of the
nonlocality which is determined by the relative width
of the response kernel and the optical beam, there
are four kinds of nonlocality:[3,4] local, weakly non-
local, general nonlocal and strongly nonlocal. In the
present paper, we define the degree of nonlocality as
α = wm/w, where w is the beam width of the light
beam and wm is the characteristic length of the re-
sponse function. The smaller the value of α is, the
weaker the degree of nonlocality will be. For the
weakly nonlocal case in the present paper α < 0.1
holds true.

In 1997, Snyder and Mitchell[1] simplified the
NNLSE into a linear model, and they obtained an
exact Gaussian-shaped stationary solution named an
accessible soliton. Since then, the investigation of the
spatial soliton propagation in nonlocal nonlinear me-
dia has become very popular theoretically[3−14] and

experimentally[15−21] for their rich phenomena and
potential applications in communication and signal
processing. Several review papers on the develop-
ment of the nonlocal spatial solitons have been pre-
sented. It is shown theoretically that stable spatial
bright (dark) soliton states can exist in self-focused
(self-defocused) weakly nonlocal media[5] and Gauss-
function-like bright soliton states can exist in self-
focused strongly nonlocal media.[1,12] Furthermore,
Granot et al [6] have also thrashed out the sub-wave-
length nonlocal spatial solitons. “Exact solutions”
of solitons in weakly nonlocal nonlinear media were
given by Królikowski and Bang[7] and they anal-
ysed the modulation instabilities[3,8] and the proper-
ties of soliton stabilization with arbitrary degree of
nonlocality.[4] According to the analogy between para-
metric interaction and nonlocality, the quadratic soli-
ton is shown to be equivalent to the soliton in nonlo-
cal Kerr-type media.[9] For the local case, an NNLSE
can be degenerated into a nonlinear Schrödinger
equation,[3] and the profiles of these solitons turn out
to be the hyperbolic secant functions.[22,23]

Praiseworthily, the investigations of the soliton in
the weakly nonlocal Kerr-type media have been car-
ried out ceaselessly. The main purpose of the present
article is to search for the soliton solution by the per-
turbation method[24,25] in a weakly nonlocal Kerr-type
medium. In Section 2, we show that the equation for
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describing the soliton propagation in weakly nonlocal
medium is the nonlinear Schrödinger equation with
perturbation terms. By employing the perturbative
analysis method, we find an approximate analytical
solution of the relevant equation in Section 3. And
then, we make a comparison between the numerical
simulations and the analytical results in Section 4. We
also find an interesting phenomenon that the move-
ment of the intensity profile which has a Gaussian-
type response function cannot change so obviously
along with the increase of the weak nonlocality. Fi-
nally, we draw some conclusions from our study in
Section 5.

2. Nonlocal nonlinear Schrödinger

equation and its normalization

Now we consider the propagation of an opti-
cal beam in a nonlocal Kerr-type medium by a
NNLSE,[1−3] which reads in the (1+1)-dimensional
[(1+1)-D] case

i
∂ψ

∂z
+

1
2k

∂2ψ

∂x2
+kηψ

∫
R(x−x′)I(x′, z)dx′ = 0, (1)

where x is the transverse coordinate, z is the propa-
gation coordinate, ψ(x, z) is the paraxial beam, k =
ωn0/c with n0 being the linear refractive index of the
material, w and wm are the beam width and the width
of the response function, η is the material constant
(η>0 and η<0 correspond to the focusing and defo-
cusing material respectively), I(x, z) = |ψ(x, z)|2, and
R is a symmetrical real non-linear spatial response of
the medium, with

∫
R(x)dx=1.

In the present paper, we discuss only the focusing
case, so the refractive index change ∆n induced by a
beam with intensity I(x, z) can be written in a general
form as

∆n(I) =
∫

R(x− x′)I(x′, z)dx′. (2)

In the case where the nonlocality is weak, the
characteristic length of the response function R(x) is
narrow compared to the width of the beam, then the
intensity I(x, z) can be expanded by means of Taylor’s
expansion. Here, we expand I(x′, z) around the point
x′ = x to the fourth order and obtain

∆n(I) = I + γ1
∂2I

∂x2
+ γ2

∂4I

∂x4
+ . . . , (3)

where the nonlocality parameters γ1, γ2 > 0 and are
given by

γ1 =
∫

1
2
R(x)x2dx, γ2 =

∫
1
24

R(x)x4dx. (4)

As will be shown below, γ2∂
4I/∂x4 is the fourth-

order quantification which is much smaller than the
term γ1∂

2I/∂x2 in the weakly nonlocal case. It in-
dicates that the effect of γ2∂

4I/∂x4 on the soliton is
considerably small in comparison with the effect of
γ1∂

2I/∂x2 in the case of weak nonlocality. The same
result can also be obtained, i.e. the sixth-order term
and other higher order terms acting on the soliton
are far smaller than the effects of the two lower order
terms. So in the following discussion, we neglect the
higher order terms and adopt

∆n(I) = I + γ1
∂2I

∂x2
+ γ2

∂4I

∂x4
. (5)

Substituting expressions (4) and (5) into Eq.(1)
yields

i
∂ψ

∂z
+

1
2k

∂2ψ

∂x2
+kηψ

(
|ψ|2+γ1

∂2|ψ|2
∂x2

+γ2
∂4|ψ|2
∂x4

)
= 0.

(6)
Taking the normalized transform,

τ =
x

w0
, ξ =

z

w2
0k

, and Ψ = w0η
1/2ψ, (7)

where w0 is the initial beam width and by inserting
expression (7) into Eq.(6), we can obtain

i
∂Ψ
∂ξ

+
1
2

∂2Ψ
∂τ2

+ Ψ
(
|Ψ |2 +

γ1

w2
0

∂2|Ψ |2
∂τ2

+
γ2

w4
0

∂4|Ψ |2
∂τ4

)
= 0,

(8)

where

γ1

w2
0

=

1
2

∫
R(x)x2dx

w2
0

=
1
2

w2
m

w2
0

, (9)

γ2

w4
0

=

1
24

∫
R(x)x4dx

w4
0

=
〈x4〉
24w4

0

. (10)

Here, we introduce the kurtosis parameter to sim-
plify expression (10). In one transversal dimension,
i.e. in the x-direction, the kurtosis parameter can be
expressed as[26]

K =
〈x4〉

(〈x2〉)2 , (11)

where 〈x4〉 and 〈x2〉 are the fourth and second inten-
sity moments, respectively. Substituting expression
(11) and the definitions of the fourth and second in-
tensity moments into expression (10) yields

γ2

w4
0

=
K(〈x2〉)2

24w4
0

=
Kw4

m

24w4
0

. (12)
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K is a number that transforms along propagation co-
ordinate z. For the Gaussian beam of light, K = 3.
When K > 3, is in contrast to the Gaussian beam,
the section of light becomes abrupt. When K < 3,
the section of light becomes smoother than the Gaus-
sian beam. In the weakly nonlocal case, the degree of
nonlocality should be less than 0.1, so w2

m ¿ w2
0 and

w4
m ¿ w4

0. We introduce

µ1 =
γ1

w2
0

, µ2 =
γ2

w4
0

, (13)

from the forenamed argumentation, we make certain
that µ1 and µ2 are both small in value (less than 0.01).
They are the necessary conditions required for the per-
turbative analysis method, then equation (8) can be
written as

i
∂Ψ
∂ξ

+
1
2

∂2Ψ
∂τ2

+ Ψ |Ψ |2

= −
(

µ1
∂2|Ψ |2
∂τ2

+ µ2
∂4|Ψ |2
∂τ4

)
Ψ . (14)

From the discussion above, we know that the
terms on the right-hand side of the above equation
can be seen as perturbation. Thus the equation for
describing the soliton propagation in a weakly non-
local medium can be seen as a nonlocal nonlinear
Schrödinger equation with perturbation terms.

3. Perturbative method and solu-

tion

Consider the following perturbed NNLSE equa-
tion:

i
∂Ψ
∂ξ

+
1
2

∂2Ψ
∂τ2

+ Ψ |Ψ |2 = i ε(Ψ), (15)

where ε(Ψ) is a small perturbation that depends on
Ψ , Ψ∗ and their derivatives.[25] From the discussion
above, we make sure that the perturbation method
can be used to find the analytical solution of the soli-
ton.

First, introduce

ε = i
(

µ1
∂2|Ψ |2
∂τ2

+ µ2
∂4|Ψ |2
∂τ4

)
Ψ . (16)

Since µ1 and µ2 are very small in value, the term
of ε can be viewed as a small perturbation. Thus
equation (14) can be written as

i
∂Ψ
∂ξ

+
1
2

∂2Ψ
∂τ2

+ Ψ |Ψ |2 = i ε. (17)

The perturbation technique attempts to obtain
a set of four ordinary differential equations for four

soliton parameters.[25] The solution of the perturbed
NNLSE equation can be written as

Ψ(ξ, τ) = η(ξ) sech[η(ξ)(τ − q(ξ))] exp[iφ(ξ)− i δ(ξ)τ ],
(18)

where the profile η = η(ξ) is real and symmetric, ξ

is the propagation coordinate, τ is transverse coor-
dinate, η, q, φ and δ represent amplitude, excursion
of the beam to propagation coordinate, soliton phase
and deflexion, respectively.

Substitute ε(Ψ) into the following ordinary dif-
ferential equations:[24,25]

dη

dξ
= Re

∫
ε(Ψ)Ψ∗(τ)dτ

= Re
∫

[2 i η6(−2 + cosh[2η(−q + τ)])

× sech[η(−q + τ)]6µ1 + 66 i η8 sech[η(−q + τ)]8µ2

− 52 i η8 cosh[2η(−q + τ)] sech[η(−q + τ)]8µ2

+ 2 i η8 cosh[4η(−q + τ)] sech[η(−q + τ)]8µ2]dτ,

(19)

dδ

dξ
= −Im

∫
ε(Ψ) tanh[η(τ − q)]Ψ∗(τ)dτ

= −Im
∫

[2 i η6(−2 + cosh[2η(−q + τ)])

× sech[η(−q + τ)]6µ1 tanh[η(−q + τ)]

+ i η8 sech[η(−q + τ)]9(92 sinh[η(−q + τ)]

− 27 sinh[3η(−q + τ)] + sinh[5η(−q + τ)])µ2]dτ,

(20)

dq

dξ
= −δ +

1
η2

Re
∫

ε(Ψ)(τ − q)Ψ∗(τ)dτ

= −δ +
1
η2

Re
∫

[2 i η6(−q + τ)

× (−2 + cosh[2η(−q + τ)]) sech[η(−q + τ)]6µ1

− 2 i η8(−q + τ)(33− 26 cosh[2η(−q + τ)]

+ cosh[4η(−q + τ)]) sech[η(−q + τ)]8µ2]dτ,

(21)

dφ

dξ
= Im

∫
ε(Ψ)[η−1 − (τ − q) tanh[η(τ − q)]]

×Ψ∗(τ)dτ +
1
2
(η2 − δ2) + q

dq

dξ

=
1
η
Im

∫
ε(Ψ)Ψ∗dτ

− Im
∫

ε(Ψ)τ tanh[η(τ − q)]Ψ∗dτ

+ q Im
∫

ε(Ψ) tanh[η(τ − q)]Ψ∗dτ

+
1
2
(η2 − δ2) + q

dq

dξ
. (22)
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Finally, the different equations for the parameters can
be obtained as

dη

dξ
=

16
15

Im
(

µ1ηξ5+
64
21

η7µ2

)
= 0 ⇒ η = η(0), (23)

dδ

dξ
= 0 ⇒ δ = δ(0) = 0, (24)

dq

dξ
= −δ +

1
η2

Re
(

16
3 i η5τ − 96

15
i5ητµ1

)

⇒ q = −δ = 0, (25)

dφ

dξ
=

1
2
η2 − 4

3
η4µ1 +

16
3

η6µ2

⇒ φ =
(

1
2
η2 − 4

3
η4µ1 +

16
3

η6µ2

)
ξ, (26)

where η(0) = η, q(0) = 0, φ(0) = 0, and δ(0) = 0.

From the results, we discover that only soliton phase
φ is affected by the perturbation ξ. The expression is
given as

φ =
(

1
2
η2 − 4

3
η4µ1 +

16
3

η6µ2

)
ξ. (27)

With the parameters obtained above, we obtain
the approximate analytical soliton solution in a weakly
nonlocal nonlinear Kerr-type medium as

Ψ = η sech(ητ) exp
[

i
(

1
2
η2 − 4

3
η4µ1 +

16
3

η6µ2

)
ξ

]
.

(28)
Meanwhile, we also find that the normalized am-

plitude is a constant which does not vary with the
weak nonlocality degree.

4. Comparison between analyti-

cal results and simulation re-

sults

To verify our analytical solutions, we employ
the split-step Fourier method (SSFM).[25] We take
NNLSE (1) as the evolution equation with the initial
conditions ψ(x, 0) to numerically simulate the propa-
gation of an optical beam in a nonlocal medium whose
response function is of the Gaussian-type.

As clearly depicted in Fig.1, when the nonlocal
degree is equal to 0.1, we have almost the local case.
It can be explained as that in the weakly nonlocal
case, the evolution property of the soliton is similar
to that of the local soliton. So it is reasonable that

the equation for describing the soliton propagation in
weak nonlocality can be expressed by the nonlinear
Schrödinger equation with perturbation terms.

Fig.1. Profiles of the normalized intensity profiles for (1+1)-

D soliton. The solid curve is for the local case and the circle

curve is for the case where nonlocality is equal to 0.1.

Figure 2 shows a comparison between the cases
with two different values of the nonlocality degree α.

Fig.2. Profiles of the normalized intensity profiles for different

values of degree of nonlocality α of (1+1)-D soliton: α=0.25

(solid curve) and 0.1 (circle curve) on the assumption that the

response of the material is of the Gaussian-type.

Fig.3. Comparison between analytical phase (circle curve)

and exact numerical phase (solid curve) for (1+1)-D beam

propagation with Gaussian-shaped response function when

the nonlocality is 0.1.
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Evidently, from the figures above, we know that
the soliton width turns to expand along with the in-
crease of the nonlocality degree. That means that
the weak nonlocality smooths out the refractive index
profile thereby leading to the broadening of the beam.
Furthermore, the numerical simulations for the cases
where α = 0.25 and α > 0.25 reveal that the profiles
are too close to distinguish them.

Figures 3 and 4 show a comparison of phase evolu-
tion between analytical solution and exact numerical
solution in different weakly nonlocal cases.

Fig.4. Comparison of analytical phase (circle curve) with

exact numerical phase (solid curve) for (1+1)-D beam propa-

gation with Gaussian-shaped response function when the non-

locality is 0.25.

As mentioned above, we arrive at the conclusion
that our analytical results are consistent with our sim-
ulations. Thus, our method is correct and successful
to achieve the (1+1)-D soliton solution in a weakly
nonlocal nonlinear Kerr-type medium.

5. Conclusion

Based on the perturbation method, we find an
approximate analytical solution of the NNLSE in a
weakly nonlocal Kerr-type medium. Starting from the
governing NNLSE, through the normalized transfor-
mation, we find that the equation for describing the
soliton propagation in a weak nonlocality can be writ-
ten as the nonlinear Schrödinger equation with per-
turbation terms. Then, we obtain the approximate
analytical solutions, which are confirmed by the nu-
merical simulations. Our analysis develops the under-
standing of the beam propagation in a weakly nonlocal
nonlinear Kerr-type medium, that is, we can use the
perturbation method to find the soliton solution. Fur-
thermore, the movement of the intensity profile and
the phase variation of the soliton solution can enhance
the vision to us. The soliton properties are still worthy
of studying in future research.
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