Vol 18 No 10, October 2009
1674-1056/2009/18(10)/4217—05

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

Improving consensual performance of multi-agent
systems in weighted scale-free networks*

Qi Wei(£8 15)1, Xu Xin-Jian(¥VFHia)», and Wang Ying-Hai(7E Wiff)»)t

a) Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China

b) Department of Mathematics, Shanghai University, Shanghai 200444, China

(Received 23 March 2009; revised manuscript received 6 July 2009)

This paper studies consensus problems in weighted scale-free networks of asymmetrically coupled dynamical units,

where the asymmetry in a given link is determined by the relative degree of the involved nodes. It shows that the

asymmetry of interactions has a great effect on the consensus. Especially, when the interactions are dominant from

higher- to lower-degree nodes, both the convergence speed and the robustness to communication delay are enhanced.
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1. Introduction

Consensus is a fundamental problem for the dis-
tributed coordination of multi-agent systems in net-
works. It has received much attention from vari-
ous fields of science and engineering. This is partly
due to technological advances in communication, com-
putation, and important practical applications, such
as unmanned vehicles, automated highway systems,
mini-satellites, and so on. Consensus problems make
sense in the context of distributed systems and have
a long history in the field of computer science.[!l The
formal study of consensus problems in groups of ex-
perts originated in management science and statistics
in the 1960s.[2! About two decades later, de Groot ap-
plied the ideas of the statistical consensus theory in
the aggregation of information with uncertainty ob-
tained by multiple sensors!®/ and medical experts.!*!
In networked multi-agent systems, consensus means
reaching an agreement regarding a certain quantity
of interest that depends on the state of all agents.
A consensus algorithm (or protocol) is an interaction
rule that specifies the information exchange between
an agent and all of its neighbors.’’ The main rele-
vant problem about consensus of agents is concerned
with the synchronization of coupled oscillators, flock-
ing and swarming, formation control, and the ren-

dezvous problem, etc.[6-17]

The implementation of consensus for a multi-
agent system strongly depends on the topology of the
communication network established among agents. In
Ref.[18], Olfati-Saber and Murray provided a feasible
range of sampling rates leading to consensus in the
case of discrete-time dynamic networks. In this way,
the theoretical foundations of general consensus prob-
lems were established. To improve the speed of con-
vergence towards consensus, they further proposed a
method based on the addition of a few long links to a
regular lattice, thus transforming it into a small-world
network.[% Tn Ref.[20], Xiao and Boyd transformed
the fastest distributed linear averaging problem into
a convex optimization problem by considering a par-
ticular per-step convergence optimization index. In
addition, they proved that, when the network topol-
ogy is symmetric, the problem of finding the fastest
converging linear iteration can be cast as a semidefi-
nite programming problem, and thus can be efficiently
and globally solved. In Ref.[21], consensus problems in
a heterogeneous influence network were investigated.
It showed that, by decreasing the scaling exponent in
the associated power-law distribution, the ability of
the network to reach the direction consensus among
its agents is significantly enhanced due to the leading
roles played by a few hubs of agents.

Apart from the topological issue, it is important
to realize that many complex networks are weighted
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and asymmetric, i.e., the interaction between two
nodes is characterized not only by the existence of
a link but a link with a varying weight assigned to it.
In this paper, we investigate the collective behavior
of multi-agent systems in an asymmetrically weighted
scale-free network. The aim of the work is to investi-
gate the ability of the network to achieve global con-
sensus among agents in terms of the asymmetric cou-
pling influence of the network. We find that the con-
sensual performance, such as the convergence speed
and the robustness to communication delay, is signif-
icantly improved when the direction of the dominant
coupling is from higher- to lower-degree nodes.

The rest of this paper is organized as follows. In
Section 2, we define consensus problems on networks
and present the linear protocol. In Section 3, we intro-
duce the asymmetrically weighted scale-free network
model and analyse consensus in this network numeri-
cally. Finally, we give concluding remarks in Section
4.

2. Formulation of consensus

problem

For a networked system under consideration
which consists of IV agents, each agent is regarding
as a node in a directed network G and each edge
(vi,v;) € €(G) corresponds to an available informa-
tion link from agent i to agent j at time t. Moreover,
each agent updates its current state, based upon the
information received from its neighbors.

The information states with agent dynamics are
given by

T;=wu; t=1,2,... N, (1)
where x; € R"™ denotes the information state of the
i-th agent and u; € R™ is the input control. For sim-

plicity, we consider the linear dynamic system')

wi= Y ai(z;(t) —zi(t), zi(0)€R, (2)

JEN;

where a;; is the (i, j) entry of the adjacency matrix of
the associated communication at time ¢, and N; repre-
sents the set of agents whose information is available
from the agent X; at the time ¢. The control u; drives
So the
collective dynamics of the nodes in system (1) can be

x; to the average position of its neighbors.

expressed by
i(t) = —La(t), (3)

, 2, (t)]T denotes the ag-
gregated state vector of the multi-agent system, and
L = [l;;] € RN*Y is the Laplacian matrix of the net-

work. One can say that the nodes in the network have

where © = [21(t), 22(t),. ..

reached a consensus if x; = z; for all 4,5 € X,7 # j.
Whenever the states of a network are all in agreement,
the common value of all nodes is called the group de-
cision value. Based on system (3), one can obtain the
following definitions of the consensual algorithm.[??
Definition 1 The set of agents X is said to be
consensual, if ||z; — x;|| = 0 for each (4,7) : i,j =
1,2,...,N as t > ty. The set of agents X is said
to asymptotically reach global consensus if for any
x;(0)
infinity for each (3, j)

4 =1,2,...,N,||lz; —zj|| — 0 as t tends to
24,5 = 1,2...,N. The set of
agents X' is said to be reachable for global consensus
if there exists an information update strategy (proto-
col) for each z; : i = 1,2,..., N that achieves global
consensus asymptotically for Y.

3. Consensus in asymmetrically

weighted scale-free networks

3.1. Network construction

In this Section, we consider scale-free networks
The
topological information on the graph is contained in

of asymmetrically coupled dynamical systems.

the connection matrix L. Specifically, L = {l;;} is
defined as follows:
— Q5 Wi . .
#’ i# 7,
lij = Zk Qi Wik
1, i =],

(4)

where A = {a;;} is the irreducible adjacency matrix
associated to the network topology, that is, a;; =
aj; = 1 if there is connection between i and j, 0
otherwise. To construct scale-free networks, we use
the Barabasi-Albert (BA) algorithm.l?s) W = {w;;}
is a positive-definite matrix containing the informa-
tion about the weights over the network connections,
with w;; giving a measure of the strength of the inter-
action between nodes 7 and j. In Ref.[24], Hwang et
al suggested a particularly suitable way of choosing
the weights over the network connections, according
to the presence of a given ordering among nodes of
the network. Specifically, the nodes are ordered ac-
cording to a given scalar property, p, in such a way

that one has ¢ < j if p(i) < p(j). Here, we consider

D For more general, one can consider a nonlinear form, u; = > jen; aigF'(z;(t) — xi(t)), x:(0) € R.
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a very natural way of choosing the weights based on
an ordering of degree, i.e., p(i) = k;, where k; is the
degree of node i. Then W = {w;;} is defined by
Qij

==, 5

> ok @ik Qik (5)
where Qij = [(1— )/2[(1+)/2) i ks > ky (k; < k)
and g € (—1,1) is a parameter governing the coupling

wij

asymmetry within the network. Especially, ¢ = 0 cor-
responds to the case of symmetric coupling. The limit
of ¢ — 1 (—1) corresponds to the case of a directed
network which only has connections from high-degree
nodes to low-degree nodes (from low-degree nodes to
high-degree nodes).

3.2. Algorithm

Suppose a network without isolated nodes and
each node’s neighboring set is fixed and is only de-
termined by each node’s initial state x;(0), ¢ =
1,2,... N, then the Laplacian matrix L is a sym-
metric and irreducible constant matrix. In this case,
the set of eigenvalues of L can be ordered sequentially
in an ascending way

0=XA <X <A3<... <Ay <24, (6)

where A is the maximum degree of the network. The
zero eigenvalue is known as the trivial eigenvalue of L.
For a connected graph G, one has Ay > 0. The second
smallest eigenvalue, \s, is called the connectivity of a
graph. Fiedler has proved that Ao is directly related
to the consensual speed of the network.2?! Therefore
it is a measure of the speed of consensual algorithms.

If we consider time delay, the consensual algo-
rithm takes the following form

Fi(t) = Y ag((t —7) — @it — 7)),

JEN;
i=1,2,...,N (7)

with a collective dynamics
z(t) = —Lx(t — 7). (8)

Here we assume that the delay in all links is equal
to 7 (universal delay). The following lemma provides
an upper bound on the delay such that stability of the
network dynamics is maintained in presence of the de-
lay.

Lemma 1 For the networked system (8), a nec-

essary and sufficient condition for stability is given

by!18] i

e 9)

T < Tmax =

Thus A, is a measure of robustness to time delay for
reaching consensus in a network. The smaller the
value of A, is, the longer the delay time 7 the net-
work system can stand.

3.3. Numerical results

The network topology determines the eigenvalue
distribution of its Laplacian matrix, which influences
the performance of the linear consensual protocol and
its robustness to time delay. In the following, we study
these problems by simulations.
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Fig.1. Three state trajectories of the network correspond-
ing to ¢ = —0.5,0, and 0.5, respectively. The network
parameters are N = 1000 and mg = m = 5.

Figure 1 shows the evolution of network states
x;(t) with different values of ¢ for the dynamic sys-
tem (3). In each case, the states x;(t) asymptotically
reach a common value as time ¢ increases. In fact,
given any value of ¢, global consensus can be asymp-
totically achieved. The final consensus value is given
by z* = Ef\il v:7;(0), where v = [y1,...,7v,]T with
v; > 0 being a nonnegative left eigenvector of L asso-
ciated with eigenvalue 0. Notice that v; # 0 if agent
1 has a directed path to all other agents in the infor-
mation exchange, else v; = 0. Based on Ref.[14], the
coefficients -y; satisfy the following linear equations:

YL =0,
N
Zj:l Vi = 1.

The speed of reaching a consensus is the key in the

(10)

design of the network topology as well as analysis of
the performance of a consensual algorithm. Here we
study the speed of convergence of the linear algorithm.
The dis-
agreement of a group of nodes with state x is defined
by18]

The state equation is described by Eq.(3).

o(t) = 2T L. (11)
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The initial states are uniformly distributed random
numbers from the unit interval. In Fig.2 we plot the
disagreement ¢(t) as a function of time ¢ for differ-
ent values of q. Given any value of ¢, there exists
a threshold T.(g) so that complete consensus can be
reached (i.e., ¢(t) < 1079 if ¢ > T,). To understand
the influence of ¢ on the convergence speed, we plot
the threshold T, as a function of ¢ in Fig.3.
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Fig.2. The disagreement ¢(¢) as a function of time ¢ for
different q. The network parameters are the same as those
in Fig.1.
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Fig.3. The convergence time 7T, as a function of ¢ in

weighted scale-free networks. The network parameters are
the same as those in Fig.1.
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Fig.4. Behavior of the second smallest eigenvalue A2 as
a function of q. The network parameters are the same as
those in Fig.1.

Obviously, T, is very sensitive to q¢. As ¢ in-
creases, T, decreases monotonically, indicating that
it is much easier to achieve global consensus in the
network with asymmetric interactions, directed from
high-degree nodes to low-degree ones. In Fig.4 we
present Ay as a function of ¢ to test the validity of the
above claims. The increase of Ay confirms the need
of a dominant interaction from hubs to nonhubs for
improving the consensual speed.

Next we study the robustness of consensus prob-
lems to time delay in the node’s communication. In

Fig.5
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Fig.5. The disagreement ¢(¢) as a function of time ¢ for

q¢=0.5(a), 0 (b) and —0.5 (c). Parameters are N = 1000,

mo =m =5, and 7 = 1.0.
we plot the disagreement ¢(t) as a function of time
t with various ¢q. The dynamical behaviors emerge
differently for different ¢. For ¢ = 0.5, ¢(t) decreases
as t increases. By t > 120, the whole network reaches
For ¢ = 0.0,
synchronous oscillations occur in the network. For

global consensus (i.e., ¢(t) < 1079).

g = —0.5, ¢(t) increases quickly as ¢t increases. When
t tends to infinity, the network not only fails to con-
verge, but also diverges. All these results suggest

that the asymmetric interactions, directed from hubs
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to nonhubs in a heterogeneous network, play a key
role during the evolution of the system. The stronger
the strength of the coupling dominating in the di-

rection from the high-degree nodes to the low-degree
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Fig.6. Behavior of the highest eigenvalue Ay as a func-
tion of q. Parameters are the same as those in Fig.5.

ones is, the longer the delay time 7 the network sys-
tem can stand. Figure 6 shows the behavior of Ay as a
function of q. As ¢q increases, A\ decreases evidently.
According to Lemma 1, we conclude that the network
becomes more robust to time delay.

4. Conclusion

In this paper, we have studied consensus problems
of multi-agent systems in weighted scale-free networks.
Simulation results show that the hub of agents plays a
leading role during achieving global consensus of the
network. When the dominant direction of couplings
is from the hub to the nonhub nodes, both the speed
to reach consensus and robustness to the communica-
tion delay of the network are greatly enhanced. Our
approach may provide new insights in the study of col-
lective communication or coordination in distributed
social networks.
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