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Spin-3/2 Ising model AFM/AFM

two-layer lattice with crystal field∗
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The spin-3/2 Ising model is investigated for the case of antiferromagnetic (AFM/AFM) interactions on the two-

layer Bethe lattice by using the exact recursion relations in the pairwise approach for given coordination numbers q = 3,

4 and 6 when the layers are under the influences of equal external magnetic and equal crystal fields. The ground state

(GS) phase diagrams are obtained on the different planes in detail and then the temperature-dependent phase diagrams

of the system are calculated accordingly. It is observed that the system presents both second- and first-order phase

transitions for all q, therefore, tricritical points. It is also found that the system exhibits double-critical end points and

isolated points. The model also presents two Néel temperatures, TN, and the existence of which leads to the reentrant

behaviour.
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1. Introduction

The ultrathin films, multilayers and superlattices
consist of multiple layers of different magnetic sub-
stances, therefore, there is a high potential for tech-
nological advances in information storage and retrieval
and in synthesis of new magnets for a variety of ap-
plications. These materials exhibit some interesting
novel magnetic properties which include the surface
magnetic anisotropy, enhanced surface magnetic mo-
ment, surface magnetoelastic coupling, giant magne-
toresistance, etc. It is well known that the AFM ma-
terials also play a great role in these phenomena. The
AFM systems differ from the FM ones in many re-
spects, i.e., it tends to have a more delicate balance
between exchange and Zeeman energies as a result of
cancelation of the magnetizations of the two sublat-
tices. In addition to this, crystal fields also play an
important role in these materials. If the crystal field is
strong, the energy difference between the split levels is
large. In that case, it is energetically more favourable
to put as many electrons into the lower energy level
before one starts to fill the higher energy level. Fill-
ing all the orbitals in the lower level means one has
to pair them up (within each orbital) with opposite
spins. The effect of pairing electrons with opposite
spin makes no addition to the total spin. This results

in a low-spin state.
The theoretical approaches in an attempt to sim-

ulate these materials usually involve the lower spin
systems such as spin-1/2 and spin-1. But it is well
known from the single layered lattice studies that the
higher spins, such as spin-3/2, are also very inter-
esting. The spin-3/2 Ising model with only bilinear
and biquadratic exchange interactions was introduced
earlier[1] to explain phase transitions in DyVO4 and its
phase diagram was obtained by the use of the mean-
field approximation (MFA). Another one was later
introduced to study tricritical properties in ternary
fluid mixtures (ethanol-water-carbon-dioxide) which
was also solved in the MFA.[2] Since then the spin-
3/2 models with different structures have been stud-
ied by a great number of exact or approximate tech-
niques, because its critical behaviours are much richer
than the ones with lower spin systems. Therefore, the
models involving spin-3/2 are good candidates for the
technological improvements mentioned above.

Recently, the layered Ising models have been used
to simulate the ultrathin films, superlattices, multilay-
ers, etc. The usual way to start such a study is to use
the lowest spin system, i.e. spin-1/2, which was stud-
ied, for example, by the Monte Carlo (MC) simulation
for an Ising model consisting of two ferromagnetic lay-
ers with different interaction constants coupled weakly
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together,[3] by the corner transfer matrix renormaliza-
tion group method to calculate the critical points and
critical exponents for the two-layer Ising model,[4] by
means of a mean-field theory (MFT), a generalized
MFT, a scaling approach and high-temperature series
expansions[5] and by using the transfer-matrix version
of an MFA for the layered Ising model on the sim-
ple cubic lattice (q = 6).[6] The next spin system is
spin-1 for which the crystal field plays a great role
in the critical behavioirs of the model, while it has
no effect on spin-1/2 systems. Some of studies in-
cluding the study on the spin-1 system may be listed
as follows: The phase diagrams of an FM or a fer-
rimagnetic bilayer system consisting of two magnetic
monolayers with different interaction constants cou-
pled together in a transverse crystal field were studied
by the use of the effective field theory (EFT) with
correlations,[2−7] the complete global phase diagram
was studied by the cluster variational theory within
the pair approximation,[8] the order-disorder layering
transitions of Blume-Capel model were studied using
the MC simulations in the presence of a variable crys-
tal field[9] and so on. Thus, even if the multilayer
structures containing lower spins has attracted a great
deal of attention, the multilayered spin-3/2 systems
have not received enough attention so far. As a re-
sult, we could only report a few studies of spin-3/2 sys-
tem: an Ising model which is equivalent to a two-layer
Ising model was introduced and the nature of phases
was clarified.[10] Using the linked-cluster series expan-
sions, high-temperature series for the free energy, and
the staggered susceptibility of the spin-1 and spin-3/2
Heisenberg antiferromagnetic model on the n-layers
cubic lattice films were derived for n=2–7 layers.[11]

By using a β-function, the critical phenomenon of a
general two-layer Ising model on a square lattice was
investigated.[12] The phase diagram of the bilayer Ising
model on the Bethe lattice was analysed by using the
exact recursion relations in a pairwise approach with-
out and with the crystal field interactions.[13] The pe-
riodical arrangements of one layer with spin-1/2 and
the other layer with spin-3/2 are examined by the use
of the EFT.[14] The transverse crystal field effect of the
mixed spin Ising bilayer system was studied by using
the EFT with a probability distribution technique.[15]

Note also that the multilayer structures, especially the
bilayer ones, have been attracting a great deal of in-
terest in FM/FM, AFM/AFM or FM/AFM type in-
tralayer and either FM or AFM type interlayer inter-
actions. In these studies, it is found that the critical

behaviours of the systems change and become richer
with the increase of spin values, with the change of the
bilinear interactions from FM to AFM case, with the
inclusion of crystal fields, etc. Thus we expect to find
much richer phase diagrams for spin-3/2 AFM/AFM
bilayer with the crystal field. This will be clear when
we compare our findings for spin-1 and spin-3/2 mod-
els at the end of this work.

The exact solutions for the realistic systems on
regular lattices are generally unavailable, thus one has
to rely on the approximation methods to obtain a
qualitative picture for the considered system. Thus, a
two-layer Bethe lattice for an Ising model was stud-
ied by using an iteration technique.[16] The role of the
interlayer coupling between CuO2 planes in bilayer-
group high-Tc superconductors was studied within a
simple randomly decorated bilayer Ising model and a
Bethe-lattice approach.[17] The behaviour of the Ising
thin films through the use of layered Bethe lattices
and Husimi trees was studied.[18] The exact phase di-
agrams of spin-1/2,[19] and spin-1 Ising models on a
two-layer Bethe lattice with[20] and without[21] crys-
tal fields for the case of AFM/AFM interactions were
studied by using a pairwise approach. Meanwhile, a
Bethe lattice is an infinite Cayleytree or a regular tree,
i.e. a connected graph without circuits, and histori-
cally its name originated from the fact that its par-
tition function was exactly that of an Ising model in
the Bethe approximation.[22] In this study the orig-
inal one-layer lattice is replaced with the two-layer
Bethe lattice with the same coordination number q.
It should be mentioned that the one-layer Bethe lat-
tice provides exact solutions, of which the results are
qualitatively better approximate for the regular lat-
tices than those of solutions obtained by the conven-
tional mean-field theories.[23] We should also point out
that the cluster variation method in the pair approx-
imation studies on regular lattices yield results that
are exact for the same model on the Bethe lattice.[24]

Of course, the Bethe lattice considerations also have
some limitations, that is, transition temperature ob-
tained from the model is higher than that for a regular
lattice and the predicted critical exponents are not re-
liable, see Ref.[16] where some more discussions about
the Bethe lattices are also given.

In the present work, we analyse a two-layer spin-
3/2 Ising model consisting of two Bethe lattices each
with a branching ratio of q Ising spins, where one of
the layers is laid over the top of the other layer and
the two layers are tied together via an interaction be-
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tween the vertically aligned spins. The effects of the
external magnetic field, crystal field and the intra- and
inter-layer interactions are examined for some differ-
ent values of the coordination numbers, i.e., q = 3,
4 and 6. The solution to the problem is obtained by
the use of the recursion relations in a pairwise ap-
proach iteratively. Thus, in order to obtain the phase
diagrams of the model, the ground state (GS) phase
diagrams and also the thermal variations of the order-
parameters, response functions and free energies are
studied in a great detail.

The rest of this study is set up as follows. Section
2 is devoted to the introduction of the two-layer Bethe
lattice and its Hamiltonian, and to the formulation of
the model. The GS configurations and its phase dia-
grams are given in Section 3. The last section is given
to the illustrations of the phase diagrams and to the
summary and discussion.

2. Two-layer Bethe lattice and

exact formulations

The spin-3/2 two-layer model is simulated on a
Bethe lattice, and a pairwise approach is employed
for its investigation. In this approach, an adjacent
(nearest-neighbour) NN pair is picked from the deep
inside the two-layer lattice, called the central pair,
which forms the first-generation spins. This central
pair of spins is connected to q NN spin pairs which
form the second-generation spins. Each pair of spins
in the second-generation is joined to (q − 1) NN’s.
Therefore, in total, the second-generation has q(q−1)
NN’s which form the third-generation and so on, it
goes on to infinity. As a result, each spin has (q+1)
NN spins, q from its own layer and one from the ad-
jacent layer.

The Ising Hamiltonian of such a two-layer Bethe
lattice under the influence of the crystal field and an
external magnetic fields may be given as

H = −J1

∑

〈ij〉
SiSj − J2

∑

〈i′j′〉
σi′σj′

− J3

∑

〈ii′〉
Siσi′ −H1

∑

i

Si

−H2

∑

i′
σi′ −D

( ∑

i

Si
2 +

∑

i′
σ2

i′

)
,

(1)

where Si and σi′ are spin-3/2 with the values ±3/2
and ±1/2 and refer to the spins in the upper, G1, and
lower, G2, layers, respectively. J1 < 0 and J2 < 0
(for the AFM interaction) are the intralayer bilinear
interactions of the NN spins of the layers. Thus, the

first and second summations are over all NN sites of
G1 and G2, respectively. J3 is the interlayer bilin-
ear interaction of adjacent NN spins between the lay-
ers, therefore, the third summation runs over all the
adjacent neighbouring sites of G1 and G2. The lay-
ers are assumed to be under the influence of external
magnetic fields H1 and H2 and crystal field D, there-
fore, the last four sums run over all the lattice sites in
each layer, respectively. It is necessary to assume that
the layers are under the influence of different external
magnetic fields to calculate the susceptibility of each
layer separately [See Eq.(8)]. As usual, the partition
function is defined as

Z =
∑

All Config.

e−βH =
∑

Spc

P (Spc), (2)

where P (Spc) is the unnormalized probability distri-
bution, β = 1/kT is the inverse temperature and k

is the Boltzmann constant, and the summation runs
over all the spin configurations (Spc). Starting from
the central pair of spins on the Bethe lattice made
up with q separate branches connecting each pair of
spins, one follows only one of the branches of the tree
out of q, therefore, for the full formulation we have to
define the partition function for each of these separate
branches called gn(S, σ). It should be mentioned that
each spin Si and spin σi′ with spin-3/2 can take the
values ±3/2 and ±1/2, thus we have to define sixteen
gn(S, σ) functions for 42 = 16 configurations for each
pair of spins. As a result in this pairwise approach, fif-
teen exact recursion relations are defined as the ratios
of these partition functions of the separate branches
on the two-layer Bethe lattice as follows:

An =
gn( 3

2 , 3
2 )

gn(− 1
2 ,− 1

2 )
, Bn =

gn( 3
2 ,− 3

2 )
gn(− 1

2 ,− 1
2 )

,

Cn =
gn( 3

2 , 1
2 )

gn(− 1
2 ,− 1

2 )
, Dn =

gn( 3
2 ,− 1

2 )
gn(− 1

2 ,− 1
2 )

,

En =
gn(− 3

2 , 3
2 )

gn(− 1
2 ,− 1

2 )
, Fn =

gn(− 3
2 ,− 3

2 )
gn(− 1

2 ,− 1
2 )

,

Gn =
gn(− 3

2 , 1
2 )

gn(− 1
2 ,− 1

2 )
, Hn =

gn(− 3
2 ,− 1

2 )
gn(− 1

2 ,− 1
2 )

,

In =
gn( 1

2 , 3
2 )

gn(− 1
2 ,− 1

2 )
, Jn =

gn( 1
2 ,− 3

2 )
gn(− 1

2 ,− 1
2 )

,

Kn =
gn( 1

2 , 1
2 )

gn(− 1
2 ,− 1

2 )
, Ln =

gn( 1
2 ,− 1

2 )
gn(− 1

2 ,− 1
2 )

,

Mn =
gn(− 1

2 , 3
2 )

gn(− 1
2 ,− 1

2 )
, Nn =

gn(− 1
2 ,− 3

2 )
gn(− 1

2 ,− 1
2 )

,

Rn =
gn(− 1

2 , 1
2 )

gn(− 1
2 ,− 1

2 )
. (3)
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It should be noted that each recursion relation is a function of the recursion relations for the NN shell with
(n− 1), therefore in order to obtain their numerical values for given system parameters an iteration method is
going to be used. Meanwhile, the choice of the recursion relations, i.e. the ratios of these gn(S, σ) functions,
are completely arbitrary. In the thermodynamic limit (n → ∞) these recursion relations determine the states
of the system, and they may be referred to as the equations of state.

The magnetizations M1 and M2 of the layers G1 and G2, respectively, are the order-parameters and defined
respectively as

M1 = 〈S〉 and M2 = 〈σ〉, (4)

where 〈. . .〉 denotes the usual thermal average. The magnetizations M1 and M2 are calculated in terms of the
recursion relations as

M1 = {3[eβ( 9
4 J3+

3
2 H1+

3
2 H2+

9
2 D)Aq

n + eβ(− 9
4 J3+

3
2 H1− 3

2 H2+
9
2 D)Bq

n

+ eβ( 3
4 J3+

3
2 H1+

1
2 H2+

5
2 D)Cq

n + eβ(− 3
4 J3+

3
2 H1− 1

2 H2+
5
2 D)Dq

n

− eβ(− 9
4 J3− 3

2 H1+
3
2 H2+

9
2 D)Eq

n − eβ( 9
4 J3− 3

2 H1− 3
2 H2+

9
2 D)F q

n

− eβ(− 3
4 J3− 3

2 H1+
1
2 H2+

5
2 D)Gq

n − eβ( 3
4 J3− 3

2 H1− 1
2 H2+

5
2 D)Hq

n]

+ [eβ( 3
4 J3+

1
2 H1+

3
2 H2+

5
2 D)Iq

n + eβ(− 3
4 J3+

1
2 H1− 3

2 H2+
5
2 D)Jq

n

+ eβ( 1
4 J3+

1
2 H1+

1
2 H2+

1
2 D)Kq

n + eβ(− 1
4 J3+

1
2 H1− 1

2 H2+
1
2 D)Lq

n

− eβ(− 3
4 J3− 1

2 H1+
3
2 H2+

5
2 D)Mq

n − eβ( 3
4 J3− 1

2 H1− 3
2 H2+

5
2 D)Nq

n

− eβ(− 1
4 J3− 1

2 H1+
1
2 H2+

1
2 D)Rq

n − eβ( 1
4 J3− 1

2 H1− 1
2 H2+

1
2 D)]}/2Z (5)

and

M2 = {3[eβ( 9
4 J3+

3
2 H1+

3
2 H2+

9
2 D)Aq

n − eβ(− 9
4 J3+

3
2 H1− 3

2 H2+
9
2 D)Bq

n

+ eβ(− 9
4 J3− 3

2 H1+
3
2 H2+

9
2 D)Eq

n − eβ( 9
4 J3− 3

2 H1− 3
2 H2+

9
2 D)F q

n

+ eβ( 3
4 J3+

1
2 H1+

3
2 H2+

5
2 D)Iq

n − eβ(− 3
4 J3+

1
2 H1− 3

2 H2+
5
2 D)Jq

n

+ eβ(− 3
4 J3− 1

2 H1+
3
2 H2+

5
2 D)Mq

n − eβ( 3
4 J3− 1

2 H1− 3
2 H2+

5
2 D)Nq

n]

+ [eβ( 3
4 J3+

3
2 H1+

1
2 H2+

5
2 D)Cq

n − eβ(− 3
4 J3+

3
2 H1− 1

2 H2+
5
2 D)Dq

n

+ eβ(− 3
4 J3− 3

2 H1+
1
2 H2+

5
2 D)Gq

n − eβ( 3
4 J3− 3

2 H1+
1
2 H2+

5
2 D)Hq

n

+ eβ( 1
4 J3+

1
2 H1+

1
2 H2+

1
2 D)Kq

n − eβ(− 1
4 J3+

1
2 H1− 1

2 H2+
1
2 D)Lq

n

+ eβ(− 1
4 J3− 1

2 H1+
1
2 H2+

1
2 D)Rq

n − eβ( 1
4 J3− 1

2 H1− 1
2 H2+

1
2 D)]}/2Z, (6)

where

Z = eβ( 9
4 J3+

3
2 H1+

3
2 H2+

9
2 D)Aq

n + eβ(− 9
4 J3+

3
2 H1− 3

2 H2+
9
2 D)Bq

n

+ eβ( 3
4 J3+

3
2 H1+

1
2 H2+

5
2 D)Cq

n + eβ(− 3
4 J3+

3
2 H1− 1

2 H2+
5
2 D)Dq

n

+ eβ(− 9
4 J3− 3

2 H1+
3
2 H2+

9
2 D)Eq

n + eβ( 9
4 J3− 3

2 H1− 3
2 H2+

9
2 D)F q

n

+ eβ(− 3
4 J3− 3

2 H1+
1
2 H2+

5
2 D)Gq

n + eβ( 3
4 J3− 3

2 H1− 1
2 H2+

5
2 D)Hq

n

+ eβ( 3
4 J3+

1
2 H1+

3
2 H2+

5
2 D)Iq

n + eβ(− 3
4 J3+

1
2 H1− 3

2 H2+
5
2 D)Jq

n

+ eβ( 1
4 J3+

1
2 H1+

1
2 H2+

1
2 D)Kq

n + eβ(− 1
4 J3+

1
2 H1− 1

2 H2+
1
2 D)Lq

n

+ eβ(− 3
4 J3− 1

2 H1+
3
2 H2+

5
2 D)Mq

n + eβ( 3
4 J3− 1

2 H1− 3
2 H2+

5
2 D)Nq

n

+ eβ(− 1
4 J3− 1

2 H1+
1
2 H2+

1
2 D)Rq

n + eβ( 1
4 J3− 1

2 H1− 1
2 H2+

1
2 D). (7)

The two response functions are the susceptibility and the specific heat. Thus the constant field susceptibilities
of the layers G1 and G2 are given by the definition as

χ1T = limH1→H
∂M1

∂H1
and χ2T = limH2→H

∂M2

∂H2
, (8)
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and the total susceptibility of the two-layer is just the
sum of the susceptibilities, i.e.

χT = χ1T + χ2T . (9)

In order to obtain the specific heat, the free energy
in terms of the recursion relations is needed. There-
fore, the free energy of the two-layer lattice is given
as

−βF =
q

2
LogW+

2− q

2
LogZ, (10)

which is used to find the places of the first-order phase
transition temperatures, if any exist, the stable solu-
tions, and where

W = eβ(− 3
4 J1− 3

4 J2+
9
4 J3+

3
2 H1+

3
2 H2+

9
2 D)Ap

n

+ eβ(− 3
4 J1+

3
4 J2− 9

4 J3+
3
2 H1− 3

2 H2+
9
2 D)Bp

n

+ eβ(− 3
4 J1− 1

4 J2+
3
4 J3+

3
2 H1+

1
2 H2+

5
2 D)Cp

n

+ eβ(− 3
4 J1+

1
4 J2− 3

4 J3+
3
2 H1− 1

2 H2+
5
2 D)Dp

n

+ eβ( 3
4 J1− 3

4 J2− 9
4 J3− 3

2 H1+
3
2 H2+

9
2 D)Ep

n

+ eβ( 3
4 J1+

3
4 J2+

9
4 J3− 3

2 H1− 3
2 H2+

9
2 D)F p

n

+ eβ( 3
4 J1− 1

4 J2− 3
4 J3− 3

2 H1+
1
2 H2+

5
2 D)Gp

n

+ eβ( 3
4 J1+

1
4 J2+

3
4 J3− 3

2 H1− 1
2 H2+

5
2 D)Hp

n

+ eβ(− 1
4 J1− 3

4 J2+
3
4 J3+

1
2 H1+

3
2 H2+

5
2 D)Ip

n

+ eβ(− 1
4 J1+

3
4 J2− 3

4 J3+
1
2 H1− 3

2 H2+
5
2 D)Jp

n

+ eβ(− 1
4 J1− 1

4 J2+
1
4 J3+

1
2 H1+

1
2 H2+

1
2 D)Kp

n

+ eβ(− 1
4 J1+

1
4 J2− 1

4 J3+
1
2 H1− 1

2 H2+
1
2 D)Lp

n

+ eβ( 1
4 J1− 3

4 J2− 3
4 J3− 1

2 H1+
3
2 H2+

5
2 D)Mp

n

+ eβ( 1
4 J1+

3
4 J2+

3
4 J3− 1

2 H1− 3
2 H2+

5
2 D)Np

n

+ eβ( 1
4 J1− 1

4 J2− 1
4 J3− 1

2 H1+
1
2 H2+

1
2 D)Rp

n

+ eβ( 1
4 J1+

1
4 J2+

1
4 J3− 1

2 H1− 1
2 H2+

1
2 D), (11)

where p = q − 1. As a result, the specific heat at
constant magnetic field is defined as

CH = T

(
∂S

∂T

)

H

= −T

(
∂2F

∂T 2

)

H

, (12)

where H refers to both H1 and H2, and S is the en-
tropy and it may be given in a more suitable form
as

C/k = −β′
[
2β′

∂(F/Ji)
∂β′

+ β′2
∂2(F/Ji)

∂β′2

]
, (13)

where i = 1 or 2, i.e. Ji refers to intralayer interaction
of the upper or lower layer, respectively, and which is
not as simple as it is seen, since it includes the first-
and second-partial derivatives of the recursion rela-
tions with respect to β′ = βJi, therefore, the explicit
equation is too long to be given here.

So far we have only obtained the formulations for
general interactions, but the layers are assumed to
have AFM interactions, therefore, we have to divide
layers into sublattices A and B. Hence, the recursion
relations for each layer in terms of the sublattices may
be written as follows:

{An, Bn, . . . , Nn, Rn}

→ {AA
n , BA

n , . . . , NA
n , RA

n } for even n,

{AB
n , BB

n , . . . , NB
n , RB

n } for odd n. (14)

The notable point of this approach is that non-
staggered phases are described by the single fixed
points {An, Bn, . . . , Nn, Rn} → {A,B, . . . , N,R},
while the staggered phases appear as two-cycle double
points as indicated above.

In addition, the sublattice magnetizations for the
layers G1 and G2, since each spin only interacts with
its NN’s from its own layer and an NN from the adja-
cent layer with the same sublattice, i.e. A or B, could
be written as

{M1,2} →
{M1A,M2A} for even n,

{M1B ,M2B} for odd n.
(15)

The free energies of the sublattices are of the form

{F (An, . . . , Rn)} → {F (AA
n , . . . , RA

n )} for even n,

{F (AB
n , . . . , RB

n )} for odd n,

(16)
and then the specific heat is to be defined accordingly,
that is

{C(An, . . . , Rn)} → {C(AA
n , . . . , RA

n )} for even n,

{C(AB
n , . . . , RB

n )} for odd n.

(17)
And finally the susceptibility is given as

{χ(An, . . . , Rn)}

→ {χ1(AA
n , . . . , RA

n ) + χ2(AA
n , . . . , RA

n )} for even n,

{χ1(AB
n , . . . , RB

n ) + χ2(AB
n , . . . , RB

n )} for odd n.

(18)

The next section is devoted to the obtaining of
the GS phase diagrams.

3. The ground states phase dia-

grams

In this Section, the GS phase diagrams are cal-
culated in order to determine zero absolute temper-
ature behaviour of the stable solutions of the model.
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Although the GS phase diagrams can only help us at
zero temperature, the zero temperature configurations
are very important as a starting point in obtaining the
temperature-dependent phase diagrams.

The GS phase diagrams are obtained on the
(H/q|J |, J3/q|J |) and (D/q|J |, J3/q|J |) planes for
given values of D/q|J | and H/q|J |, respectively, on the
assumption that H1 = H2 = H and J1 = J2 = −J .
They are obtained from expression (1) in units of |J |
by rewriting it as:

E

q|J | = −
∑

〈plaq〉

[
J1

|J |SiSj +
J2

|J |σi′σj′

+
J3

q|J | (Siσi′ + Sjσj′)

+
H

q|J | (Si + Sj + σi′ + σj′)

+
D

q|J | (S
2
i + S2

j + σ2
i′ + σ2

j′)
]
, (19)

where the summation is over all the central plaquette
which consists of four NN pairs of the two-layer sys-
tem with one pair 〈ij〉 from layer G1, one pair 〈i′j′〉
from layer G2, and two pairs 〈ii′〉 and 〈jj′〉 connect-
ing layers G1 and G2 between the adjacent spins only.
The GS phase diagrams are calculated by comparing
the values of the energy for different spin configura-
tions and then the GS configurations are the ones
with the lowest energy. The coordination number q

is hidden in the GS energy equations, thus they are
obtained for general q. Only the positive values of
H/q|J | is taken, then there is a preferred direction
in space. For negative values of H/q|J | the magne-
tizations only change sign because of the symmetry
requirement, M(−H) = −M(H). So, the system ex-
hibits the following ten different types of GS configu-
rations:

I
+3/2 +3/2

+3/2 +3/2
II

±3/2 ∓3/2

∓3/2 ±3/2
III

±3/2 ∓3/2

±3/2 ∓3/2

IV
+3/2 +1/2

+3/2 +1/2
V

+3/2 +1/2

+1/2 +3/2
VI

+3/2 −1/2

+3/2 −1/2

VII
+3/2 −1/2

−1/2 +3/2
VIII

±1/2 ∓1/2

±1/2 ∓1/2
IX

±1/2 ∓1/2

∓1/2 ±1/2

X
+1/2 +1/2

+1/2 +1/2

Phases I and X are the FM phases and the phases
II and IX are the AFM phases for the spin-3/2 and
spin-1/2, respectively. While the phases IV and V
are the ferrimagnetic phases, phase VII is the an-
tiferrimagnetic phase as seen from the table above.
Lastly, phases III and VIII are mixed FM phases for
the spin-3/2 and spin-1/2, respectively, the phase VI
is the mixed ferrimagnetic phase. Below, we give only
the distinct types of the GS phase diagrams of the
model.

The first GS phase diagrams are obtained on the
(H/q|J |, J3/q|J |) planes by varying the D/q|J | values
and presented in Fig.1. Figure 1(a) is obtained for
D/q|J |=0.25 and only the three phases, I, II and III
are shown. The multiphase lines separate the phases
(I, III), (II, III) and (I, II). It may be thought that the
phases I and II must be separated by a multiphase line

along J3/q|J | = 0 line, but the strong magnetic fields
make the spins in phase II align with its NN to form
phase I at lower J3/q|J |. Therefore, phase I persists
at lower negative J3/q|J | values also. Note that the
phase diagrams for D/q|J | ≥0.0 are always the same.
Figure 1(b) is obtained for D/q|J |=–0.25, in which
the multiphase line separating the phases I and II of
the previous figure is split into the phases V and VII.
This makes sense since there is a smooth transition
from phase II to phase I, since antiferrimagnetic phase
VII and ferrimagnetic phase V are the neighbours of
the phases II and I, respectively. The phases IV and
VI are also seen in the form of a triangle separating
the phases I and III at lower positive J3/q|J |. So the
transitions from phase III (mixed ferro) to VI (mixed
ferri) and then from VI to IV (ferri) and finally from
IV to I (ferro), are also very reasonable. Note also that
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as D/q|J | increases negatively, the areas covered by
these configurations increase as shown in the inset ob-
tained for D/q|J |=–0.5. The next distinct type of GS
phase diagram, figure 1(c), on this plane is obtained
for D/q|J | = −1.0. Now the phases II and III are
split by the phases VIII and IX and have the similar
types with III and II, respectively, and which are split
by the J3/q|J | = 0 line. Phase X also appears from

Fig.1. GS phase diagrams of the AFM/AFM spin-3/2

Ising model on the (H/q|J |, J3/q|J |) planes; (a) D/q|J | =
0.25, (b) D/q|J | = −0.25 and in the inset D/q|J | = −0.5

and (c) D/q|J | = −1.0.

the middle of the phases VI, IV, V and VII of the pre-
vious figure. For further lower values of D/q|J |, the

GS phase diagrams remains unchanged.
The final GS phase diagrams are obtained on the

(D/q|J |, J3/q|J |) planes by varying the H/q|J | values
and presented in Fig.2. The first one, figure 2(a), is
obtained for H/q|J |=0.2 and in the inset H/q|J |=0.5.
Phases II and III, and phases VIII and IX are sep-
arated with a multiphase line along J3/q|J | = 0 at
higher and lower D/q|J | values. In addition, phases

Fig.2. GS phase diagrams of the two-layer Bethe

lattice with crystal field for spin-3/2 Ising model on

(D/q|J |, J3/q|J |) planes; (a) H/q|J | = 0.2 and in the in-

set H/q|J | = 0.5, (b) H/q|J | = 1.25 and in the inset

H/q|J | = 1.5 and (c) H/q|J | = 1.75.

III and VIII, and phases II and IX are separated with
symmetrical multiphase lines. The same phase dia-
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gram continues until H/q|J |=0.5 at which phases VIII
and X coexist together as seen in the inset, which is
interesting. Our next distinct GS phase diagram, fig-
ure 2(b), is obtained for H/q|J |=1.25 and in the inset
for H/q|J |=1.5. In the main figure, phases II and III
are separated with a multiphase line along J3/q|J | = 0
as in Fig.2(a), but now phases VIII and IX of Fig.2(a)
are replaced with phases X and IX which are sepa-
rated with multiphase lines seen at lower J3/q|J | for
higher H/q|J | (see the inset). In addition to this,
while phases III and X are separated with phase VI,
phases II and X are separated with phase VII. The
inset for H/q|J |=1.5 is similar to the main figure but
now phases VI and IV, and phases I and III coexist
in the same regions of the phase diagrams. In the last
phase diagram, figure 2(c) obtained for H/q|J |=1.75
is similar to the previous figure, but phases VI and III
have disappeared. Furthermore, phases IV and VII
are separated with the phase V. The further increase
of H/q|J | does not cause any changes in the GS phase
diagrams.

These are all the distinct types of the GS phase
diagrams of the spin-3/2 Ising model, which are to
be used as our guide in obtaining the temperature-
dependent phase diagrams. The next section is de-
voted to the obtaining of the temperature-dependent
phase diagrams, which are accomplished by studying
the temperature variations of the order-parameters,
response functions and free energy, and the nature of
the phase transitions are determined from their ther-
mal behaviours.

4. The temperature-dependent

phase diagrams

In the light of the previous sections, we are now
ready to give some of the distinct phase diagrams of
the model. In the phase diagrams the TN -lines, the
lines of the second-order phase transition tempera-
tures, are indicated with gray solid, dash-dotted and
solid lines for q = 3, 4 and 6, respectively. Simi-
larly, the arrows indicate the phase separation points
according to the GS phase diagrams. The Tt-lines
are shown with dash lines. The triangles (4) indi-
cate the tricritical points at which the second-order
line ends and the first-order line starts. The connec-

tion points of two Tt-lines are the double-critical end
points (•) and the isolated points (◦) where Tt-lines
terminate. For simplicity, the obtained phase dia-
grams are classified according to the obtained planes,
i.e. Type A: on the (J3/|J |, kT/|J |) plane for given
D/q|J | and H/q|J |; Type B: on the (H/|J |, kT/|J |)
plane for given D/q|J | and J3/q|J | and Type C: on the
(D/|J |, kT/|J |) plane for given H/q|J | and J3/q|J |.
The possible phase transitions involve phases (II, III),
(II, VII, VI, III), (II, VII, V, IV, I), (II, VII, V, I),
(III, I), (III, VI, IV, I), (II, IX, VIII, III), (II, IX, X,
VI, III), (II, VII, X, VI, III), (II, VII, X, IV, I), (II,
VII, X, V, VI, I), (VIII, X, IV, I), (IX, X, V, I), (IX,
VIII), (VIII, III), (IX, II), (IX, X), (X, VI, III), (X,
VII, II), (X, IV, I), (X, V, I), (II, IX, X, IV, I) and
(II, I) and they are labeled as 1,2,. . . ,23, respectively.
For example A1 is understood as the phase diagram
on the (J3/|J |, kT/|J |) plane involving the phases (II,
III), etc. In addition, A1(1b), for example, is under-
stood as the phase diagram obtained according to the
GS phase diagram Fig.1b, etc.

Our first phase diagram, Fig.(3), is for A1(1b)
type and obtained for H/q|J | = 0.5 and D/q|J | =
−0.25. The TN -lines separate ordered phases, II
and III, from the paramagnetic (P) phase. As seen
they are constant at higher negative values of J3/|J |,
and they are at higher temperatures for higher q.
As J3/|J | increases the TN ’s decrease and TN -lines
present concavities for all q about J3/|J |=0.0. As
J3/|J | increases further, they increase and become
constant at some temperatures again. Thus the TN

lines have a wing shape each. The arrows indicate
phase separation points for all q according to GS
Fig.1(b). A1(2b) for H/q|J | = 1.25 and D/q|J | = 1.5
and A1(2a) for H/q|J | = 0.2 and D/q|J | = 1.0 are
similar to the type A1(1b). It is found that the higher
the D/q|J | is, the higher the critical temperatures of
the wings will be. The inset is for A14(2a) type and
obtained for H/q|J | = 0.2 and D/q|J | = −2.5, which
is similar to the main figure, but the centre of the
wings are much sharper and the Tt lines are also seen
for all q. They start from just underneath the cen-
tre of the concavities and terminate at higher neg-
ative values of J3/|J | for higher q at zero tempera-
ture. Note also that A2(1b) for H/q|J | = 1.35 and
D/q|J | = −0.25 and A2(2b) for H/q|J | = 1.25 and
D/q|J | = −0.4 are also similar to A14(2a).



No. 10 Spin-3/2 Ising model AFM/AFM two-layer lattice with crystal field 4201

Fig.3. Phase diagrams of type A1(1b) and in the inset type A14(2a) for D/q|J | = −0.25,−2.5

and H/q|J | = 0.5 and 0.2, respectively.

Figure 4(a) is for B5(1c) type and obtained for D/q|J | = −1.0 and J3/q|J | = 3.0. The TN lines start from
higher temperatures for higher q at H/|J | = 0.0 and as H/|J | increases their temperatures decrease and they
go to zero temperatures at lower H/|J | for lower q. Similar phase diagrams are also found for B5(1b), B6(1c)
and B6(1b) when D/q|J | = −0.25,−1.0,−0.25 and J3/q|J | = 3.0, 1.5, 0.25, respectively. It is found that the
TN lines start from higher temperatures for higher J3/q|J | at H/|J | = 0.0 but they terminate at lower H/|J |
for higher J3/q|J | at zero temperature. Similarly, the lower the D/q|J | is, the higher the TN ’s will be, but their
termination H/|J | values do not change. The reentrant behaviour is also observed for only q = 6 in all the
phase diagrams. The inset with D/q|J | = −1.0 and J3/q|J | = −1.25 is for B4(1c) type and similar to Fig.4(a),
but the Tt line and a tricritical point are also exhibited when q = 6 and the TN lines are wavy by compari-
son. The B4(1b) for D/q|J | = −0.25 and J3/q|J | = −0.5 is also similar to the inset but now the TN line for
q = 6 also presents reentrant behaviour in a range close to the tricritical point. Figure 4(b) (A17(2b) type) for
D/q|J | = −2.5 and H/q|J | = 1.25 resembles the inset of Fig.4(a), i.e. only TN lines for q = 3 and 4, in addition
to TN line with reentrant behaviour, the Tt line and tricritical point are also exhibited when q = 6, but now these
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Fig.4. Phase diagrams; (a) Type B5(1c) and in inset type B4(1c) with D/q|J | = −1.0 and

J3/q|J | = 3.0 and –1.25, respectively. (b) Type A17(2b) and in inset type A4(1c) for H/q|J | =
1.25 and 3.7 and D/q|J | = −2.5 and −1.0, respectively.

lines go to zero temperature at higher negative J3/|J | for higher q. The inset is for A4(1c) type and is
obtained for D/q|J | = −1.0 and H/q|J | = 3.7 similar to Fig.4(b), but now again the TN lines have wavy
forms. Note also that the A4(1b), A23(2c) and A17(2c) type phase diagrams for D/q|J | = −0.25, 1.0,−2.5 and
H/q|J | = 2.5, 1.75, 1.75, respectively, are also similar to Fig.4(b). It is seen that for the latter two types, the
critical lines go to zero temperature at higher negative J3/|J | for lower D/q|J | at equal H/q|J |’s.

The next phase diagram is for C20(2c) type (see Fig.5), and is obtained for H/q|J | = 1.75 and J3/q|J | = 2.0.
Since phases I and X are the FM phases, the system does not give any phase transitions when there are external
magnetic fields acting on the layers, indeed this is the case. The semi-ellipsoidal shape TN lines for all q separate
the P phase from the phase IV. The semi-ellipsoids move from right towards lower negative D/|J | values and
the peaks are seen at lower kT/|J | for lower q. The reentrant behaviour is only seen for q = 6 on the two legs
of the ellipsoid. The inset (H/q|J | = 1.75 and J3/q|J | = −0.1) is for C21(2c) type and similar to the main

Fig.5. Phase diagrams of type C20(2c) and in the inset for type C21(2c) with H/q|J | = 1.75

and J3/q|J | = 2.0 and −0.1, respectively.



No. 10 Spin-3/2 Ising model AFM/AFM two-layer lattice with crystal field 4203

figure, but now the ellipsoids are inside one another
from the higher q to the lower one. The left legs of
these lines also behave similarly, but right legs go to
zero temperature at lower D/|J | values for higher q in
opposition to the main figure. The Tt lines, shorter on
the left and longer on the right, and tricritical points
are also found for q = 6. The reentrant behaviour on
the TN lines are also observed on both legs for q = 6
and on the right leg for q = 4, the latter is observed
for the first time.

Figure 6 is for C19(2b) type with H/q|J | = 1.25
and J3/q|J | = −0.5. The TN lines at higher tem-
peratures for higher q are at constant temperatures
for higher D/|J |, but as D/|J | becomes smaller, their
temperatures turn lower and the drop becomes more
apparent at negative D/|J |. The TN lines terminate
at tricritical points, which are seen at higher kT/|J |
for higher q, where the Tt lines emerge and end at

Fig.6. Phase diagram of type C19(2b) for H/q|J | = 1.25

and J3/q|J | = −0.5.

higher negative D/|J | for higher q. The shapes of
the phase diagrams for C19(2c) and C18(2b) types for
H/q|J | = 1.75, 1.25 and J3/q|J | = −1.5, 2.0, respec-
tively, are similar to Fig.6. For the latter the TN lines
are at higher temperatures for the same D/|J | and the
Tt lines terminate at lower D/|J | for higher J3/q|J |.

The next phase diagram, Fig.7, is obtained for
H/q|J | = 0.2 and J3/q|J | = 1.0 and it is for C15(2a)
type. This phase diagram is similar to the phase
diagrams of a single layer spin-3/2 Ising models.[25]

The TN lines start from lower constant temperatures,
which are higher for higher q and separate the phase
VIII from the P phase, at higher negative D/|J | val-
ues; as D/|J | values increase towards right they start
rising up, which occurs at lower D/|J | for higher q;
if D/|J | increases further they again reach constant
temperatures which are at higher kT/|J | for higher q

and separate P and III phases from each other. Phases
VIII and III are separated with Tt lines starting from
zero temperature and ending at isolated points (◦),
which are at higher kT/|J | for higher q. The inset for
H/q|J | = 0.2 and J3/q|J | = −1.0 is for C16(2a) type,
of which TN lines are similar to those in Fig.7 but at
little higher temperatures. Two Tt lines combined at
double-critical end points are observed in the shape
looking like a triangle inside which phases II and IX
coexist. They are formed at higher negative D/|J |
and at higher kT/|J | for higher q. A similar phase
diagram with the inset is obtained for H/q|J | = 1.25
and J3/q|J | = −2.0, and it is for C16(2b) type and for
which the double-critical end points are seen at lower
D/|J | by comparison.

Fig.7. Phase diagrams of type C15(2a) and in the inset for type C16(2a) with H/q|J | = 0.2 and

J3/q|J | = 1.0 and −1.0, respectively.
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The next two phase diagrams are for A10(2c) and A22(2c) types and are obtained for H/q|J | = 1.75 and
D/q|J | = −1.0,−1.9 and presented in Figs.8(a) and 8(b), respectively. As seen from Fig.8(a), the first TN lines
start from higher negative values of J3/|J | and from higher temperatures and terminate at tricritical points
where the Tt lines emerge which finally terminate at zero temperature about the same J3/|J | value for all q.
During the existence of phase X no critical lines appear (since it is the FM phase and H/q|J | 6= 0.0), then we
see the second TN lines in semi-ellipsoidal shape which encloses the phase IV and are seen at higher J3/|J | for
higher q. Finally we see the other FM phase I with no phase transition. Figure 8(b) is similar to Fig.8(a),

Fig.8. Phase diagrams of the model; (a) Type A10(2c) for H/q|J | = 1.75 and D/q|J | = −1.0 for q=6.0

and in the insets for q=3.0 and 4.0, (b) type A22(2c) for H/q|J | = 1.75 and D/q|J | = −1.9, (c) type

B12(1c) for D/q|J | = −1.0 and J3/q|J | = 0.5, (d) type B13(1c) for D/q|J | = −1.0 and J3/q|J | = −0.5,

(e) type A11(1c) for D/q|J | = −1.0 and H/q|J | = 2.7 for q=6.0 and insets for q=3.0 and 4.0 and (f)

type A3(1c) for D/q|J | = −1.0 and H/q|J | = 3.2 for q=6.0 and insets for q=3.0 and 4.0.
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but now the tricritical point is only seen for q = 6 and we also see the new type Tt lines terminating at isolated
points on the left side of the first Tt lines for all q. In addition to these, the reentrant behaviour is only seen
for q = 6 on both sides of the semi-ellipsoidal shape of both figures. It is clear that as D/q|J | becomes more
negative, the phase region X increases and thus the critical lines shift away from each other. The next two figures
are for B12(1c) and B13(1c) types and obtained for D/q|J | = −1.0 and J3/q|J | = 0.5,−0.5 and are illustrated
in Figs.8(c) and 8(d), respectively. These two figures are actually similar to the previous two figures, but the
first one only presents TN lines and reentrant behaviour and is only seen on both sides of the semi-ellipsoids
for q = 6, and the latter always presents tricritical points on the legs of only the first semi-ellipsoidal TN lines
for q = 6. Figure 8(e) is for A11(1c) type (D/q|J | = −1.0 and H/q|J |=2.7) similar to Fig.8(a), but now the
semi-ellipsoidal TN lines are somewhat corrupted and enclose phases V and IV which are separated with Tt lines
terminating at isolated points for all q. Figure 8(f), is for the A3(1c) type with D/q|J | = −1.0 and H/q|J |=3.2,
figure 8(e) shows the Tt lines, tricritical points and phase X have disappeared, instead the TN line on the left
now combines with the semi-closed TN line on the right for all q. The Tt lines ending at isolated points still
separate phases V and IV.

Fig.9. Phase diagrams; (a) Type A9(2b) with H/q|J | = 1.25 and D/q|J | = −0.75 for q = 6.0

and in the insets for q=3.0 and 4.0 and (b) Type A8(1c) with D/q|J | = −1.0 and H/q|J | = 0.8

for q = 6.0 and in the insets for q=3.0 and 4.0.
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Figure 9(a) is obtained for D/q|J | = −0.75 and H/q|J |=1.25, and it is for A9(2b) type. The first TN lines
start from higher negative values of J3/|J | and from higher temperatures and terminate at tricritical points
where the Tt lines emerge and finally terminate at zero temperature about the same J3/|J | value for all q. The
second one almost symmetrical to the first one is also seen for positive values of J3/|J |, thus we have now two
tricritical points for each of q. Figure 9(b) is for A8(1c) type and obtained for D/q|J | = −1.0 and H/q|J | = 0.8,
and it is also similar to Fig.9(a), but now the tricritical points are only seen for q = 6, i.e. almost symmetrical
combinations of critical lines are only the TN lines for q = 3 and 4. Two Tt lines combined at the double-critical
end points are seen for all q in the negative region of J3/|J | only and inside which the phases II and IX coexist.

The final phase diagrams of this work exhibit one double-critical end point, two isolated points and four
portions of the Tt lines in addition to one continuous TN line for all q, and they are presented in Fig.10 (A7(2a)
type and obtained for D/q|J | = −1.0 and H/q|J | = 0.2). The wing-shape TN lines are almost symmetrical and
centred at J3/|J | = 0.0 for each q and seen at higher temperatures for higher q. Again the two Tt lines combined
at the double-critical end points are seen for all q in the negative region of J3/|J | only, inside which phases II
and IX coexist. On the right-hand side is contained only one Tt line which terminates at isolated points for all
q, and the other Tt line is seen to be close to the centre of the TN lines whose temperatures decrease and ends
at zero temperature in the negative region of J3/|J | for all q again.

Fig.10. Phase diagram of type A7(2a) with H/q|J | = 0.2 and D/q|J | = −1.0 for q=6.0 and

insets for q=3.0 and 4.0 separately.

In summary, the spin-3/2 Ising model is examined
for the case of antiferromagnetic (AFM/AFM) inter-
actions on the two-layer Bethe lattice by using the
exact recursion relations in a pairwise approach for
given coordination numbers q=3, 4 and 6 when the
layers are under the influence of equal external mag-
netic and equal crystal fields. The ground state (GS)
phase diagrams are obtained on the different planes
in detail and then the temperature-dependent phase
diagrams of the system are calculated accordingly. It

is observed that the system presents both second- and
first-order phase transitions for all q, therefore, tricrit-
ical points. It is also found that the system exhibits
double-critical end points and isolated points. The
model also presents two Néel temperatures, TN , of
which the existence leads to the reentrant behaviour.

Now we give a brief discussion of what we have
found. (i) The existence of crystal fields has increased
the number of the GS configurations compared with
the case with no crystal field. (ii) The phases VIII, IX
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and X are not seen in the GS phase diagram Fig.1(b),
but these phases exist in Fig.1(c) where the crystal
field is more negative. As a result, we can say that
the strong crystal field drives the system towards spin-
1/2 phase. (iii) The reentrant behaviour is seen for
q=3.0, 4.0 and 6.0 when D/q|J | = 0.0, but when
D/q|J | 6= 0.0 the reentrant behaviour is found only for
q = 4.0 and 6.0. (iv) The double-critical end points
and isolated points are not found for D/q|J | = 0.0,
but with the addition of the crystal field they are also
exhibited by our two-layer model. (v) The system
exhibits double-critical end points for the phase tran-
sitions from phase II to phase IX as shown in Figs.9(b)
and 10 for lower positive values of H/q|J | and lower
negative values of D/q|J |. But for higher positive val-
ues of H/q|J | and higher negative values of D/q|J |,
the double-critical end point is replaced with isolated
point in Fig.8(b). (vi) The tricritical points are al-
ways seen for the phase transitions from any phase to
phases I and X and the double-critical end points are
only seen for the phase transitions from phase II to
phase IX. Our final and well-known conclusion (vii)
is that the temperatures of the phase transitions with
the same system parameters increase with the increase

of the coordination number, in addition to the in-
crease in complexity and in diversity of the critical
behaviours.

We should mention that was a very complicated
and difficult task to complete, but our findings are
very interesting and our efforts to study all the details
are worth making. We should note that this is the
first such work so we are unable to give any compari-
son, but we can at least give some comparisons for the
case with spin-1 model: the GS configurations increase
with the increase in spin values, i.e. 6 for spin-1 and
10 for spin-3/2, so the latter is more complicated as
expected. The double-critical end points and isolated
points are only seen for spin-3/2. In addition, the
other critical behaviours such as the second- and first-
order phase transitions and tricritical points for all q

and the existence of the reentrant behaviour for only
q = 4 and 6 are the same in both cases. Lastly, if we
compare our case with the spin-3/2 FM/FM model[13]

we also find some differences. For example, there are
no tricritical points in previous work when D = 0 but
it is found when D 6= 0 as in this work. The reen-
trant behaviour is not observed for the FM/FM cases
in contrary to the AFM/AFM case.
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[14] Jaščur M and Kaneyoshi T 1995 Physica A 220 542

[15] Htoutou K, Ainane A and Saber M 2004 J. Magn. Magn.

Mater. 269 245

[16] Hu C K, Izmailian N Sh and Oganesyan K B 1999 Phys.

Rev. E 59 6489

[17] Lyra M L and da Silva C R 1993 Phys. Rev. B 47 (1993)

526

[18] Monroe J L 2005 Phys. Rev. E 71 017105

[19] Albayrak E, Yigit A and Akkaya S 2008 J. Magn. Magn.

Mater. 320 2241

[20] Albayrak E and Akkaya S 2009 Phys. Scr. 79 065005

[21] Albayrak E, Akkaya S and Cengiz T JMMM in press

[22] Kurota M, Kikuchi R and Watari T 1953 J. Chem Phys.

21 434

Domb C 1960 Adv. Phys. 9 208

[23] Hu C K and Izmailian N Sh 1998 Phys. Rev. E 58 1644

Izmailian N Sh and Hu C K Physica A 254 198

[24] Tucker J W 1999 J. Magn. Magn. Mater. 195 733

Albayrak E and Keskin M 2003 J. Magn. Magn. Mater.

261 196

Albayrak E and Yigit A 2005 Physica A 349 471

Albayrak E and Yigit A 2005 Phys. Status Solidi B 242

1510

[25] Albayrak E and Keskin M 2000 J. Magn. Magn. Mater.

218 121


