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The diffusion in a harmonic oscillator driven by coloured noises ξ(t) and η(t) with coloured cross-correlation in

which one of the noises is modulated by a biased periodic signal is investigated. The exact expression of diffusion

coefficient d as a function of noise parameter, signal parameter, and oscillator frequency is derived. The findings in this

paper are as follows. 1) The curves of d versus noise intensity D and d versus noises cross-correlation time τ3 exist as

two different phases. The transition between the two phases arises from the change of the cross-correlation coefficient

λ of the two Ornstein–Uhlenbeck (O-U) noises. 2) Changing the value of τ3, the curves of d versus Q, the intensity of

colored noise that is modulated by the signal, can transform from a phase having a minimum to a monotonic phase.

3) Changing the value of signal amplitude A, d versus Q curves can transform from a phase having a minimum to a

monotonic phase. The above-mentioned results demonstrate that a like noise-induced transition appears in the model.
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ulated noise, noise-induced transition
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1. Introduction

An increasing interest in noise-induced phenom-
ena in non-equilibrium systems has been aroused
in the past decade. Directed transport in Brow-
nian motors (ratchets),[1,2] noise cross-correlated
effects,[3−5] signal modulated effects,[6−8] stochastic
resonance,[9−13] and noise-induced transition[14−17]

are a few examples in this field. One of the ob-
jects, which has received special attention in this con-
text, is the noise-driven harmonic oscillator.[18−22]

The harmonic oscillator is the simplest toy model
for different phenomena in nature and as such is
the typical theoreticians’ paradigm for various fun-
damental conceptions. Recently, Gitterman investi-
gated a harmonic oscillator with multiplicative noise
and found that stochastic resonance appeared in an
under-damped, forced linear oscillator with multi-
plicative coloured noise.[20] In 2004, a harmonic oscil-
lator with a fluctuating damping parameter was stud-
ied by Gitterman.[21] In 2007, Cao et al studied the
signal modulation effect and noise cross-correlation ef-
fect of harmonic oscillator diffusion.[6] However, due
to the model studied in Ref.[6] is subjected to an in-

tensive restraint, the correlation times of the two O-
U noises τ1 and τ2 have the same value, the cross-
correlation time τ3, that is, τ1 = τ2 = τ3, consequently
all the effects arising from different values of τ1, τ2,
and τ3 are hidden. Particularly, the effects of τ3 on
the oscillator diffusion should be very important and
quite different from those of τ1 and τ2. In the present
paper, this restraint is removed.

2. The model

We consider a harmonic oscillator driven by two
coloured (O-U) noises with coloured cross-correlation
described by the Langevin equation (LE)

ẍ = −Ω̃
2
x + (i + A cosΩt)ξ(t) + η(t), (1)

where i denotes the bias intensity, A and Ω are the am-
plitude and the frequency of the signal, respectively.
A key point of Eq.(1) is that one of the noises, ξ(t), is
modulated by a biased signal. The statistical proper-
ties of the two noises are assumed to be

〈ξ(t)〉 = 〈η(t)〉 = 0,
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Q
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exp

[
−|t

′|
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,
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exp
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′|
τ2

]
,

〈ξ(t)η(t + t′)〉 = 〈η(t)ξ(t + t′)〉 =
λ
√

DQ
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exp
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−|t

′|
τ3

]
.

Here, Q and D denote the intensities of noises, λ is
the noise cross-correlation coefficient, −1 ≤ λ ≤ 1,

and τ1, τ2 and τ3 are the correlation times and the
cross-correlation time of the noises. The difference
between the above model and the model in Ref.[6] lies
in the fact that the values of τ1, τ2 and τ3 can now
be changed independently but they are no longer re-
stricted in a one-dimensional parameter subspace, in

which τ1 = τ2 = τ3 = τ . With this new model, we can
study the effects of τ1, τ2 or τ3 on oscillator diffusion
separately. Another purpose of the present paper is to
study the effect of noise cross-correlation coefficient λ

on oscillator diffusion under the new conditions.

3. Exact diffusion coefficient

It is well known that the diffusion coefficient d is
defined as

d = lim
t→∞

〈
x(t)2

〉

t
. (2)

To obtain diffusion coefficient d we need the solution
of Eq.(1). With the initial condition (x0, v0), this
solution is given by

x(t) =
{

x0 −
∫ t

0

sin Ω̃t1

Ω̃
[(i + A cosΩt1)ξ(t1) + η(t1)]dt1

}
cos Ω̃t

+
{

v0

Ω̃
+

∫ t

0

cos Ω̃t1

Ω̃
[(i + A cosΩt1)ξ(t1) + η(t1)]dt1

}
sin Ω̃t. (3)

So the variance
〈
x(t)2

〉
reads

〈
x(t)2

〉
=

〈[{
x0 −
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0

sin Ω̃t1
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+
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0

cos Ω̃t1

Ω̃
[(i + A cosΩt1)ξ(t1) + η(t1)]dt1

}
sin Ω̃t

]2〉
. (4)

Diffusion coefficient d can be obtained by calculating variance (4) with the statistical properties of noises. The
detail for this calculation is too long and should not be given here. In the following we summarize the types of
the terms contained in variance (4). Variance (4) contains 16 terms. Each term is an average value with respect
to the noise statistically. The results are divided into four types of terms: the terms which decay exponentially
with time; the terms which change periodically with time; the terms which exhibit linear divergence with time;
and the terms that are independent of time. Except for the third type of terms, the terms of other types do not
contribute to the diffusion coefficient. The exact expression of oscillator diffusion coefficient d for the model is
given as

d =
1

2Ω̃2
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(5)

4. Three important special cases

4.1.Case 1. τ3 = 0

This is the case of white cross-correlation of two O–U noises.[3] Now expression (5) reduces to

d =
1

2Ω̃2

{
QA2

2τ2
1

[
1
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1
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}
. (6)
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4.2.Case 2. τ1 = τ2 = τ3 = τ

When τ1 = τ2 = τ3 = τ , expression (5) recovers
the result of our previous work[6]

d =
QA2

4Ω̃2

[
1

1 + τ2(Ω̃ + Ω)2
+

1
1 + τ2(Ω̃ − Ω)2

]

+
D + i2Q + 2iλ

√
DQ

Ω̃2

(
1

1 + τ2Ω̃2

)
. (7)

4.3.Case 3. A = 0

In this case, expression (5) is simplified into

d =
1

2Ω̃2


 2D/τ2

2
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
 .

(8)
It is obvious that under A = 0, the condition for d = 0
can be derived. Due to the fact that the signs of the
first two terms in expression (8) are positive, the third
term of Eq.(8) must be negative, otherwise the value
of d cannot be zero. This leads to a conclusion that to
make d = 0, λ and i must be different in sign. We let
λ = −1 and assume i > 0. From expression (8), a suf-
ficient and necessary condition for d = 0 is obtained
as

√
Q

D
=

1 + τ2
1 Ω̃2

i(1 + τ2
3 Ω̃2)

±
√

(1 + τ2
1 Ω̃2)2

i2(1 + τ2
3 Ω̃2)2

− 1 + τ2
1 Ω̃2

i2(1 + τ2
2 Ω̃2)

.

(9)

5. Discussion and conclusions

5.1.Oscillator diffusion coefficient af-

fected by τ1, τ2 and τ3

In Fig.1 we show the influence of noise correla-
tion time on oscillator diffusion coefficient d. Figures
1(a) and 1(b) show a common feature of d ∼ Q curve,
a non-monotonic behaviour, in which a minimum oc-
curs. No matter how small the value of τ1 or τ2 is,
a minimum still exists there. However, as can be
seen from Fig.1(c), an increase in noise coloured cross-
correlation time τ3 leads the curve to transform from
a non-monotonic phase to a monotonic phase. This is
quite different from the influence of correlation time
τ1 or τ2 on the oscillator diffusion coefficient d.

Figure 2 shows the influence of noise correlation
time on d ∼ Ω curve. Figures 2(b) and 2(c) show
a common feature of d ∼ Ω curve, a non-monotonic

behaviour, in which a maximum occurs. No matter
how small the value of τ2 or τ3 is, the minimum still
exists there. However, as can be seen from Fig.2(a), a
reduction of noises correlation time τ1 leads the curve
to transform from a non-monotonic phase to a mono-
tonic phase. This is quite different from the influence
of correlation time τ2 or τ3 on oscillator diffusion co-
efficient d. However, a common feature of the d ∼ Ω
curves in Fig.2 implicates that the high frequency sig-
nal tends to suppress the oscillator diffusion. This
provides a method to control the oscillator diffusion.

Fig.1. Curves for diffusion coefficient d as a function of

noise intensity Q for different values of noise correlation

time. The parameters used are A = 0.31, Ω = 1.8, i = 1,

Ω̃ = 0.8, D = 2.5, λ = −1. Panel (a) is for τ2 = 0.5 and

τ3 = 0.8, panel (b) for τ1 = 0.001 and τ3 = 0.8, and panel

(c) for τ1 = 0.001 and τ2 = 0.001.
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Fig.2. Curves for diffusion coefficient d as a function of

signal frequency Ω for different values of noise correlation

time. The parameters used are A = 6, Q = 1, i = 1,

Ω̃ = 0.8, D = 2.5, λ = −1. In panel (a) τ2 = 1 and

τ3 = 0.9, and the curves from the bottom to the top cor-

respond to the values of τ1 = 5, 4, 3, 2, 1, and 0.8, respec-

tively. In panel (b) τ1 = 1 and τ3 = 3.9, and the curves

from the top to the bottom correspond to the values of

τ2 = 1, 2, 3, 4 and 100, respectively. In panel (c) τ1 = 11

and τ2 = 0.001, and the curves from the bottom to the

top correspond to the values of τ3 = 0.8, 1.4, 2, 4, 7, and

9, respectively.

5.2. Effects of cross-correlation coeffi-

cient λ on d

The values of diffusion coefficient d as a function
of τ3 for different values of λ give two forms of d ∼ τ3

curves. When λ > 0, d ∼ τ3 curve monotonically de-
creases while when λ < 0, d ∼ τ3 curve monotonically
increases as shown in Fig.3. The sign of noise cross-
correlation coefficient λ greatly affect the feature of
d ∼ τ3 curve.

Fig.3. Curves for diffusion coefficient d as a function

of cross-correlation time τ3 for different values of the

cross-correlation coefficient λ. The parameters used are

A = 0.31, Q = 1, i = 1, Ω = 1.8, Ω̃ = 0.8, D = 2.5,

τ1 = 0.001, and τ2 = 0.001, the curves from the top to the

bottom correspond to the values of λ = 1, 0.5, 0.1, 0.01,

–0.2, and –0.8, respectively.

Figure 4 shows the curves for diffusion coefficient
d as a function of signal biased intensity i for differ-
ent values of cross-correlation coefficient λ. The d ∼ i

curves exhibit two forms. One has a minimum located
in i < 0 region if λ > 0, the other has a minimum lo-
cated in i > 0 region if λ < 0.

Fig.4. Curves for diffusion coefficient d as a function of

signal bias intensity i for different values of the cross-

correlation coefficient λ. The parameters used are A =

0.31, Ω = 1.8, Q = 1, Ω̃ = 0.8, D = 2.5, τ1 = 0.001,

τ2 = 0.001, and τ3 = 10−8.

Figure 5 shows the influence of noise cross-
correlation coefficient λ on d ∼ D curves. An increase
in the value of λ leads the curve to transform from
a non-monotonic phase (a minimum) to a monotonic
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phase.

Fig.5. Curves for diffusion coefficient d as a function

of noise intensity D for different values of the cross-

correlation coefficient λ. The parameters used are A =

0.31, Q = 1, i = 1, Ω = 1.8, Ω̃ = 1, τ1 = 0.001,

τ2 = 0.001, and τ3 = 0.1, the curves from the bottom

to the top correspond to the values of λ = −1, –0.6, 0.01,

0.1, 0.5, 1, respectively.

5.3.The control of oscillator diffusion

coefficient by changing signal ampli-

tude

According to the signal modulation of noise, we
can control the oscillator diffusion coefficient d by
changing signal amplitude A. In Fig.6 we plot the
d ∼ Q curves for different values of the signal ampli-
tude A. In a small signal region, d ∼ Q curves have
a minimum. In a large signal region, d ∼ Q curves
become monotonic.

In summary, we find the following points. (i) The
d ∼ D curves or d ∼ τ3 curves exist as two different

phases. The transition between the two phases arise
from the change of the cross-correlation coefficient λ

of the two O-U noises. (ii) Changing the value of cor-
relation time τ1 of the colored noise that is modulated
by the signal, the d ∼ Ω curves can transform from
a phase having a maximum to a monotonic phase. In
addition, by changing the value of τ3, the curves for d

versus Q can transform from a phase having a mini-
mum to a monotonic phase. (iii) Changing the value of
signal amplitude A, d ∼ Q curves can transform from
a phase having a minimum to a monotonic phase. The
above-mentioned results demonstrate that a like noise-
induced-transition appears in the model and the oscil-
lator diffusion can be controlled by the signal modu-
lation of noise and the coloured cross-correlation of
noises. Particularly, the high frequency signal tends
to suppress the oscillator diffusion.

Fig.6. Curves for diffusion coefficient d as a function of

noise intensity Q for different values of signal amplitude

A. The parameters used are Ω = 1.8, i = 1, Ω̃ = 0.8,

λ = −1, D = 2.5, and τ1 = 0.1.
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