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By means of the multiple-scale expansion method, the coupled nonlinear Schrédinger equations without an explicit

external potential are obtained in two-dimensional geometry for a self-attractive Bose-Einstein condensate composed of

different hyperfine states. The modulational instability of two-component condensate is investigated by using a simple

technique. Based on the discussion about two typical cases, the explicit expression of the growth rate for a purely

growing modulational instability and the optimum stable conditions are given and analysed analytically. The results

show that the modulational instability of this two-dimensional system is quite different from that in a one-dimensional

system.
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1. Introduction

Since the realization of Bose-Einstein condensates
(BECs) in dilute alkali-metal atomic vapours,!!! rapid
development has taken place in this field. Many prop-
erties of BECs have been studied experimentally and
theoretically.>~=5 Nonlinearity is one of the most im-
portant features of BECs. Therefore, there are many
interesting nonlinear excitations of nonlinear coher-
ent structures in BECs. Recently, solitary waves
and vortices in BECs have been observed in many
experiments.[5~8 Experimental investigations on non-
linear properties in BECs have promoted more inten-
sive theoretical studies.? 12

So far, most of studies have focused on

a single component BEC with repulsive atomic

01131 Furthermore, more and more sci-

interactio
entists have paid much attention to the study of
the nonlinear phenomena in two-component BECs
(TBECs).[">=17 The study of multi-component BECs
is particularly interesting, TBECs of different hyper-

fine states of rubidium atoms in a magnetic trap['®

(19]

and of sodium atoms in an optical trap have

been realized in experiment. Compared with one-
component BEC, two-component condensates have
rich collective dynamics and coherent structures due

to the interaction between different components. The

experimental observations in TBECs have lead to
many fundamental questions concerning the dynamic
problems, stability and dissipation of nonlinear exci-
tations.

Generally, the dynamic behaviours of TBECs
composed of different hyperfine states or different
species can be described by the coupled Gross-
Pitaevskii (CGP) equations.?:2! Tndeed, the cou-
pled one-dimensional (1D) nonlinear Schriodinger
equations?? and the coupled Korteweg-de Vries
(KdV) equations(®* have been used to study the dark
solitions in TBECs. On the other hand, the modu-
lational instability (MI) is also an interesting issue in
BECs.[242%] To our knowledge, most of investigations
on dynamics and MI in BECs are limited to 1D sys-
tems and repulsive atomic interactions.

In the present paper we study the modulational
instability for a self-attractive TBEC. It is well-known
that the stability issues of the single component BEC
can be determined solely by the type of atomic in-
teractions. For an attractive interaction,!?6=28 the
condensate is stable for a maximum critical number
of atoms. In the presence of an external source of
atoms when the number increases beyond a critical
number, the condensate collapses emitting atoms un-
til the number of atoms is reduced below the critical
number and a stable configuration is reached. Then
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the condensate can grow again and a series of collapses
can take place, which was observed experimentally in
the BEC of "Li with attractive interaction.?%3% How-
ever, a study on TBEC has shown numerically®! that
the type of atomic interaction does not determine the
stability of the system.

Presently, the stability of a coupled BEC and
two colliding BECs are studied by Adhikaril®? and
Timmermans[®?! separately. The MI of TBEC in a
quasi-one-dimensional geometry has also been inves-
tigated by Raju et al?®/ Motivated by these stud-
ies, we choose the coupled nonlinear Schrodinger
(CNLS) equations to investigate a self-attractive two-
dimensional (2D) TBEC composed of different hyper-
fine states with a disk-shaped trap. With the help
of the linear stability analysis theory, we discuss the
modulational instability of the system. Furthermore,
we obtain the explicit expression of growth rate and
the MI conditions of the TBEC for two typical cases.
Finally, we compare our results with those in 1D situa-
tion, and find that there exists considerable difference
between them.

2. Derivation of CNLS equations

The dynamic behaviour of two-component inter-
acting BEC composed of two different hyperfine states
at low temperature can be described by the CGP

equations20-21]

v, R s 2
il R +Vi(r)+ Y Unlml” | @5, (1)

1=1,2

ih

where j = 1,2, V;(r) = (m/2)wi[Ma? + y?) + 2°] is
the external potential, w; is the frequency of the trap
in the z-direction, A\ denotes the aspect ratio of the
condensate, which is assumed to be identical for each
component. Here we consider the disk-shaped conden-
sate with A < 1. ¥; is the macroscopic wave function
and [dr|¥;|* = N; is the number of atoms for the
j-th component, N = Zij is the total number of
atoms. Uj = 47rh2ajl/m is the interaction constant
with m, the mass of atom in TBEC, a;; (j =) and
a;i (j # 1) are negative scattering lengths correspond-
ing to identical and different hyperfine state atomic
interactions, respectively.

In order to consider the two-component conden-
sate, generally one must distinguish the linear oscilla-
tor frequencies w; and wy corresponding to their dif-
ferent magnetic moments. This fact implies that two

components are confined in two different traps, and
their distributions are very different. We are currently
interested in the TBEC with a thin disk-shaped trap,
which means that the conditions a; < [; can be satis-
fied, where [; = (47mjaj)*1/2 is the healing length and
a; = (h/mw;)"/? is the linear oscillator length of the
Jj-th component with n; = N;/ a?, the density of each
component. It is clear that the dimensionless ratio
A is small enough and the densities of both compo-
nents can be assumed to be low enough. In this situa-
tion one can use the multiple-scale expansion method
to reduce the original 3D CGP equations into CNLS
equations.'?2 To do this, we first introduce the dimen-
sionless variables (X,Y, Z) = (z,y,2)a; ", T = wit/2,
and 9; = (2a3/N)'/?¥;. By substituting these new
variables into Eq.(1), we have

20,

oT
= [-V2+ V() + Un|on? + Ulal2?] 1, (2)

s

oT
= [-V2+V3(r) + Un |9 |? + Ugolt2*] 42, (3)

where V/(r') = [MX? 4+ Y?) + Z?] and V4(r') =
WV (r") with w = wy/wy = (a1/a2)?, Uj;
4wNaj;/a; and Uj; = 4nNa;j/ay (i # j) are the di-

mensionless effective interaction constants of identical

and different hyperfine state atomic collisions, respec-
tively, which are both negative due to the attractive
interaction.

As is well known, the intrinsic nonlinearity of a
Otherwise, be-
cause the small parameter for the system can be de-
fined as € = 87Ny ﬁau/al < 1, we can consider the
nonlinearity to be weak enough, and the main state

BEC can lead to mode interaction.

of the BEC as a weakly modulated ground state. In
this situation, based on the multiple scale method,
an effective 2D system of CNLS equations can be de-
rived from the original 3D CGP equations. Before the
multiple-scale expansion, we must solve the following
two equations:

—V2G + [N(X2+ Y2+ Z29G, =Gy, (4)
—V2Gy + WP N(X2+Y?) + Z%Ga = 15Ga. (5)
Equations (4) and (5) are well-known eigenvalue prob-

lems of 3D quantum harmonic oscillator. Their nor-
malized ground state solutions take the forms of

G1 = N4/ exp{—[N( X% +Y?) + Z%]/2}, (6)
Gy = N4 (w/n)¥ Y exp{—w[ANX? 4+ Y?) 4+ Z2%]/2}
(7)
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with the eigenvalues v1 = A+ 2 and v» = w(A +
2) respectively. To obtain useful CNLS equations
from systems (2) and (3) by multiple-scale expansion,
as the first step, we introduce the scaled variables
(&,mi,G) = €(X,Y, Z), and 7; = €T (i =0,1,2,...),
which are taken to be independent of each other.
Hence one has the following expansions:

1 1/2 oo :

b= logwe] Zew ©
with ¢;1 = P;(&1,m, 72)G;(€o, M0, Co) exp(—iv;7o), for
j = 1,2. It should be mentioned here that P; repre-
sents the slow modulation of the ground state G; due
to the weak nonlinearity in the system. Inserting the
above expansions into Egs.(2) and (3), equating all
terms at each order of ¢, eliminating all secular terms,
and letting a12 = ag1, one can obtain the following
CNLS equations at the order of €3:

0P 9P | 9°P 2

T, 01 900 P PP

Yo "o "o PR

~ BIR[* Py =0, (9)

0Py  0*°Py 0Py 5

P2,9°2,972 gpPRP

187’2 + (95% (977% ﬁ‘ 1| 2

— |P*Py =0, (10)
where a; = —(271)7%/2, ap = (w/27r)3/2 asa/|aq1], and

B =w/(r(l+ w))]3/2 as1/|ai1]|. Tt is noted that even
for initially identical scattering lengths, the two com-
ponents have different nonlinearities/?2 because of dif-
ferent atomic densities of two components. Here we
must know that in the case when the healing length
becomes comparable with the latitude size of the BEC
the previously developed method does not hold true

any more.

3. Modulational instability anal-
ysis for TBEC

We now restrict our attention to the modulational
instability of two constant-amplitude components of
the TBEC against quasi-stationary density perturba-
tions. Instead of a stationary solution, here we con-
sider the dynamic solution of CNLS equations derived
in the previous section. Accordingly, one can separate
the amplitude into two parts

Pj = [Pjo + 63(9)] eXp(fi(szQ), (11)

where ] = 1,27 €5 < Pjo, 0= K{gl + Knnl - .QTQ is
the modulation phase with K = iK¢ + jK, (K =

Kg + K%) and (2 being respectively, the wavenum-
ber and the frequency of modulation, Py is the con-
stant (real) amplitude, ¢; is the small amplitude per-
turbation, and d; is a nonlinear frequency shift. For
convenience, we change the notations (£1,71,72) into
(&,m, 7). By substituting expression (11) into Egs.(9)
and (10), we obtain

81 = an|Pyol* + B|Paol?, (12)
8o = aa|Pyo|? + B| Pio|?, (13)

in the zeroth-order approximation of €;. At the next
order of ¢; approximation, we obtain the following
coupled equations:

861 8261 8261 2~

.01 o P

1 - 652 + 8772 O(1| 10| €1

— Ve Pao|*E2 = 0, (14)
862 8252 8262 2~

) . P.

5 o T ellule

— 7eB|Pol*81 = 0, (15)

where £; = ¢; + &7 with £} being the conjugate com-
plex of €5, and . = PioPa is the effective coupled
constant. Introducing €; = A; + 1B;, substituting it
into Eqgs.(14) and (15), and separating the real and
imaginary parts, yield

. 2. 20,
04, OB, 9B, 1)
or 0&2 on?
OB, PA 924,
o~ oe o T realPulh
+ 2FYCﬂA2 = 07 (17)
OBy  2A; %A
o o~ o T 20olPliA:
+ 2y.BA; = 0, (18)

To solve the system of Eqgs.(17) and (18),
sume that the amplitude perturbations €; = A; +1iB;
vary as A;j = Ajoexpli(K¢& + Kyn — 27)] and B; =
Bjoexpli(Ke& + Kyn — 27)]. By substituting these
expressions into Egs.(17) and (18), and using the re-
lations Bjy = —if2Ao/K? derived from Eq.(16), we
have

we as-

(2% + K* 4 201 K?|Pyo|?) A1 + 27.8K% A3 = 0, (19)

(92 + K4 + 20[2K2|P20|2)A2 + Q’VcﬁK2A1 =0. (20)
We can easily obtain the nonlinear dispersion rela-
tion for the amplitude modulation of the TBEC. For
simplicity, we introduce the notations v; = K* +
20, K% Pjo|? with j = 1,2 and v, = 2K?j3,, then
the dispersion relation can be written in the following
form

(22 +71) (822 + 72) + 42 = 0. (21)
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4. Examples

In order to understand the details of modulational
instability of the TBEC, we discuss and analyse two
typical cases.

4.1.Case 1. v/ =0

In the case 7. = 0, the dispersion relation has
no coupled term. In other words, two components in
the system are decoupling. This means that one can
rewrite Eq.(21) as

(2 + 1) (2> + 72) = 0. (22)

Indeed, two uncoupled components admit respec-
tive dispersion relation (£2> = —4?). It is noted from
Eq.(22) that when 7; > 0, then 22 < 0 for a small
value of modulation wave number K. It suggests,
for this case, that both uncoupled components of the
TBEC are unstable for |Pjo|> > —K?/2«;. Further-
more, the growth rate of each component is ,Y?/ > In
Figs.1 and 2, we choose the typical parameters of 2>Na
to show the growth rate of components 1 and 2 for var-
ious parameter values. As anticipated, there appears
sideband because of the modulational instability of
both components in the TBEC.
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Fig.1. The modulational instability (MI) in component
1 of the TBEC for the zero-coupling case. The param-
eter values are w = 1.4, N = 10%, a1 = 0.74 pm, and
(a11,a12,a22) = (—2.70,—2.71,—2.67) nm.
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Fig.2. The MI in component 2 of the TBEC for the zero-
coupling case. Parameter values are the same as those in
Fig.1.

4.2.Case 2. 7. #0

The zero-coupling is a simple and special case in
our system, and in general, . # 0. This situation

is our main problem of interest, for studying the cou-
pling effects of two-component TBEC. We first assume
2? = —v, and by inserting it into Eq.(21), one has

7 = (m +72)7 + N2+ =0 (23)

Equation (23) is a well-known quadratic equation,
and we can easily obtain its solution by using the con-
crete expressions of ; and 7/, which are

’y:K4+K2(a1|P10|2+a2|P20\2)iC’ (24)

with C' = K[K?—48K?P% Py + 1| Pio|? + aa| Py |* —
(K2 4201 | P1o]?) (K2 + 2| Pog|?)]/2. Tt is concluded
from expression (24) that for K* + K?(ay|Pio|® +
az|Pyl?) £ C > 0 both coupled components of the
TBEC are unstable. Under this condition, the growth
rate of each component is v'/2. We find from both
Figs.3 and 4 that there is an obvious sideband to com-
partmentalize the stable regions and unstable regions
of the TBEC. To this end we can obtain the stabil-
ity conditions for the above two cases, which can be
written as follows:

|Pjo|* < —K?/2a;, (25)

K4+K2(041|P10|2+042|P20|2):|:0§0. (26)

Fig.3. The MI of the TBEC in the (Pig, P2o) space for
the nonzero-coupling case with +C. The parameter val-
ues are w = 1.4, N = 105, a1 = 0.74 pum, (a11,a12,a22) =
(—2.70,-2.71,—-2.67) nm, and K = 1.
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Fig.4. The MI of the TBEC for the nonzero-coupling case
with —C, in the (Pio, P20) space. Parameter values are
the same as those in Fig.3.
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One important issue that should be emphasized
here is that in this letter, we investigate the self-
attractive two-component condensate, thus in our
models aj1, ase and ajs are assumed to be negative.
We compare our results with those in the 1D casel?®!
and find that for the zero-coupling case, the MI of the
1D TBEC and self-attractive 2D TBEC are very sim-
ilar to each other. However, for the coupled case, due
to the differences in atomic interaction and geometry,
the MI of the TBEC becomes more complex in the 2D
system, which is quite different from the 1D case. It
means that the structure of the sideband becomes a

little bit complicated (see in Figs.3 and 4).

5. Conclusion

We have studied the modulational instability of
a self-attractive two-component BEC. The 2D CNLS
equations have derived from original 3D CGP equa-
tions by using the multiple-scale method. Based on
the CNLS equations, we discussed the zero-coupling
and coupled cases and found distinct sideband region
due to the modulation. For the first case, it is noted
that if the components of the TBEC lie in the inside
region of the curve |£2| = 0, they are both stable. Oth-
erwise, they are unstable. For the latter, we predict
that the modulationally unstable TBEC may generate
periodic or localized solitions, and this is our future
work.
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