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In the framework of the gravity’s rainbow, the asymptotic quasinormal modes of the modified Schwarzschild black

holes undergoing a scalar perturbation are investigated. By using the monodromy method, we analytically calculated

the asymptotic quasinormal frequencies, which depend on not only the mass parameter of the black hole, but also the

particle’s energy of the perturbation field. Meanwhile, the real parts of the asymptotic quasinormal modes can be

expressed as Ty In 3, which is consistent with Hod’s conjecture. In addition, for the quantum corrected black hole, the

area spacing is independent of the particle’s energy, even though the area itself depends on the particle’s energy. And

that, by relating the area spectrum to loop quantum gravity, the Barbero-Immirzi parameter is given and it remains

the same as from the usual black hole.
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1. Introduction

As is well known, the response of the black hole
background to the initial configuration is dominated
by the quasinormal modes (QNMs) - a set of com-
plex frequencies which only depend on the parame-
ters of the black hole rather than the initial pertur-
bation (see Refs.[1] and [2] for reviews). The charac-
terization of QNMs could play an important role in
the astronomic observations of the black hole in the
universe. Meanwhile, the properties of QNMs can be
used to investigate the black hole stability. In addi-
tion, QNMs have got an interpretation in conformal
field theory.?=8 And, the asymptotic QNMs can be
related to the quantum theory of spacetime.19 Mo-
tivated by Hod’s conjecture,? it is suggested that the
value of asymptotic QNMs may carry important in-
formation about the quantization of the black hole
area and help to fix certain parameters in a quan-
tum gravity theory.'” Thus, QNMs for different black
holes have been studied extensively (see, for example,
Refs.[11]-[16] and their references).

Based on the numerically results of QNM:s,[!7]
Hod suggested that the real parts of highly damped

QNMs in the Schwarzschild black hole can be ex-
pressed as wg = TuIn3.°) And that, by using the
Bohr’s correspondence principle, the real part of the
asymptotic QNMs could be identified as the character-
istic transition frequency of black holes and the funda-
mental quanta of the black hole area as l§4 In 3 can be
obtained.[®19 Alternatively, as a main candidate the-
ory of quantum gravity, loop quantum gravity (LQG)
(see Refs.[18] and [19] for reviews) has a remarkable re-
sult: the discrete area spectrum. However, there is an
unknown natural constant called the Barbero-Immirzi
parameter and the area spectrum has an ambiguity.
By using the area quanta of black holes, Dreyer pre-
sented the free parameter and proposed that LQG
should be based on SO(3) rather than SU(2).['% Thus,
one hopes that the asymptotic QNMs will have a role
in the quest for quantum geometry, especially for the
quantum properties of black holes.

For analytically computing the asymptotic value
of QNMs and confirming Hod’s conjecture, the mon-
odromy method of investigating quasinormal modes
was proposed.!2%-21] In the method, the radial coordi-
nate is analytically continued into the complex plane
and the properties of the potential and tortoise coor-
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dinate around the origin, the horizons and infinity are
used.'” The obtained asymptotic QNMs present an
analytical proof on Hod’s conjecture for the scalar field
and some gravitational perturbations in Schwarzschild
black hole. In the Refs.[22]-[30], the monodromy tech-
nique has been extended to many cases such as differ-
ent perturbations like the Dirac field and the electro-
magnetic field in more general static black holes and
the asymptotic QNMs have been obtained. However,
the researches imply that whether the argument that
wr = T In 3 applies to universal cases is still an open
problem and much less attention has been paid to the
case of analytically calculating the asymptotic QNMs
in the quantum corrected black hole.[8]

It is believed that, at Planck scale, the quantum
effect of spacetime will emerge and a new physics will
be necessary. In Refs.[31] and [32], the Planck scale
corrected spacetime named as gravity’s rainbow has
been presented. The main feature of the gravity’s
rainbow is that the spacetime geometry depends on
the energy of particles moving in it. That is to say,
for the quantum corrected spacetime, there are differ-
ent geometries for probe particles with different ener-
gies. The modified geometries can be described by one
parameter family of metric as a function of the par-
ticle’s energy observed by an inertial observer. More-
over, the modified Schwarzschild solution in the grav-
ity’s rainbow has been given.? Its asymptotic flat-
ness and some thermodynamics quantities have been
investigated.[33-34]

In this paper, we shall investigate the asymp-
totic QNMs of a massless scalar field in the modi-
fied Schwarzschild spacetime from the gravity’s rain-
bow. Our main aim is to verify the influence of the
spacetime’s quantum effects on the asymptotic QNMs.
Moreover, in the quantum corrected spacetime, we
want to test Hod’s conjecture and verify its implica-
tion for the quantum theory of spacetime. By using
the monodromy method, we analytically calculate the
asymptotic quasinormal frequencies in the quantum
modified black hole. The results show that, when the
quantum effect of spacetime is taken into account, the
asymptotic QNMs depend on not only the mass pa-
rameter of the black hole but also the energy of the
perturbation field. And in the gravity’s rainbow, the
real part of the asymptotic QNMs can be expressed
as Ty In 3 and hence Hod’s conjecture is valid. In ad-
dition, as in usual spactime,®1% the area spacing of
the modified black hole is calculated and the free pa-
rameter of LQG is presented. The obtained results

are independent of the particle’s energy and remain
the same as those from the usual Schwarzschild black
hole.[9:10]

The paper is organized as follows. Section 2,
the modified Schwarzschild solution from the gravity’s
rainbow is introduced briefly. Then in Section 3, in
the monodromy framework, the asymptotic QNMs of
the massless scalar field in the modified spacetime are
analytically calculated. In Section 4, for the quantum
corrected black hole, Hod’s conjecture and its implica-
tion for the quantum theory of black holes and LQG
are investigated. The last Section is the summary and
conclusions.

2. Gravity’s rainbow and modi-
fied Schwarzschild black holes

Let us firstly briefly introduce the modified
Schwarzschild solution from the gravity’s rainbow.
When we keep Planck energy as an invariant scale,
namely a universal constant for all inertial observers,
to preserve the relativity of inertial frames, the double
special relativity (DSR) as a deformed special relativ-
ity has been proposed.[3>=39 The starting point of the
main result of DSR is the modified dispersion relation
(MDR)

E*f} (B3 \) = p*f3 (E5 \) = mg, (1)

where f; and f are two energy functions from which
rotational symmetry can be preserved, A is a param-
eter of the order of the Planck scale. Equation (1)
shows that, MDR is energy-dependent. That is to say,
particles with different energies have different energy-
momentum relations. However, in the low energy
realm, i.e. E/E,< 1, fi and f, approach to unit and
MDR, can return to the usual energy-momentum rela-
tion, where E, =1/ V871G is the Planck energy. This
is consistent with Bohr’s correspondence principle.
In the context of DSR, the deformed spacetime
geometry has been investigated and some proposals
have been presented.[3!:32:40=43] Tn Refs.[31] and [32],
the authors put forward that the flat spacetime with
Planck scale corrections has the invariant as shown

below , , ,
dt dr r
ds? = ——5 + —5 + —d 2% 2
YRR .
This indicates that, the DSR spacetime depends on

the energy of particles moving in it. That is to
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say, particles with different energies will probe differ-
ent DSR spacetimes. Thus, the DSR spacetimes are
endowed with an energy-dependent quadratic invari-
ant, i.e., an energy-dependent metric, namely rainbow
metric. Just like DSR, when particle’s energy is a lit-
tle quantity in comparison with the Planck energy, the
rainbow metric will turn to the usual flat spacetimes.
And it has been pointed out that the DSR spacetimes
have equality with the usual flat spacetimes. %

By extending Eq.(2) to incorporate curvature, in
Ref.[32], a gravity’s rainbow has been presented and
a few quantum corrected spacetimes from the grav-
ity’s rainbow have been given. Thereamong, the mod-
ified Schwarzschild solution can be expressed in terms
of energy-independent coordinates and the energy-
independent mass parameter as

2GM

- 1

dS2 — ( r )dt2 4

ft 3 (1-26M)
—sz 3
2 (3)
Obviously, the metric of the modified Schwarzschild
That is, if a
given observer probes the spacetime using the quanta

dr?

black hole is also energy-dependent.

l

+2GM ——=

(T2 — 2GM7") 82;]( r)

+

where [ is the orbital angular momentum.
For convenience, we define the tortoise coordinate
for the quantum modified black hole as

dr f1
hr)  fa

[r+26Mn (QGLM—l)} (6)

A

Obviously, at the infinity, we have x — 4o00. And

with

h(r) =

that, in the vicinity of » = 0, we have h(r) ~
—(f2/f1)(2GM /r), and the tortoise coordinate takes
the form

Ji 7 _ h
Tl ey Ve (8)

with different energies, he will conclude that space-
time geometries have different effective descriptions.
Here, the particle’s energy E denotes its total energy
In addi-
tion, the energy dependence of the gravity’s rainbow

measured at infinity from the black hole.

probably may have some relation to the background-
independent property of LQG.['%19 In fact, as a
semi-classical limit, the MDR has been suggested by
LQG.*47 In a word, as a gravity’s rainbow, the
modified Schwarzschild spacetime is endowed with
Planck scale modification, i.e., quantum correction.

3. Asymptotic quasinormal

modes

By using the Klein—Gordon equation

1
NETIh

and the ansatz of separation of variable ¢(t,r,0,¢) =

(1/r)el“fp(r)Y (0, ),

tion for the scalar field ¢ in the quantum corrected

(rgﬂ" )=o7 (4)

the radial perturbation equa-

spacetime (3) can be given as

IP(r)
or

2fF [, 2GM\T
f1<1 7“) .

2GM
73 r

LDy =0, (5)

In addition, from Eq.(3), it is seen that the event hori-
zon of the modified black hole is at

Then, near the event horizon, we have h(r) ~

(r=ry) b (ry) = 75257 and

fO2GM . fy
r~ [T gy

—2GM 1 —2GM
LY =, GM In (r GM).

(10)
This shows that, at the horizon, we have x — —oo.

Thus, by substituting Eq.(6) into Eq.(5), the ra-
dial wave equation is translated into

d*y(r) |

da?

[w -V (7‘)] P(r) =0, (11)
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where V (r) is the effective potential with
3 M 1 M
V@q—fé(1—20 )(ZU+ ), 26 ).(n)

o I3 r r2 r3

We see that, in the quantum corrected black hole,

the effective potential depends on not only the radial
coordinate and the angular quantum number but also
the particle’s energy. This shows that the present po-
tential has some Planck scale modifications. But, as
in the usual black hole,*8! while 2 — 00, we have
V (r) — 0, then equation (11) can be translated into
the standard wave equation in terms of the tortoise
That is, the solutions of Eq.(11)
behave as ¢(x) ~ e*1“? at the horizon and infinity.
As the same in the usual black hole, the QNMs
in the modified black hole can be supposed to be the

coordinate Eq.(6).

solutions of perturbation equation of Eq.(11) with the
boundary conditions of purely ingoing waves at event
horizon and purely outgoing waves at infinity, namely

P(x) ~ et x — —oo, (13)
P(x) ~e 19T 1 — 4o0. (14)
Then, to analytically obtain the asymp-

totic QNMs for the scalar field in the modified
Schwarzschild black hole,
ferential equation (11) by using the monodromy
method.
alytically extend Eq.(11) from its physical region

we calculate the dif-
In the technology, it is essential to an-

ry < r < oo to the whole complex r-plane. By
extension, it is found that the solutions ¥(r) be-
have multivaluedness around the singular points
r = 0 and r = r; and that the asymptotic QNMs
will be obtained by computing the monodromy

Im (r)
M

Fig.1. The Stokes line Re (z) = 0 and the contour L for
the modified Schwarzschild black hole from the gravity’s
rainbow. The area of Re () < 0 is denoted by the regions
with the hachures.

around a chosen contour in the complex plane. As in
Ref.[21], we put a branch cut from r = 0 to r = 74
and the monodromy of ¥ (r) can be defined by the dis-
continuity across the cut. Moreover, from Eq.(6), the
Stokes line Re () = 0 in the modified spacetime can
be obtained and the contour L can be chosen as shown
in Fig.1.

We see that, inside the contour, the only singu-
larity of ¢(r) is the event horizon. According to the
boundary condition Eq.(13) and the tortoise coordi-
nate Eq.(10), we can obtain that the monodromy of
¥ (r) around the contour L is the same as the mon-

odromy of €1“* and must bel2!]

eﬂ'w/k’ (15)

where k is the surface gravity on the event horizon.
For the quantum modified black hole as shown in
Eq.(3), k can be obtained by

_grriagtt B f2 1

gt gtt Or — fLAGM’ (16)

1 .
k=—= lim
2 T—Tr4
Then, the Hawking temperature of the black hole can
be given as
K - fg 1

Ta=— =2 .
U™ or = A 87GM

(17)

We see that the surface gravity and the tempera-
ture for the modified Schwarzschild black hole all de-
pend on the energy of the probe particle. That is, us-
ing the quanta with different energies, an observer at
infinity will probe different effective temperatures and
surface gravities for the quantum corrected black hole.
It is easy to verify that, in the context of the gravity’s
rainbow, the energy dependence of surface gravity and
Hawking temperature should arise from the spacetime
quantum effect. And that, this should have some mod-
ification effects on the black hole physics, for example
the QNMs.

Next, we compute the local monodromy of ¢ (x)
around the same contour. For r ~ 0, from Eqgs.(8) and

(12), we have
1

dx?

Here, we could consider that the energy dependence

Vir)~ (18)

of the effective potential is involved in the tortoise co-
ordinate.

Similar to Ref.[21] by using Bessel’s equation, we
first rewrite the potential in the form

- (19)



No. 10

Asymptotic quasinormal modes of scalar field in a gravity’s rainbow 4165

where j is the spin of the perturbation field. For
our information, the results for the scalar perturba-
tion could be obtained from the case of j = 0. Thus,
near r = 0, we obtain the perturbation equation

(Z+er+ it v =0 @)

Ox? 42

and its solutions can be expressed as/??

V() ~ Byv2mwrj s (we) + BoV2rwr)_j /9 (W),
(21)

where By are integral constants and J,, represents the

Bessel function of order v.

For the asymptotic QNMs, w is approximately is
purely imaginary and hence the line Im(wz) = 0 is
almost the same as the line Re(z) = 0. Then, on
the contour L, x — 400 can actually be rotated to
wx — +oo and the boundary condition Eq.(14) can
be expressed as

P ~e 19T wr — oo, (22)

And that, along the contour L, it is convenient to
obtain the asymptotic forms of ¢(x) away from the
origin r = 0 to wr — 400. For z > 1, considering the
asymptotic behavior

we obtain

Y(x) ~ 2By cos (wr — ay) + 2B_ cos (wz — a_)
= (Bye 1%t 4+ B_e 1) el¥?”
+ (B+eioc+ +B_eia7) efiwac, (24)

where the phase shifts o = F(1 4 j). Thus, from
the boundary condition of Eq.(22), it is seen that, as
wzx — 400, the B1 must satisfy

Bie 1% + B e 1% =0, (25)
and the solution ¢ (z) takes the form
Y(x) ~ (Bpe'™ + B_el®) e 197, (26)

Now, along the contour L, let us from point A ap-
proach to point B. In the process, we must turn an
angle 37 /2 around the origin, i.e., 37 around = = 0.
As is well known, for z ~ 0, the Bessel functions sat-
isfy

J,(2) = 2"w(2), (27)

where w (2) is an even holomorphic function. Then,
after the rotation, we have

V 2mel 3”wai% (e*"wz) ~ 2e%1* cos (—wr — oy ),
(28)

and the solutions for wxz — —oo can be obtained as
() ~ 2B 151+ cos (—wx — ay)
+2B_e%1% cos (—wz — a_)
_ (B+e7ia+ JrB_e7ia,) ol Wz
+ (BJre5ia+ + B,e5io‘*) = 1w,
(29)
Next, we continue along the contour L in the right
half-plane. In the large semicircle of L, the term w?
dominates the potential V' and hence the solutions
¥ (z) of the perturbation equation of Eq.(20) can be
approximated as plane waves. In this way, when we
complete the contour, the coefficient of e~ %% in the
¥(z) can remain unchanged and the coefficient of e'“®
makes only an exponentially small contribution to the
solutions. Thus, when we return to the points A from
B, the coefficient of e~ 1%% gets multiplied by
B, e’io+ 4 B _ebia-
Biela+ 4+ B_eia-

(30)

In addition, similar to Eq.(15), the monodromy of
—mw/k  Thus, for the
solutions ¥ (z), to have the required monodromy of
Eq.(15), we get

B e5ia++Bie5ia7 e o

e~ 197 around the contour is e

(31)

Considering Eq.(25), the above equation can be trans-
lated into
ebiay _ gbia-

2nw/k _

e =—(1+2cosmj). (32)

e2iot _ e2ia_
Therefore, letting j = 0 and considering Eq.(16),
for scalar perturbation in the modified Schwarzschild
black hole from the gravity’s rainbow, the asymptotic
QNMs are obtained as

k 1
:71 1 —
w o n3+1k<n+2>

_f 3 f 1
f187GM T AGM 2)’

(33)
where n — oo.

It is found that, the present asymptotic quasi-
normal frequencies depend on not only the mass pa-
rameter of the black hole, but also the energy func-
tions f; and fo. This shows that, the QNMs in the
gravity’s rainbow have got the Planck scale correction
behaving as the dependence on the particle’s energy.
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Therefore, the result obtained here is different with
the QNMs from the usual Schwarzschild black hole.?"]
Certainly, in low energy, both f; and f; approach to
1, then equation (33) will return to the case of the
usual Schwarzschild spacetime.

Equation (33) shows that, the real part of the
asymptotic QNMs is

_ fo W3

(34)

That is, the real part also has energy dependence
and is different with the value from the usual
Schwarzschild black hole.  Moreover, considering
Eq.(17) of the black hole temperature, equation (34)
can be expressed as

Re (w) = T'ln3. (35)

We see that, the asymptotic quasinormal frequen-
cies for the modified black hole are consistent with
Hod’s conjecture. Thus, Hod’s conjecture gets sup-
port from the gravity’s rainbow as a quantum cor-
rected spacetime. It should be pointed out that, the
temperature T in Eq.(35) is energy dependent and
hence the present Hod’s conjecture should have some
Planck scale effects. And that, for the quantum cor-
rected black hole, the relationship of the asymptotic
QNMs with the quantum theory of spacetime should
be tested and verified.

4. Area spectrum

In this Section, as for the usual black hole,[?1% we
investigate the area spectrum of the gravity’s rainbow
and its relationship with LQG. Based on Bohr’s cor-
respondence, Hod argued that,! the highly damped
QNMs of black holes should be identical to the quan-
tum transition of the corresponding system and the
real part of the asymptotic QNMs should be equal
to the quantum transition frequency. Thus, in the
modified Schwarzschild black hole, the energy of the
radiated quanta corresponding to the radiated wave
as shown in Eq.(33) is obtained as follows:

_ o h

E =hRe(w) = 7 8nGI

In 3. (36)

On the other hand, from Eqgs.(3) and (2), we can
see that the modified Schwarzschild solution from the
gravity’s rainbow is asymptotically DSR. And, the
asymptotically DSR spacetimes have equality with the

asymptotically flat spacetimes. 5] Then, using the Ko-
mar integrals, we define the Arnowitt-Deser-Misner
(ADM) mass for the modified Schwarzschild black hole
by

M
fife

We find that, for the gravity’s rainbow, the ADM mass
is not equal to the mass parameter M, and the total

1
Mapm = —=—— [ €abeaVEL = (37)

817G J,

energy of the spacetimes depends on the energy of
the probe particle. That is, for the probe particles
with different energies, the ADM mass of the grav-
ity’s rainbow has different effective descriptions. It is
easy to verify that, the energy property of the grav-
ity’s rainbow should have a behavior of the spacetime
quantum effects. Obviously, this is different from the
usual Schwarzschild black hole, in which Mapy = M.
Then, by applying energy conservation to the
quantum corrected spacetime, the changes for the
ADM mass and the mass parameter of the black hole
before and after the radiation of Eq.(36) are obtained,

respectively,
AMADM = E, (38)

AM = fifoE = f3

h
In 3.
Sr Ol n3 (39)
In addition, from Egs.(3) and (9), the event hori-
zon area of the modified black hole can be obtained
as

167 G2 M2
5o

It is seen that, although the horizon of Eq.(9) is uni-

A= / (ggtggw,)hr dfdy = (40)

versal for all observers, the horizon area of the grav-
ity’s rainbow framework is energy-dependent and dif-
ferent from the value of the usual black hole.

Thus, from Eqs.(39) and (40), the area change of
the gravity’s rainbow corresponding to the asymptotic
QNMs shown in Eq.(33) can be obtained as follows:

AA = %3327rG2MAM =4In30’ (41)
with Planck length I, = v/Gh.

We find that, despite the fact that the area itself
is different from the value of the usual black hole and
for different observers, the area spacing of the quan-
tum modified black hole is not only the same as the

[9:10] hut also is the same for all the

usual black hole,
observers. This may have some relationship with the
quantum theory of spacetime and should be investi-

gated in future.
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As mentioned in Section 2, the gravity’s rain-
bow may have some relevancy with LQG. Next, as in
Ref.[10], we relate the area spectrum of the quantum
corrected black hole to quantum geometry. In LQG,
the area of black holes is quantized and the area ele-

ment is given by[18:19:49]

A(jmin) = 87Tl12) V jmin(jmin + 1)a (42)

where v is the so-called Barbero-Immirzi parameter
and jmin is the smallest spin of the spin network in-

setting the horizon. Then, under the argument!'?!
AQjmin) = AA, (43)
the v can be expressed as
In3 (44)

V=
27T ,]Inin(]min + 1)

In addition, the black hole entropy from LQG
i[18,19,50]
S = NIn(2jmin + 1), (45)
where N = A/A(jmin) is the number of area element
on the horizon.

Thus, considering Eq.(43), we have

S = iln(2jmin + 1)

N 4l12) In3 (46)

Letting the black hole entropy equal the Bekenstein—
Hawking entropy

A
I (47)

the smallest spin value is presented as
jmin =1 (48)

The result is the same as that obtained from the
usual black hole and suggested that LQG should be
based on SO(3).['% By substituting the spin value into
Eq.(44), the Barbero-Immirzi parameter can be fixed

as
In3

= 27r\/§.

It is seen that, as in the case of the smallest spin
value, the Barbero-Immirzi parameter is not depen-
dent on the particle’s energy and has the same result
as from the usual black hole.l'%) Obviously, as an el-
ementary parameter of LQG, its independence of ob-

(49)

server and spacetime background is satisfactory.

5. Summary and conclusions

In the present work, we investigated the asymp-
totic QNMs in a quantum corrected spacetime. By
using the monodromy method, we analytically calcu-
lated the asymptotic QNMs for the massless scalar
field in the modified Schwarzschild black holes from
The results show that, the
highly damped quasinormal frequencies depend not

a gravity’s rainbow.

only on the mass parameter of the modified black
hole but also on the particle’s energy. Comparing
the results from the usual Schwarzschild black hole, in
which the asymptotic QNMs only depend on the mass
parameter,?!] the energy dependence of the asymp-
totic QNMs in the gravity’s rainbow is a novel prop-
erty. The property may be seen as a Planck scale
effect of the asymptotic QNMs and should arise from
the quantum effect of the background spacetimes.

It is also found that, in the context of the grav-
ity’s rainbow, the energy dependence of the asymp-
totic quasinormal frequencies is involved in the Hawk-
ing temperature and the real part of the asymptotic
QNMs can be expressed as Ty In3. Thus, in support
of Hod’s conjecture.[g} the present research provides
further evidence from a quantum corrected spacetime.
In addition, by relating Hod’s conjecture to the quan-

tum theory of black holes, 1]

the area quantization of
the quantum modified black hole is investigated and
the area spacing is obtained. The result is energy-
independent and is the same as that coming from the
usual Schwarzschild black hole,®19 despite the fact
that the area itself is energy-dependent and different
from the value of the usual black hole. In addition, in
the present quantum corrected spacetime, by relating
the area quantization to LQG, the smallest spin value
and the free parameter in LQG are given. Also, the
obtained results are energy-independent and the same
as those in the usual black holes.['9! Tt is consistent
with expectation that the present area spectrum and
the obtained elementary parameter are independent
of the observer and background spacetime.

The present results should be proved by other
cases, such as different fields in different gravity’s rain-
bows. Further research is in progress.
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