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In this paper, we propose the approach of employing circulant permutation matrices to construct quantum quasi-

cyclic (QC) low-density parity-check (LDPC) codes. Using the proposed approach one may construct some new quantum

codes with various lengths and rates of no cycles-length 4 in their Tanner graphs. In addition, these constructed codes

have the advantages of simple implementation and low-complexity encoding. Finally, the decoding approach for the

proposed quantum QC LDPC is investigated.
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1. Introduction

Since the initial discovery and the general de-

scriptions of quantum error-correction codes (QECC)

were presented,[1−3] QECC have drawn much interest

during recent years. The first quantum code which

was introduced by Shor in 1995,[4] encoded one qubit

into nine qubits and could correct both bit-flip er-

rors and phase-flip errors. Shortly after, it was shown

that QECC can be constructed based on the classi-

cal block codes. This led to the development of an

important class of QECC by Calderbank, Shor and

Steane,[5,6] known as CSS codes. Afterwards, a more

general quantum code, i.e., stabilizer quantum code,

was brought forward by Gottesman.[7] Currently, al-

most all the advanced code constructions may be cat-

egorized as these two classes according to the differ-

ent construction methods and principles. It has been

shown that QECC play an important role in quan-

tum computation,[8] quantum signal processing[9,10]

and quantum communication.[11−14]

A class of classical codes called LDPC codes were

first proposed by Gallager[15] and more research was

renewed many years later.[16] The advantage of LDPC

codes is its lower decoding complexity although there

is a disadvantage of higher encoding complexity. Ac-

cording to the weight of rows and columns in parity-

check matrix, LDPC codes are classified into regular

one and irregular one. With the development of quan-

tum information, generalizing this notion to quantum

codes is significant. Actually, the quantum LDPC

codes have been proposed recently,[17] and Thomas

Camarain et al proposed a general construction of

quantum LDPC codes within the stabilizer formalism

in 2005. In these proposed quantum LDPC codes,

the decoding evolves pure quantum nature so that the

constructed code has some novel properties.

It is well known that the CSS codes may be con-

structed by two classical linear codes. This motivates

us to consider the quantum LDPC codes based on the

CSS approach in this paper. In addition, the con-

structed quantum LDPC codes have lower encoding

complexity, subsequently, the corresponding quantum

circuit of the constructed quantum LDPC codes is

more simple than other kinds of quantum codes. Espe-

cially, since the QC LDPC codes are a class of optimal

LDPC codes, the quantum LDPC code constructed

using classic QC LDPC codes will benefit reducing

decoding complexity and encoding complexity of the

constructed quantum LDPC codes.

This paper is arranged as follows. In Section 2,

we present some preliminaries which are necessary for
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the quantum LDPC codes. In Section 3, we investi-

gate the construction and encoding of quantum QC

LDPC codes. Then the decoding approaches are pre-

sented in Section 4. Finally, the conclusions are drawn

in Section 5.

2. Preliminaries

Firstly, we introduce some basic notations on the

QECC, especially the stabilizer codes and CSS codes.

Let C2 be a 2-dimensional complex vector space, its

tensors product space HN = (C2)⊗N over field Z2 can

be reviewed as code words of binary codes. A quan-

tum code C[[N, k]] is a subspace of dimension 2k of the

Hilbert space HN . It is a linear code which encodes

vectors from k-dimensional space to N -dimensional

space, and its rate is k/N . In a depolarizing chan-

nel, there are four basic operators maybe performing

on a single qubit, i.e., I = σ0, X = σx, Z = σz and

Y = ZX = σy, where σ0, σx, σz, σy are Pauli matri-

ces. Over N qubits, the four operators generate a

Pauli group by tensor products,

PN = {iλ(ω1 ⊗ · · · ⊗ ωN )|ωi ∈ E, 0 ≤ λ ≤ 3}. (1)

Any pair of elements in PN are either commutes or

anti-commutes.

One important quantum codes is the so-called sta-

bilizer code. This kind of QECC is useful for build-

ing quantum fault tolerant circuits. That an operator

M ∈ PN stabilizes a state can be formally expressed

as

M |φ⟩ = |φ⟩. (2)

Let S be an Abelian (i.e. commutative) subgroup of

the Pauli group PN without including −I and ± i I. If

quantum code C = {|φ⟩ : M |φ⟩ = |φ⟩∀M ∈ S}, then
it is a stabilizer code and S is its stabilizer. Further-

more, the quantum Hamming bound[18] of stabilizer

code Q[[N, k, d]] which can correct up to [(d − 1)/2]

errors, satisfies

[(d−1)/2]∑
l=0

3l
(
N

l

)
≤ 2N−k. (3)

Other kinds of important quantum codes are the

CSS codes which are special stabilizer codes. Their

construction is based on the properties of two clas-

sical linear codes, so the CSS code construction pro-

vides a link to classical coding theory. In this pa-

per, we present a CSS code construction employing

a pair of QC LDPC codes. Suppose C1 and C2 are

classical linear codes with parameters [[N, k1, d1]] and

[[N, k2, d2]], respectively. If the two classical codes sat-

isfy some conditions, i.e., k2 < k1, C2 ⊂ C1, both C1

and C⊥
2 can correct up to t errors, then the result-

ing CSS codes will be an C[[N, k1 − k2,min{d1, d2}]]
code and also correct t quantum errors. The form of

generator matrix of the resulting CSS codes can be

expressed as follows:

A =

H1 0

0 H2

 , (4)

whereH1 andH2 are parity check matrices of the clas-

sical codes C1 and C⊥
2 respectively. If C1 = C⊥

2 , the

obtained CSS code is called self-dual containing.[17,19]

3. Constructions of classical

codes for QECC

To construct CSS codes, a pair of classical codes

are necessary. Codes are called QC codes if a cyclic

shift of any codeword by some positions is still a code-

word. In addition, if the parity check matrix of QC

codes is a low density matrix, the codes are QC LDPC

codes. The characteristic of QC LDPC codes is that,

the parity-check matrix consists of small square blocks

which are the zero matrix or circulant permutation

matrices. Furthermore, QC LDPC codes have good

performance for short code length. From Eq.(4), we

may know that if the parity check matrices H1 and

H2 of two classical codes are low density, the parity

check matrix A of quantum codes Q is still a low den-

sity parity check matrix. Therefore, the correspond-

ing quantum QC LDPC codes should also have more

advantage on the encoding process than other kinds

of quantum codes.[20,31] In this Section, we construct

quantum LDPC codes employing two classical quasi-

cyclic codes.

To construct the parity check matrices H1 and

H2, we need to obtain the circulant permutation ma-

trices. First, we introduce some notions. An L × L

square matrix P = (pij) is called basic-matrix given

by

pij =

 1 if i = (j + 1)modL

0 otherwise
,

where L is an odd prime. Obviously, a family of ma-

trices P i, 0 ≤ i ≤ L− 1 can form a finite cyclic group.
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ThemL×nL matrix G is called circulant permutation

matrix if it may be denoted by G = (P aij )Lm×Ln, i.e.,

G =


P a11 P a12 . . . P a1n

P a21 P a22 . . . P a2n

...
...

. . .
...

P am1 P am2 . . . P amn

 ,

where aij , 1 ≤ i ≤ m, 1 ≤ j ≤ n, is the expo-

nent of basic-matrix P . Denote P∞ = 0L×L, aij ∈
{0, 1, . . . , L − 1,∞}, E(G) = (aij) is called exponent

matrix of G, i.e.,

E(G) =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...

am1 am2 . . . amn

 .

Now, we first consider how to design two circu-

lant permutation matrices G1 and G2. According

to the theory of group, if L is odd prime, ZL =

{0, 1, . . . , L − 1} is a field. A set Z∗
L constructed by

non-zero elements in ZL is a cyclic group, and its or-

der should be even. Therefore, Z∗
L may be divided

into two subsets averagely, i.e., Z∗
L1 and Z∗

L2. The

two subsets satisfy the following conditions:

(i) |Z∗
L1| = |Z∗

L2| = l, l = (L− 1)/2.

(ii) ∀ a ∈ Z∗
L1, b ∈ Z∗

L2, a ̸= b.

(iii) The elements are ai = σi mod L and bi =

τσi mod L, where ai ∈ Z∗
L1, bi ∈ Z∗

L2, σ ∈ Z∗
L, τ ∈

Z∗
L/{σ, σ2, . . . } for 1 ≤ i ≤ l.

Now, we will use these elements in the two sub-

sets to obtain exponent matrices E(G1) = (aij) and

E(G2) = (bij). Assume vectors

u1 = (a11, a12, . . . , a1l), a1i ∈ Z∗
L1,

v1 = (b11, b12, . . . , b1l), b1j ∈ Z∗
L2, 1 ≤ i, j ≤ l.

We get the exponent matrices of circulant permutation

matrices E(G1) and E(G2) by the following algorithm.

Step 1 Divides E(G1) into two parties which

denoted as square matrices E(GA1) and E(GA2), i.e.,

E(G1) = (E(GA1), E(GA2)).

Step 2 Let vector u1 = (σ, σ2, . . . , σl) be first

row of matrix E(GA1). With the clockwise (or anti-

clockwise) permutation of positions in vector u1, one

may create the second row vector u2 of E(GA1). After

l times, the E(GA1) is obtained.

Step 3 Assume that row vector u′1 obtained from

some permutation of u1 is the first row of E(GA2).

The second row u′2 of E(GA2) may be created by anti-

clockwise (or clockwise) permutation of positions from

the u′1. In the same way, one may get another matrix

divided matrix E(GA2).

Step 4 Combining E(GA1) and E(GA2), an ex-

ponent matrix E(G1) is achieved.

Step 5 Let bis = τ1ais, 1 ≤ s ≤ l and bit =

τ2ait, l+1 ≤ t ≤ 2l with τδ ∈ Z∗
L/{σ, σ2, . . . } (δ = 1, 2)

and τ1 ̸= τ2. According to mapping aij → bij , another

exponent matrix E(G2) is obtained in a similar way

as that for E(G1).

Step 6 Combining exponent matrices described

above with basic-matrix, the circulant permutation

matrices G1, G2 can be generated.

Example 1 Let L = 7, (Z∗
1 = {1, 2, . . . , 6}), one

may get l = (L− 1)/2 = 3, Z∗
A1 = {1, 2, 4} and Z∗

A2 =

{3, 5, 6}. Therefore, u1 = (2, 4, 1), u′1 = (1, 2, 4), and

the exponent matrix E(G1) is

E(G1) =
(
GA1 GA2

)
=


2 4 1 1 2 4

1 2 4 2 4 1

4 1 2 4 1 2

 .

Let τ1 = 3 and τ2 = 5, then the mapping is 3ais =

bis, 1 ≤ s ≤ 3, 5ait = bit, 4 ≤ t ≤ 6. Therefore, the

exponent matrix G2 is obtained by

E(G2) =


6 5 3 5 3 6

3 6 5 3 6 5

5 3 6 6 5 3

 .

Combining the two exponent matrices and the 7 by

7 basic-matrix P , circulant permutation matrices G1

and G2 are obtained.

In the following, we investigate how to generate

two (N−ki)×N (i = 1, 2) parity check matrices using

two circulant permutation matrices. And then, we will

show how to construct the quantum QC LDPC codes.

Lemma 1 If circulant permutation matrices G1

and G2 are created by using the algorithm presented

above, then any rows of G1 is orthogonal to all rows

of G2, i.e., G1 · GT
2 = 0, where GT

2 is the transpose

matrix of G2 and 0 is a zero matrix.

Proof Let E(G1) and E(G2) denote two expo-

nent matrices of circulant permutation matrices G1

and G2, and L be a prime number. In terms of the

QC quantum codes construction algorithm described

previously, one may know that the mapping between

Z∗
L1 and Z∗

L2 for Z∗
L1∪Z∗

L2 = Z∗
L is a one-to-one map-

ping.

Take any two row vectors x = (xa1, xa2) and

y = (yb1, yb2) of E(G1) and E(G2) respectively, where
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|xaj | = |ybj | = l = (L − 1)/2, j = 1, 2. Denote

σ ∈ Z∗
L, τ ∈ Z∗

L/{σ, σ2, . . . }. Assume that a cyclic

group H = {τ, τσ, τσ2, . . . , τσL−1} is a subspace of

Z∗
L. According to the chosen parameters σ and τ ,

suppose that the elements of E(G1) and E(G2) are

σi and τσi for 0 ≤ i ≤ L − 1, respectively. One may

know that the inner product of any xai and ybi in

the two vectors x and y is 0 or 1. However, one may

know that τσi/σi′ = τσi′′ for 1 ≤ i′, i′′ ≤ L− 1 is the

element of H. Therefore, in terms of the one-to-one

mapping, the result 0 and 1 of inner product appear

contemporarily in the two divided matrices E(GA1)

and E(GA2) (or E(GB1) and E(GB2)). Subsequently,

the inner product of rows x and y should always be 0

for mode 2. Therefore, one may get that any row of

G1 is orthogonal to all rows of G2, i.e., G1 · GT
2 = 0.

�
Lemma 2 Let H1 and H2 be the parity check

matrices of two classical codes C1 and C
⊥
2 respectively.

If any rows in H1 are orthogonal to any rows in H2,

the linear codes C1 and C2 can construct a quantum

code.

Proof If any rows of H1 and H2 are orthogo-

nal mutually, i.e., ⟨a, b⟩ = 0,∀a ∈ H1,∀b ∈ H2, one

gets that H1 · bT = 0,∀b ∈ C2. Therefore, the cause

C2 ⊂ C1 is satisfied and a quantum code can be ob-

tained by the two classical codes. �
With the Hamming bound (3) and k2 < k1, one

may obtain the following theorem.

Theorem 1 Using the constructed circulant per-

mutation matrices, quantum codes C with parameter

[[N, k, d]] may be constructed.

Proof Let parameters be k2 < k1. According to

the Hamming bound (3), one chooses properly N − ki
(i = 1, 2) rows of Gi as parity check matrix Hi. From

Lemma 1, it is orthogonal between any rows inH1 and

H2. With k2 < k1 and Lemma 2 we can gain quantum

codes C with parameter [[N, k, d]]. �
As designed previously, if there is “∞” in expo-

nent matrix, and let τ1 = τ2, then QC LDPC can also

be obtained by the non-zero matrix.

Example 2 In example 1, if replace element

τ = 3 in exponent matrices with ∞, then we can get

the following exponent matrices E(G1) and E(G2)

E(GA1) =


2 4 ∞ ∞ 2 4

∞ 2 4 2 4 ∞
4 ∞ 2 4 ∞ 2

 . (5)

According to function bij = 3aij , then E(G2) is,

E(GA2) =


6 5 ∞ ∞ 6 5

∞ 6 5 6 5 ∞
5 ∞ 6 5 ∞ 6

 . (6)

The parity check matrices H1 and H2 can also be

taken from G1 and G2 which is based on the basic

matrix and exponent matrices designed above. We

show this fact with the following cause.

Theorem 2 Now, suppose the non-zero expo-

nent matrices based on the described previous princi-

ples, consider the following mapping,

x→ ∞,∞ → y (7)

with x ∈ Z∗
L1
, y ∈ Z∗

L2
. If take the proper parame-

ters k1 and k2, the quantum codes C[[N, k, d]] may be

obtained.

Proof Denote x = (xa1, xa2) and y = (yb1, yb2),

where |xa1| = |yb1| = l. In terms of the features of

basic-matrix P and mapping (7), same value of inner

product between xai (i = 1, 2) and ybi appears always

contemporarily. Therefore, it induces that ⟨x, y⟩ = 0.

According to Lemma 1, condition C2 ⊂ C1 may be

satisfied. Furthermore, if take proper parameters k1,

k2, the condition k2 < k1 also can be ensured. Let

two classical codes C1 and C2 be with parameters

[[N, k1, d1]] and [[N, k2, d2]]. According to Lemma 2,

quantum QC LDPC codes C[[N, k, d]] based on codes

C1, C2 can be obtained, where k = k1 − k2 and

d = min{d1, d2}. �
Because G1 and G2 are l by 2l matrices, the clas-

sical codes rate will not be more than 1/2 if based on

the above design, regardless that there is ∞ or not in

exponent matrices. In the following, we provide codes

with various code lengths so that various rates with no

cycles of length 4 in their Tanner graph. To adjust the

code rate and code length, we can use the following

method.

Let corresponding exponent chain of two of cycles

be represented as follows:

a1 → a2 → . . . a2l → a1 or (a1, a2, . . . , a2l, a1).

Corollary 1 Suppose (a1, a2, . . . , a2l, a1) be the

exponent chain corresponding to a block-cycle. Let r

be the least positive integer, if repeating r cycle times,

such that

r
2l∑
i=1

(−1)i−1ai ≡ 0 mod L, (8)
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then the block-cycle leads to a cycle of length 2lr.

Proof Let length 2l of matrix as a cycle of

exponent matrix, denoted as Eλ(Gi), λ = 1, . . . , r.

First we consider columns from 1 to l. According to

the relation of P ai and P ai+1 corresponding to some

Eδ(Gi), 1 ≤ δ ≤ r, the “1” of the j-th row in P ai is

located at the j+
∑l

i=2(−1)kak-th row in a row block

(i = 2, 3, . . . , l) and the last is (j+a2−a3 . . . a2l−a1).
Similarly, we can also analyze the remaining columns

from l + 1 to 2l. Repeating this procedure r times,

the “1” of the j-th row in row block is connected to

the ”1” at the j + r
∑2l

i=1(−1)iai-th row of P a1 in

row block. This procedure may be represented by the

following chain

P a1 → P a2 → . . . P a2l︸ ︷︷ ︸
r times

→ P a1 . (9)

By the assumption of (9), we also have

j ≡ j + r
2l∑
i=1

(−1)iai mod L. (10)

Let every 2l length of matrix be designed as before,

and choose a suitable parameter τi and τi+1 building

the relation between two circulant permutation ma-

trices. Therefore, the block-cycle leads to a cycle of

length 2lr. According to different r, we can get various

code lengths so that various rates. �
Furthermore, we consider quantum self-dual con-

taining codes of construction based on QC LDPC

codes and have the following result.

Corollary 2 There is no self-dual containing

quantum QC-LDPC code based on the construction

described above.

Proof Suppose C1, C2 are linear classical codes

which are used to construct a self-dual containing

quantum code. It means C1 = C⊥
2 . According to the

condition about CSS code, it implies that the param-

eters k1, k2 should be 0 ≤ k1 < k2 ≤ m. Therefore,

the condition C1 = C⊥
2 cannot be obtained. �

Finally, the distance and girth of the Tanner

graph should be considered. Combining all column

vectors in a block matrix, it will be a column vector

of which every element is 1. It must be linear for two

vectors are combining 2l column vectors of two block

matrices. Therefore, the distance d will not be greater

than 2l. On the other hand, according to the design

of classical QC-LDPC codes, we know that every ex-

ponent matrix is divided into two parties. Therefore,

there must be
(
l
2

)
≥ 2, i.e., L ≥ 7 and the girth of

the Tanner graph of provided parity check matrix is

greater than or equal to six.

From the previous analysis, the circulant permu-

tation matrices G1 and G2 can be used to construct

quantum QC-LDPC codes. In terms of the characters

of circulant permutation matrices, the constructed

quantum codes have advantage of simple implemen-

tation and low-complexity encoding. In the following,

we will show the detail of how to encode the quantum

codes with the constructed G1 and G2.

Firstly, one chooses N−k1 and N−k2 rows in the

two circulant permutation matrices according to the

Hamming bound in Section 1. Furthermore, the dis-

tance d can be calculated by the number of the inde-

pendent lines of the check matrix HN−k1 and HN−k2 .

Subsequently two classical codes C1[[N, k1, d1]] and

C2[[N, k2, d2]] may be obtained.

Any quantum codeword x ∈ C1, quantum state

|x+ C2⟩ can be expressed as,

|x+ C2⟩ ≡
1

2k2/2

∑
y∈C2

|x+ y⟩. (11)

The right of the above equation satisfies the computa-

tion of mold 2 in F2. If take all of the quantum code-

words in C1, the number of orthogonal state |x+C2⟩
is n = 2k1−k2 . Therefore, we can get a set which in-

cludes different states,

Ω = {|x0 + C2⟩, |x1 + C2⟩, . . . , |xn−1 + C2⟩}. (12)

Therefore, k1 − k2 qubits overlap state is obtained as

|ψ⟩ = α0|0 . . . 00⟩+α1|0 . . . 01⟩+ · · · +αn−1|1 . . . 11⟩.
(13)

Then, one transforms |ψ⟩ as a codes system of qubits

overlap state

|φ⟩ = α0|x0 + C2⟩+ · · · + αn−1|xn−1 + C2⟩. (14)

Therefore, from two classical liner codes C1 and C2, we

may get quantum codes C[[N, k, d]], where k = k1−k2
and d = min{d1, d2}. For instant, the check matri-

ces H1, H2 which are obtained from Example 1 and

the corresponding codes, can correct one error. If one

chooses k1 and k2 which satisfy the Hamming bound

such as k1 = 17, k2 = 15, and the distance d = 12,

one can get the quantum codes [[42, 2, 12]]. There will

be 217 code vectors in C2, and 215 in C1. One may

hence get 2k1−k2 = 22 states |s0⟩ . . . |s22−1⟩ which can

be denoted as |si⟩ = |x + C2⟩, (0 ≤ i ≤ 22 − 1), re-

gardless of x /∈ C2, or x ∈ C2. Finally, the quantum
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error-corrected coding set can be transformed as the

following encoded coding,

|φ⟩ = α0|s0⟩+ α1|s1⟩+ α2|s2⟩+ α3|s3⟩. (15)

And then the encoded coding is sent into the depo-

larizing channel. The receiver will decode his received

quantum codes. In the following Section, we show how

to decode the presented quantum codes.

4. Decoding of the presented

codes

Suppose the liner coding sets C1 and C2 can cor-

rect t qubits error, we will show how the CSS codes

constructed by C1 and C2 correct most t bit-flip and

phase-flip errors.

4.1. Error detection

As to the decoding of quantum CSS codes, we

first consider the state (11). Because x ∈ C1, and

C2 ⊂ C1, we have

xHT
1 = 0, yHT

1 = 0, ∀y ∈ C2. (16)

On the other hand, if vector ei denotes i-th flipped

qubits and the encoded code is state in Eq.(11), then

that we accepted is

|φ1⟩ =
1

2k2/2

∑
y∈C2

|x+ y + ei⟩. (17)

According to the syndrome of vector x + y + ei cor-

responding to the state in Eq.(11), even y /∈ C2, the

following result can also be obtained

(x+ y+ ei)H
T
1 = xHT

1 + yHT
1 + eiH

T
1 = eiH

T
1 . (18)

Because the linear codes set C1 can correct t errors,

the syndromes e1H
T
1 , e2H

T
1 , . . . , eNH

T
1 corresponding

to the only one error are all different. Clearly, accord-

ing to classical method of error correcting coding, we

will know that the error happens on the i-th qubit by

computing the syndrome eiH
T
1 in the accepted infor-

mation state |φ1⟩.

4.2. Error correction

From the process of error detection, we can know

which position qubit has flipped. The errors of flipped

qubit include: bit-flip error (X error), phase-flip error

(Z error), and the case of two kinds of errors happened

contemporarily. Now, we discuss how to correct the

error.

To bit-flip error, we only impose X-Gate on the

qubit on which the error happened, the error will

be corrected. For instance, if two classical codes

C1[[42, 17, 12]] and C2[[42, 15, 12]] can correct one er-

ror, the constructed quantum code based on C1 and

C2 is C[[42, 2, 12]] can also correct one error. The cir-

cuit of measuring on the X error syndrome can be

expressed as shown in Fig.1.

Fig.1. Circuit correcting X errors of qubit encoded in

[[42,2,12]] code, where Blo denotes block matrix, and there

are 17 Blos i (i = 1, . . . , 6) in circuit every qubits.

Operating a Hadamard transition on a single state

|x⟩ yields

|x⟩ Hadamard−−−−−−→ 1

2N

∑
y∈{0,1}N

(−1)x·y|y⟩. (19)

Now, we impose Hadamard transition on every qubits

in the state |φ1⟩ by applying coding. With Eq.(11),

one obtains

|φ2⟩ =
1

2k2/22N/2

∑
x∈{0,1}N

∑
y∈C2

(−1)(x+y)z|z⟩. (20)

According to the linearity of liner coding sets C2, and

∑
y∈C2

(−1)y·z =

 2k2 if z ∈ C⊥
2 ,

0 if z /∈ C⊥
2 ,

(21)

|φ2⟩ may become

|φ3⟩ =
2k2/2

2N/2

∑
z∈C⊥

2

(−1)x·z|z⟩. (22)

Therefore, if the phase-flip happened in the i-th qubit

in the state |x + C2⟩, the following state may be ob-

tained

|φ(i)⟩ = 1

2k2/2

∑
y∈C2

(−1)(x+y)ei |x+ y⟩. (23)
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To impose Hadamard transition on every qubits in the

above equation, one may get

1

2k2/22N/2

∑
z∈{0,1}N

∑
y∈C2

(−1)(x+y)(ei+z)|z⟩

=
1

2k2/22N/2

∑
z′∈{0,1}N

∑
y∈C2

(−1)(x+y)z′
|ei + z′⟩,

(24)

where z′ = ei+ z. Applying expression (19) again, we

also obtain

|φh⟩ =
2k2/2

2N/2

∑
z′∈C⊥

2

(−1)(x·z
′)|z′ + ei⟩. (25)

From the above cause, the phase-flip error can be

turned as bit-flip error through the Hadamard tran-

sition. Therefore, to the state |φh⟩, we only correct

the bit-flip error, then the phase-flip error can be cor-

rected. In fact, we apply the parity check matrix H2

of coding set C⊥
2 to solve the syndrome of the vector

z′ + ei corresponding to the state |z′ + ei⟩. Because

C⊥
2 can correct t errors, from the syndrome, we can

detect the error ei and correct it. At last, the state is

achieved

|φ0⟩ =
2k2/2

2N/2

∑
z′∈C⊥

2

(−1)(x+y)z′
|z′⟩, (26)

and then imposes Hadamard transition on every

qubits in Eq.(26) again, one will get the original in-

formation.

Finally, if the two kinds of flipped errors happen

contemporarily, we only correct the bit-flip error be-

cause this process includes the correction to the phase-

flip error. To the two classical codes C1 and C2 with

parameters [[42, 17, 12]] and [[42, 15, 12]], the CSS code

error correction circuit system is described as shown

in Fig.2. From the description, regardless of the bit-

flip or phase-flip error, one can correct t errors with

the quantum circuit.

Fig.2. CSS code [[42,2,12]] error correction circuit, where

Blo denotes block matrix.

5. Conclusion

In this paper, we proposed a method of employ-

ing the classical codes to construct the quantum QC

LDPC codes. From the design of the presented codes,

it can be efficiently constructed with the short code-

word length. We showed that the constructions pro-

vide codes with various lengths and rates with no cy-

cles of length 4 in their Tanner graph. This approach

can be directly extended to other quantum LDPC

codes. According to the features of LDPC codes, the

presented codes have the advantage of simple imple-

mentation and low complexity encoding.
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