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The nonlinear Wannier functions in square Kronig-Penney potential are investigated with the help of a set of exact

nonlinear Bloch solutions. The nonlinear interaction makes the Wannier functions fall off as non-exponential law with

distance and enhances the tunneling coupling between the neighbor sites.
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1. Introduction

One of the project of Bose-Einstein condensates
(BECs), as a quantum simulator, is loading it into
optical lattice to test the basic concepts in solid
state physics. Since the experiment realization for
superfluid-Mott insulator transition,} the Joseph-
son oscillation/? and bright gap solitons,*! the the-
oretical research on this object has been extensively

[l dynamical

explored such as the loop structures,
instabilities,!®! transport of BECs,[%! etc. In the point
of theoretical view, the tight-binding approximation
plays an important role in constructing Bose-Hubbard
model,l”] discrete nonlinear Schrédinger,!® and further
understanding the physics of BECs in lattice.

To apply the tight-binding (t-b) approximations
into a periodic system, one has to find the Wannier
functions (WFs), which form the orthogonal and com-
plete set basis. It has been extensively proved that
WF's play an important role in expressing localized
states in crystalline solids and developing the elec-
tron theory of solids. Therefore, they are extensively

[9—13]

studied in solid-state physics in the past several

decades. The key property of the Wannier function is

(1] and some-

that they are localized around the site
what similar to atomic wave function at the same site.

Similarly, the WF's are also very important in nonlin-

ear case, the Bose-Hubbard model and discrete nonlin-
ear Schrodinger are obtained by assuming there exists
a complete WFs.[:8]

In this paper, we are going to study the low-
est nonlinear Wannier functions in square Kronig—
Penney (KP) potential, based on a set of exact non-
linear Bloch solutions. The linear Schréinger equa-
tion with this potential, exactly solved in the 1930s,
presents a clearing physical picture to understand the
solid theory.[1%:16] Tt is interesting to note that the non-
linear Schrédinger equation (NLSE), with the same
KP external potential, can be derived analytically. In
the frame of mean-field theory, Bloch states of a BEC
in a Kronig—Penney potential, which is composed of a
lattice of ¢ function, have been reported in Refs.[17],
[18] and [19]. Here we extend these ¢ functions to the
square potentials, called as square Kronig—Penney po-
tential. Since the properties of WFs are determined
by its phase changing, we are going to find the one spe-
cial Wannier function, suggested by Kohn in 1959.1%
For each Bloch band there exists a unique WF pos-
sessing the following basic properties; (i) it is sym-
metric to either x = 0 or x = T'/2; (ii) it is real, and
(iii) it is falling off exponentially with distance.[’) Af-
ter that, we calculate the two important parameters
in the Bose-Hubbard model, the on-site interaction U
and the corresponding hopping terms J.
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This paper is structured as follows. In Section 2,
we review the basic properties of Wannier function.
In Section 3, the exact Bloch solutions of NLSE with
a square KP potential are presented. And then, we
obtain the nonlinear Wannier function for various po-
tential depth and nonlinear interaction in Section 4.
Section 5 concludes this paper.

2. Wannier function

For a 1D crystal with lattice period T along z
axis, the Bloch function satisfies20]

thig(w) = €' giq (), (1)

where ¢;,(z) is a periodic function and it satisfies the
condition ¢i(z) = ¢q(x + T'), ¢ is the quasimomen-
tum of the state and [ is the band index.

The dynamics of particles moving in the lowest
lying well separated bands can also be described by
Wannier functions. The Wannier functions, localized
at lattice site x;, could be found by Fourier transfor-

mation

T w/T ]
Wi(x —ax;) = %/ o Pig(x)e™ 1% dg. (2)

These Wannier functions are complete sets of
orthogonal normalized real mode functions for each
band I,

/del*(x — i)Wy (x —2ir) = 6y 60 (3)

The normalization in Eq.(3) presupposes that the
Bloch functions are normalized in a unit cell of the
lattice:

/ |hrq ()] daz = 1. (4)
cell

Kohn proved that for each Bloch band there exists
a unique Wannier function W, (z) with the following
three properties: they are symmetric, real, and decay
exponentially. !

For the nonlinear case, one expected that there
are the nonlinear Wannier functions in Refs.[7] and
[8] and the orthogonality of them has been proved in
Ref.[27].

3. Model and the solution

To have the nonlinear Wannier function, we con-
sider the following one-dimensional (1D) stationary
NLSE (or Gross—Pitaevskii equation), which has been
proved to describe the dynamics of BEC’s at ultra-low

temperature [21:22]
i () = T om 922 + Voot () + gnT | Y (z) |
x Y (x), (5)

where p is the chemical potential, g = 4mwh2as/m is
the nonlinear coupling constant and as is 1D reduced
s-wave scattering length. The square KP potential is
given by

“+o0
Voot (@) = > Vy(x —nT) (6)
with
0, —a<z<a,
Vy=
Vo, a<zxz<a+bd.
After introducing ¥ (z) = r (z) exp (—1 60 (z)) (in
dimensionless units), equation (5) can be rewritten as

(%5

> = 2np (:c)3 +4(p—Voor) p (1’)2
— Bp(z) — 42, (7)

and

6= /dxﬁ, (8)

where p (z) = 72 (), is the density of the state and 3
is an integral constant. « is another integral constant
and has a simple physical meaning: the current of the
quantum state. In our paper, we measure lengths in
units of T'/w, where T = 2a + b is the period of the
external potential, and energies in units of the recoil
energy Er = h?¢3/2m, with the Bragg momentum
g = ©/T. n = gnT/ER represents the nonlinear in-
teraction and n is the average density.

It has been proven that the solution of Eq.(7) can
be written in terms of the Jacobi elliptic functions
(SN, SC and NC).[?3=26] Generally, we can have two
different solutions depending on the relation of the
chemical potential and the barrier height. Firstly for
p> Vo,

p1 (z) = A/8K?* — (A/8K? — 128K*a? /A (16K* + An)) SN? (Kz + 6,n1) .



4132

Xue Rui et al

Vol. 18

For u < Vp, we have two different solutions, depending on the number (only 0 or 1) of the nodes within the

barrier. For the case without nodes in the barrier region, the solution is

p2 (z) = B/8Q* + (B/8Q* + 128Q*a*/B (16Q* — B1))SC? (Qz + 7, n2).

But for the case having one node in barrier,

p2 (x)

According to the Bloch theory, one can find the
Bloch solutions and the corresponding energy spec-
trum for KP potential. Imposing the continuity of the
wave function and continuity of the first derivative of
the wave function at * = a, and the Bloch periodic

condition, we have

p1(a) = pz2(a), (9)
Oup1 (a) = Orp2 (a), (10)
p1(—a) =p2(T), (11)
Oup1 (—a) = 0zp2 (1), (12)
and
6, (T) — (61 (—a) — qT) = 2n7. (13

Since the nonlinearity, we need another two condi-
tions: the continuity of chemical potential

p1 = pi2, (14)
and the normalization of wave function
a T
/ p1 () dﬂH‘/ p2 (z)dz = 1. (15)

|
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Principally, we can fix the free parameters A, B,
K, Q, 4, v, a by simultaneous solving Eqgs.(9)—(15).
For example, given the well width 2a = 0.8 and barrier
width b = 0.2 (will be used throughout this paper), the
lowest Bloch states (I = 0) for ¢ = 0.57 in different
system parameters are plotted in Fig.1. The shaded
part denotes the barrier region in all the figures. Since
the Bloch wave functions are complex, the real part
and the imaginary part of Bloch wave functions 1), for
given interatomic interaction (gn = 0.1Eg) and dif-
ferent potential depth (Vy = 10ER, 30ER, 60ER), are
presented in Figs.1(a) and 1(c) respectively. Mean-
while, for given potential (V, = 60ER) and different
interatomic interactions (gn = 0,5Eg, 10ER), they
are plotted in Figs.1(b) and 1(d) respectively. It is
easy to see that increasing the potential depth and the
nonlinear interaction makes the Bloch wave function
locate within the well. The difference between these
two cases is the response of the wave functions. For in-
creasing the potential depth, it becomes sharper and
sharper (see Figs.1(a) and 1(c)). While for increas-
ing the nonlinear interaction, it becomes broader and
broader (see Figs.1(b) and 1(d)).
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Fig.1. (a), (b) Reyq(x) with Vo = 10ER, 30ER, 60ER for ¢ = 0.5, gn = 0.1ER and with
Vo = 60ER for ¢ = 0.5m, gn = 0,5ER, 10ER respectively. (c), (d) Img(x) with Vo = 10ER,
30ER, 60FER for ¢ = 0.5m, gn = 0.1ER and with gn = 0,5FR, 10ER for ¢ = 0.57, Vi = 60ER.
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4. Nonlinear Wannier function eter J , on-site interaction U are defined by
h2 82
Following the above calculation, our Bloch func- J=— /deS‘(x — )3 — —— 2 + Voot (7)
. . . . 2m Ox?
tion can be written in the following form
X Wo(.’L‘—l‘j), (18)
Yig(w) = €97\ p(w)e” 1O, (16)
and )
dragh 4
where /p(x)e™ 1 ©(@) corresponds to the periodic func- U= m /da: Wol@ —=i)["- (19)

tion ¢y4(z) in Eq.(1).

Although the expression for a Wannier function in
terms of the Bloch function is well-known, the calcula-
tion of the Wannier function is different because it de-
pends upon the choice of the Bloch function phase.!
According to the definition of the Wannier function
(2) and using the Bloch function (16), our Wannier

function can be written in the form of

T 71'/T
Wo(x) = g/ p

Vp(x)e ! 0(x) gi *dgq, (17)

where the lowest band (I = 0) and z; = 0 have been
considered.

For BECs in periodic potential, all particles pop-
ulate in the lowest bands of the lattice. We can ex-
pand the field operator in terms of the Wannier basis
P(x) = Y, a;Wo(x — x;), then the standard Bose-
Hubbard Hamiltonian (7 is written in the form of
H = —JY, ala; + U237 (A —1) + ¥, e,
here a;, az are the annihilation and creation operators
for a particle on site z; and n; = ajai. (1,7) denotes
the sum over nearest neighbors and ¢; describes the
energy offset of each lattice site. The hopping param-

Wo(x)

|
—
[\V)
[ew
=
[\=)
[\=]
i

As pointed out in Ref.[7], U and J play a crucial role
to determine the properties of the system. Therefore,
we are going to calculate these parameters, to under-
stand the reason of quantum phase transition.

With the help of the obtained Bloch wave func-
tions, as shown in Fig.1, the Wannier functions (de-
fined by Eq.(17)) are plotted in Fig.2. Obviously, the
WFs satisfy the three basic requirements of Kohn.!
For a given nonlinear interaction, with increasing the
potential depth V; (see Fig.2(a)) the Wannier function
Wo () becomes more localized around zero. This is
the same as the linear case: the t-b approximation is
good for the deep potential. While for a fixed poten-
tial depth Vj, the Wannier function (W (z)) becomes
broader and broader with the increasing of interatomic
interaction gn (see Fig.2(b)). Therefore, the nonlin-
ear interaction makes the Wannier functions fall off as
non-exponential law with distance. This means that
the nonlinear interaction makes the t-b approxima-
tion bad for the same potential depth. This is be-
cause the nonlinear interaction usually increases the
coupling between the neighbour sites (see Fig.3).[®!
Furthermore, this might be the reason of the ’screen-

ing effect’ of nonlinearity on the lattice. 2!
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=

Fig.2. (a) Wy(z) with Vo = 10ER, 30ER, 60EgR for gn = 0.1Eg. (b) Wo(z) with gn =0, 5ER,

10Eg for Vo = 60ER.
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After having the Wannier function, the on-site interaction U and the hopping parameter J (shown in Fig.3)
can be calculated by Eqgs.(18) and (19). For a given potential depth, the nonlinear interaction enhances the
coupling between the neighbor sites (see Fig.3(a)). In contrast, the potential depth suppresses tunneling coupling
J for a given nonlinear interaction. From Fig.3(b), we can see that the on-site interaction U is monotonously
decreased with increasing gn and increasing the potential depth makes U increase. Considering the quantum

(7] the increase of nonlinear interaction will be helpful to

phase transition predicted in Bose-Hubbard model,
make the system become superfluid, while the increasing of potential depth will change the system into Mott

insulator.
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Fig.3. (a) The hopping parameter J versus nonlinear parameter gn for potential depth Vp =
20FR, 30ER, 50ER, 60ER. (b) The on-site interaction U as a function of the interatomic
interaction for Vo = 20FR, 30FER, 50ER, 60FER.

5. Conclusions

The nonlinear Wannier functions in square Kronig—Penney potential are investigated, started from a set of
exact nonlinear Bloch solutions. Our results show that the potential depth makes the effect on the nonlinear
Wannier functions similar to that on the linear case. The nonlinear interaction makes the Wannier functions
fall off as non-exponential law with distance and enhances the tunneling coupling between the neighbor sites.
The t-b approximation is good for deep potential, while the increasing of interatomic interaction could make
the t-b approximation bad. So the investigation on the nonlinear Wannier function provides one novel view to
understand the properties of BECs in periodic potential.
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