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In this paper, we present a combination method of constructing the explicit and exact solutions of nonlinear partial

differential equations. And as an illustrative example, we apply the method to the Benney-Kawahara-Lin equation and

derive its many explicit and exact solutions which are all new solutions.
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1. Introduction

To search for the explicit and exact solutions
of nonlinear partial differential equations (NPDEs)
by using different methods, is the goal of many re-
searchers. Due to the complexity of nonlinear system,
obtaining the explicit and exact solutions for a real
nonlinear physical model equation is often difficult.
Fortunately, a vast variety of powerful methods of con-
structing the explicit and exact solutions of NPDEs
have been proposed and developed. They are the hy-
perbolic tangent function expansion method,* =%/ the
homogeneous balance method,[®7) the trial function
method, 811 the auxiliary equation method,[*2—19
the trial equation method,[2°=2! the homotopy anal-
ysis method,[?2=24 the variable coefficient algebraic

(26] and so

method,®® the (w/g)-expansion method,
on. However, there exists no universal method of solv-
ing NPDEs. As a result, it is still a very challenging
task to search for more powerful and efficient methods

to solve NPDEs.

In the present paper, a combination method is
proposed to explore the explicit and exact solutions
of NPDEs. To illustrate the method, we employ it
to solve the Benney—Kawahara—Lin equation, and we
successfully find its many new explicit and exact so-

lutions.

2. Description of the proposed

approach

The basic idea of our approach is as follows. For a
given NPDE, say, of two independent variables = and
t

P(U, Uty Ugy Ugty - -

) =0, (1)

generally speaking, on the left-hand side of Eq.(1) is a
polynomial containing unknown function wu(z,t) and
its various derivatives. In Eq.(1), the subscripts in-
dicate partial derivatives. Now we consider a special
case where equation (1) can be thought to be the com-
bination of the following equations to some degree:

Py (u, uty gy gty - . .) = 0, (2a)
Py, ut, gy gty - . .) = 0, (2b)
P (w, ut, gy gty - . .) = 0. (2n)

That is to say, all these equations have the same non-
linear term; while the linear terms of Eq.(1) are equal
to the sum of those of Egs.(2a)—-(2n). In this case,
we can construct the solutions of Eq.(1) by the lin-
ear combination of those of Egs.(2a)—(2n); in other
words, we can assume that equation (1) has the fol-
lowing ansatz solution

u:CLO+ZCLjUj, (3)
7j=1
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where a; (j = 0,1,2,...,n) are constants to be de-

termined later, and u; (j = 1,2,...,n) are respec-
tively the solutions of Eqs.(2a)—(2n). We call expres-
sion (3) the combination formula to find the solutions
of NPDE (1). Thus we can easily find the solutions
of Eq.(1) by the combination formula (3) if the solu-
tions of Egs.(2a)—(2n) are given. In the following, we
seek the explicit and exact solutions to the Benney—

Kawahara—Lin equation by the combination formula

(3)-

the

Kawahara—Lin equation by lin-

3. Solutions to Benney—

ear combination

The well-known Benney-Kawahara—Lin equation

reads
% + % + @ + 6@
ot u(?:z: a(?a:? Ox3
o O%u
+ ’7@ + 6@ =0, (4)

where «, (B, 7 and & are arbitrary real constants.
Equation (4) was deduced first by Benney and later
by Kawahara and Lin, which is an important equa-
tion that describes the evolution of long waves in
various problems in fluid dynamics. In purely dis-
persive form (¢ = v = 0), equation (4) reduces to
the Kawahara equation which describes water waves
with a surface tension.?”=29 In the purely dissipa-
tive form (8 = 6 = 0), equation (4) reduces to
the Kuramoto—Sivashinsky equation which originates
from a weakly nonlinear and long-wave simplification
of the Navier-Stokes equation and which has been used
to describe different phenomena such as spatial pat-
terns of the Belousov—Zhabotinsky reaction, surface-
tension-driven convection in a liquid film and unstable

flame fronts.[30—37]

Though the Benney-Kawahara—
Lin equation (4) is a very important NPDE, now
the explicit and exact solutions are still unavailable

because of the nonintegrability and of the difficulty
|

270ak

u—a0+a1<c—

tanh(k¢) + 1200k3 tanh3(k:£)) + as <c +

in solving it. In what follows, we attempt to find
the explicit and exact solutions under the condition
afv0 # 0 by our combination method.
Evidently, the Benney-Kawahara-Lin equation
(4) can be considered as the combination of the follow-
ing Kuramoto—-Sivashinsky equation and Kawahara
equation
Ju ou 0%u 0*u

E"‘Ua—x—f'a@'i"}/@:o, (5)

o " ox
Furthermore, these three equations, i.e. equations
(4)—(6), have all the same nonlinear term (udu/0z);
while the linear terms of Eq.(4) (ad?u/0x* +
BO3u/0x3 + v0*u/0z* + §0°u/02P) are equal to the
sum of those of Eqgs.(5) and (6).
struct the solutions of Eq.(4) by the combination for-
mula (3) with the aid of the solutions of Eqs.(5) and

(6); namely we may suppose that equation (4) has the

Thus we can con-

following ansatz solution
u = ag + a1uks + a2uK, (7)

where ag, a1 and as are constants to be determined
later, and ukg is the solution of Eq.(5), and uk the
solution of Eq.(6).

From Ref.[38] it follows that the Kuramoto—
Sivashinsky equation (5) admits the following solution

270ak

tanh(k€) + 1206k> tanh®(k€), (8)

UKs = ¢ —
and that the Kawahara equation (6) admits the fol-
lowing solution

144k2 _ 420k
13 13

ug =c¢ sech® (k¢), (9)

where

=1z —ct. (10)

According to expressions (8) and (9) and employ-
ing Eq.(7), we assume that the Benney—Kawahara—Lin
equation (4) has the following ansatz solution

144k%  420k?
13 13

sech? (k§)>

= bo + by tanh(k€) + b tanh®(k€) + by tanh® (k€) + by tanh? (k€), (11)
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where

420ask?
. by =120a:18k3, and by = — 01%2 .

276k2> b 270a; 0k b 840aqk?
) 1= "= =

by — _
0 ap +Q1C+a2 (C 13 19 ’ 2 13

Inserting expression (11) into Eq.(4) engenders the following set of algebraic equations for the unknown
constants bg, by, ba, b3 and by:

— byck — 2b1K3 B + 16b1k56 + bob1k 4 2bok* o — 16bok?y + 6b3k> 5 — 1206355 + 24bsk*~y = 0, (12)

—2b1 k2 + 16y k*y + bk — 2bock — 16bak B + 272b2k6
+ 2bobok + 6bsk?a — 120b3k™*y + 24b,k> 3 — 960b4k°5 = 0, (13)

bick + 8b1k33 — 135b1k°6 — bob1k — 8bak? v + 136bok*y + 3b1bok
— 3bsck — 60b3k> 5 4 1848b3k>S + 3bobsk 4+ 12bs4k*ar — 480b4k*y = 0, (14)

2b1 k%o — 40by k*y — bk + 2back + 40bak® B — 123202k°8 — 2bobak + 203k
— 18bsk?a + 576bsk™y + 4bi1bsk — dbyck — 152b4k3 3 4 T744b4k5 5 + 4bobsk = 0, (15)

—6b1k33 + 2400, k56 + 6bak?a — 240bok™y — 3b1bok + 3bsck + 114bsk33
— 5808b3k®8 — 3bobsk + Bbabsk — 32bsk2ar + 1696bsk*y + 5bibsk = 0, (16)

24b1 k*y — 24byk3 B 4 16802k — 202k + 12b3k?a — 816bsk?y — 4b1bsk

+ 3b2k + 4byck + 248b,k> 3 — 19264b4k>S — 4bobak + 6babsk = 0, (17)

—120b1k56 4 120bok*y — 60b3k> 5 4 6600b3k°5 — 5bobsk + 20b4k*cr — 2080b4k*y — 5b1byk 4 Thsbsk = 0, (18)
—T720b2k"5 + 360b3k*y — 3b3k — 120b4k° 3 + 19200b4k°5 — 6babsk + 4b3k = 0, (19)

—2520b3k°8 + 840bsk*~y — Thsbsk = 0, (20)

—6270b4k°5 — 4b3k = 0. (21)

Solving the above system of algebraic equations with the aid of Mathematica yields the following results:

4200k 4200k

35
b2 = 07 b3 = 13 3

260’

k2
363 by =

7 13 4 630 55

bo = c+ and ¢ = arbitrary, (22)
where a, 3, v and 4 satisfy constraint conditions o = 14332 /12257y and 3 = 3572/1216.

Substituting expression (22) into Eq.(11) gives the following solution of the Benney—Kawahara—Lin equation

(4):
368k% 4200k 420ak
u=c f - 1304 tanh(k§) + 1; tanh®(k€) — 1680k*6 tanh® (k). (23)
From Ref.[38] it follows that the Kuramoto—Sivashinsky equation (5) has the following solution
270ak
uks = ¢ — 2% coth(k€) + 1208k3 coth® (kE), (24)

and that the Kawahara equation (6) has the following solution

144k2 _ 420k
13 13

ug = ¢ esch? (k€). (25)

Based on expressions (24), (25) and Eq.(7), we presume that the Benney—Kawahara-Lin equation (4) has
the following ansatz solution
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270ak 144k% 420k
u=agp+ ay (c _zha coth(k¢) + 1200k3 coth?’(kf)> + as (c + 3 T 13 csch4(k§)>
= by + by coth(k€) + by coth? (k&) + bs coth® (k&) + by coth* (kE), (26)
where
276k> 270a; 0k 840aok? 420a5k>
bo_a0+alc+a2(c— B >, 1:_1791, by = 132 . by = 1200, 8k3, and by = — 132 .

Applying the same procedure as before, we obtain the solution of the Benney—Kawahara—Lin equation (4)

as follows: 2 490ak 1200k
36 20 20
u=c f - 1; coth(k&) + 1; coth® (k&) — 1680k*8 coth® (k). (27)
From Ref.[38] it follows that the Kuramoto—Sivashinsky equation (5) has the following solution
270ak
uks = ¢+ —— tan(k€) — 1200k3 tan® (k€), (28)

and that the Kawahara equation (6) has the following solution

144k2 n 420k?
13 13

In view of expressions (28) and (29) and using Eq.(7), we presume that the Benney—Kawahara—Lin equation

sect(k€). (29)

UK = C —

(4) has the following ansatz solution

270ack 144k%  420k2
u=ag+a <c + 70a tan(k¢) — 1208k3 tang(kf)) + asg <c T + 1—03 sec4(k:§))
= by + by tan(k€) + be tan? (kE) + bz tan® (k) + by tan* (kE), (30)
where
276k 270a1 ok 840ask?> 3 420a9k?
bo—a0+a10+a2(c+ 13 ), 1—T, 2 = 13 N b3——120a16k, and b4— 13 .

Utilizing the same procedure as before, we have the following solution of the Benney—Kawahara—-Lin equation

(4)
368k% 4200k 420k
u=c— f + 1; tan(k€) + 1; tan® (k&) — 1680k*5 tan* (k¢). (31)
From Ref.[38] it follows that the Kuramoto—Sivashinsky equation (5) admits the following solution
270ak
UKS = € — 1; cot(k€) + 1208k> cot® (k€), (32)

and that the Kawahara equation (6) admits the following solution

144k% 420k
13 13
According to expressions (32) and (33) and using Eq.(7), we assume that the Benney—Kawahara-Lin equa-

ug =c¢— csct(k€). (33)

tion (4) has the following ansatz solution

270k 144k%  420k>
u=ap+alc— a cot(k€) 4+ 1208k3 cot®(k€) | + aa| ¢ — + csct(k€)
19 13 13
= bg + by cot(k€) + by cot? (k) + by cot® (kE) + by cot*(kE), (34)
where
276k> 270a;0k 840azk? 3 420ak?
bo—a0+a10+a2 <C+ 13 >, b1 = —T, 2 = 13 ) bg = 1200,16]{3 ) and b4— 13 .

Applying the same procedure as before, we obtain the following solution of the Benney—Kawahara—Lin

equation (4)
k2 4200k 420ak
u=c— 360k _ 420a cot(k&) — f;

- 3 cot® (k&) — 1680k*6 cot* (k&). (35)
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Similarly, based on other solutions of the
Kuramoto—Sivashinsky equation (5) and Kawahara
equation (6), we may construct other solutions of the
Benney-Kawahara—Lin equation (4) by the combina-
tion formula (7). Here we omit them because of space
limits.

To our knowledge, now no explicit and exact so-
lution of the Benney—Kawahara—Lin equation (4) is
available because it is very hard to solve in a usual
way. Therefore, the above solutions obtained are all
new solutions for the Benney—Kawahara—Lin equation
(4), which have been verified by putting them back
into Eq.(4) with the aid of Mathematica.

Also, the Benney—Kawahara—Lin equation (4) can
be considered to be the combination of the following
5-order KdV equation and KdV-Burgers—Kuramoto
equation

— 4+u— 46— =0, (36)
X X

(37)

Likewise, we can find the solutions of the Benney—
Kawahara-Lin equation (4) by combination formula
(3) with the aid of the solutions of the 5-order KdV
equation (36) and KdV-Burgers-Kuramoto equation
(37). Here we also omit these details because of space
limits.

4. Conclusions and discussion

We present a number of novel explicit and ex-
act solutions of the Benney-Kawahara-Lin equation

by our combination method. To study these solutions
further so as to investigate the stability and physical
significance of these solutions is worthwhile and also
important for the explanation of certain physical phe-
nomena related to the Benney—Kawahara—Lin equa-
tion. The crucial idea of our approach is to construct
solutions of NPDEs which can be regarded as the com-
bination of two or more basic distinct NPDEs by com-
bining solutions of these basic NPDEs. Therefore, the
problem for solving NPDEs is significantly simplified.
Although it does not seem that our approach is rea-
sonable in theory, it is efficient and feasible in practice
for solving the equations of this kind. In fact, our ap-
proach is also applicable to some other NPDEs, such
as the KdV-Burgers equation which can be regarded
as the combination of the Burgers equation and KdV
equation, the BBM-Burgers equation which can be re-
garded as the combination of the Burgers equation and
BBM equation, the KdV-Burgers—Kuramoto equation
which can be regarded as the combination of the KdV
equation Kuramoto—Sivashinsky equation, etc. More
importantly, our approach provides a novel line that
one may construct solutions of some unknown NPDEs
by using those of some known NPDEs, for it is very
important and significant to the scientific study. The
topic under discussion may be significant for the solu-
tion theory of NPDEs, and our obtained results could
serve as new examples of solving NPDEs for a sup-
plement to the existing literature. Furthermore, we
are convinced that this technique may be used to ex-
plore the explicit and exact solutions of other NPDEs
with the similar features stated above. We leave this
subject to the future study.
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