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The interpolating moving least-squares (IMLS) method is discussed first in this paper. And the formulae of the

IMLS method obtained by Lancaster are revised. Then on the basis of the boundary element-free method (BEFM),

combining the boundary integral equation (BIE) method with the IMLS method, the improved boundary element-free

method (IBEFM) for two-dimensional potential problems is presented, and the corresponding formulae of the IBEFM

are obtained. In the BEFM, boundary conditions are applied directly, but the shape function in the MLS does not

satisfy the property of the Kronecker δ function. This is a problem of the BEFM, and must be solved theoretically.

In the IMLS method, when the shape function satisfies the property of the Kronecker δ function, then the boundary

conditions, in the meshless method based on the IMLS method, can be applied directly. Then the IBEFM, based on the

IMLS method, is a direct meshless boundary integral equation method in which the basic unknown quantity is the real

solution of the nodal variables, and the boundary conditions can be applied directly and easily, thus it gives a greater

computational precision. Some numerical examples are presented to demonstrate the method.
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1. Introduction

In recent years, more and more attention has
been paid to research on the meshless (or meshfree)
method.[1−8] The meshless method has some advan-
tages over the traditional computational methods,
such as the finite element method (FEM) and the
boundary element method (BEM).

The meshless boundary integral equation method
is an important direction of the meshless method.
Combining the different approximation function in
meshless method with the boundary integral equation
method, some meshless boundary integral equation
methods have been developed, such as the boundary
node method (BNM),[9−12] the local boundary inte-
gral equation (LBIE) method,[13−16] and the bound-
ary element-free method (BEFM).[17−25]

The moving least-squares (MLS) approximation
is one of the bases of the meshless method.[1,2,26] The
meshless method based on the MLS approximation
can obtain a solution that has great precision. Some
important meshless boundary integral equation meth-
ods are formed by combining the MLS approximation

with boundary integral equation methods.[9−25] The
boundary node method (BNM) is one of the meshless
boundary integral equation methods, and Mukherjee
et al [9−12] presented it to solve potential problems and
linear elasticity problems. Another important method
of the meshless boundary integral equation methods is
the local boundary integral equation (LBIE) method,
which Atluri et al [13−16] presented to solve linear and
nonlinear boundary value problems. In the BNM, the
basic unknown quantities are approximations of the
nodal variables. However, they are not the real nodal
variables, and thus the boundary conditions cannot be
directly applied. The LBIE method can easily solve a
problem with a complicated boundary, but the local
foundational solution is more complicated than it is
when the conventional boundary element method is
used. Moreover, in the LBIE method, the basic un-
known quantities are also approximations of the nodal
variables, and again, the boundary conditions cannot
be applied directly. The BNM and the LBIE methods
are the indirect meshless boundary integral equation
methods.
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The MLS approximation was developed from the
conventional least-squares method, and in practical
numerical processes, the MLS approximation is the
conventional least-squares method for every selected
point. A disadvantage of the conventional least-
squares method is that the final algebra equations
system is sometimes ill-conditioned or singular. Then
the MLS approximation was improved by Liew and
Cheng, and the improved moving least-squares ap-
proximation was presented.[17] In the improved mov-
ing least-squares approximation, the algebra equation
system is not ill-conditioned or singular, and the solu-
tion of the algebra equation system can be obtained di-
rectly without obtaining the inverse matrix. There are
also fewer coefficients in the improved moving least-
squares approximation than there are in the MLS ap-
proximation, and hence the computing speed and effi-
ciency are greater. And combining the boundary inte-
gral equation method and the improved moving least-
squares approximation, a direct meshless method of
boundary integral equation, which is called bound-
ary element-free method (BEFM), was presented to
solve the problems, such as; elasticity, elastodynam-
ics, and fracture.[18−25] The improved element-free
Galerkin method based on the improved moving least-
squares approximation was discussed by Zhang, Liew
and Cheng.[27,28]

In the BEFM, the basic unknown quantities are
the real solutions of the nodal variables, but in the
BNM and the LBIE method, the basic unknown quan-
tities are approximations of the nodal variables. The
BEFM is a direct meshless method of the boundary in-
tegral equation. And the BEFM has a greater compu-
tational precision. In the BEFM, boundary conditions
are applied directly, but the shape function in the im-
proved moving least-squares approximation does not
satisfy the property of the Kronecker δ function. Then
we think this is a problem in the BEFM, and must be
solved theoretically. The interpolating moving least-
squares (IMLS) method presented by Lancaster[26] can
obtain the shape function which satisfies the property
of the Kronecker δ function. If we apply the IMLS to
the BEFM, the boundary conditions can be applied
directly without doubt.

In this paper, the IMLS method is discussed
first. And the formulae of the IMLS obtained by
Lancaster are revised. Then on the basis of the
boundary element-free method (BEFM), combining
the boundary integral equation method with the IMLS
method, the improved boundary element-free method

(IBEFM) for two-dimensional potential problems is
presented, and the corresponding formulae of the
IBEFM are obtained. The IBEFM is a direct meshless
boundary integral equation method in which the ba-
sic unknown quantity is the real solution of the nodal
variables, and the boundary conditions can be ap-
plied directly and easily without doubt, thus it gives a
greater computational precision. Some numerical ex-
amples are presented to demonstrate the efficiency of
the method.

2. Moving least-squares approxi-

mation

In the MLS approximation, the trial function is

uh(x) =
m∑

i=1

pi(x)ai(x) = pT(x)a(x), (1)

where pi(x), i=1, 2, . . . , m, are monomial basis func-
tions, m is the number of terms in the basis, and ai(x)
are the coefficients of the basis functions.

In general, the basis functions are as follows.
(i) Linear basis:

pT = (1, x1) in 1D, (2)

pT = (1, x1, x2) in 2D. (3)

(ii) Quadratic basis:

pT = (1, x1, x
2
1) in 1D, (4)

pT = (1, x1, x2, x
2
1, x1x2, x

2
2) in 2D. (5)

The local approximation that is defined by Lan-
caster and Salkauskas[26] is

uh(x, x̄) =
m∑

i=1

pi(x̄)ai(x) = pT (x̄) a(x). (6)

To precisely obtain the local approximation of the
function u(x), the difference between the local approx-
imation uh(x) and the function u(x) must be mini-
mized by a weighted least-squares method.

Define a functional

J =
n∑

I=1

w(x− xI)[uh(x,xI)− u(xI)]2

=
n∑

I=1

w(x− xI)

[
m∑

i=1

pi(xI) · ai(x)− u(xI)

]2

,

(7)

where w(x − xI) is a weight function with compact
support, and xI , I = 1, 2, . . . , n, are the nodes in a
compact support domain of point x.
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Equation (7) can be written as

J = (Pa− u)TW (x)(Pa− u), (8)

where

u = (u1, u2, . . . , un)T = (u(x1), u(x2), . . . , u(xn))T,

(9)

P =




p1(x1) p2(x1) · · · pm(x1)

p1(x2) p2(x2) · · · pm(x2)
...

...
. . .

...

p1(xn) p2(xn) · · · pm(xn)




= (p1,p2, . . . ,pm), (10)

W (x) =




w(x− x1) 0 · · · 0

0 w(x− x2) · · · 0
...

...
. . .

...

0 0 · · · w(x− xn)




,

(11)
a = a(x) = (a1(x), a2(x), . . . , an(x))T. (12)

On the space span(p1,p2, . . . ,pm), the following
inner product

(f, g)x =
n∑

I=1

w(x− xI)f(xI)g(xI) (13)

is defined for ∀f(x), g(x) ∈ span(p1,p2, . . . ,pm).
And the norm of f(x) is defined as

‖f‖x = [(f, f)x]1/2. (14)

Here, a function with the subscript x represents the
function that is related to the selected point x in a(x)
and the weight function w(x− xI).

For the set of points {xI}n
i=1 and weight functions

{wi}, if the functions ϕ1(x), ϕ2(x), . . . , ϕm(x) satisfy
the following conditions

(ϕk, ϕj) =
n∑

i=1

ϕk(xi)wiϕj(xi)

=





0 k 6= j

Ak k = j
(k, j = 1, 2, · · · ,m) ,

(15)

then the weight function set ϕ1(x), ϕ2(x), . . . , ϕm(x)
is called an orthogonal function set with the weight
function {wi} about points {xi}n

i=1.

From Eq.(8) we have

J = ‖Pa− u‖2x
= ‖a1p1 + a2p2 + · · · + ampm − u‖2x ,

(16)

then

J =
∥∥∥u(1) − u

∥∥∥
2

x
(17)

is the minimum of the functional J , where u(1) is the
projection of u in span(p1,p2, . . . ,pm).

Let

u = u(1) + u(2), (18)

where

u(1) ∈ span(p1,p2, . . . ,pm), (19)

u(2)⊥span(p1,p2, . . . ,pm), (20)

then

(pi,u
(2))x = 0, (i = 1, 2, . . . , m), (21)

and then we have

(pi,u)x = (pi,u
(1))x + (pi,u

(2))x = (pi,u
(1))x,

(i = 1, 2, . . . , m). (22)

From Eq.(19), we have

(pi,u)x = (pi,u
(1))x =

(
pi,

m∑

j=1

aj(x)pj

)

x

,

(i = 1, 2, . . . ,m). (23)

Equation (23) can be written as




(p1,p1)x (p1,p2)x · · · (p1,pm)x

(p2,p1)x (p2,p2)x · · · (p2,pm)x

...
...

. . .
...

(pm,p1)x (pm,p2)x · · · (pm,pm)x







a1(x)

a2(x)
...

am(x)




=




(p1,u)x

(p2,u)x

...

(pm,u)x




, (24)
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i.e.
A(x)a(x) = B(x)u, (25)

where matrices A(x) and B(x) are

A(x) = P TW (x)P , (26)

B(x) = P TW (x). (27)

From Eq.(25) we can obtain

a(x) = A−1(x)B(x)u. (28)

The expression of the local approximation uh(x)
is then

uh(x) = φ(x)u =
n∑

I=1

φI(x)uI , (29)

where φ(x) is called the shape function and

φ(x) = (φ1(x), φ2(x), · · · , φn(x))

= pT(x)A−1(x)B(x). (30)

When m = 1, the approximation function is

uh(x) =

n∑
I=1

w(x− xI)uI

n∑
I=1

w(x− xI)
. (31)

3. Interpolating moving least-

squares method

On the space span(p1, p2, . . . , pm), normalizing
p1(x) we have

β(1)
x =

p1

‖p1‖x

=
1

[
n∑

I=1

w(x− xI)
]1/2

. (32)

Then we can generate functions orthogonal to β
(1)
x (x)

as follows:

b(i)
x (x) = pi(x)− (pi, β

(1)
x )xβ(1)

x

= pi(x)−

n∑
I=1

pi(xI)w(x− xI)

n∑
I=1

w(x− xI)
,

(i = 2, 3, . . . ,m) (33a)

i.e.

b(i)
x (x) = pi(x)−

n∑

I=1

pi(xI)v(x− xI), (33b)

where

v(x− xI) =
w(x− xI)

n∑
I=1

w(x− xI)
. (34)

In the MLS, when the new basis functions
β

(1)
x (x), b(2)

x (x), b(3)
x (x), . . . , b

(m)
x (x) are used, the cor-

responding approximation function is

uh(x) = (u, β(1)
x (x))xβ(1)

x (x) +
m∑

i=2

ai−1(x)b(i)
x (x),

(35)
i.e.

uh(x) = vT(x)u + bT(x)a(x), (36)

where

v(x) = (v(x−x1), v(x−x2), . . . , v(x−xn))T, (37)

b(x) = (b(2)
x (x), b(3)

x (x), . . . , b(m)
x (x))T, (38)

a(x) = (a1(x), a2(x), . . . , am−1(x))T. (39)

Then using the MLS approximation, we have

a(x) = A−1
x (x)Bx(x)u. (40)

where
Ax(x) = CT

x W (x)Cx, (41)

Bx(x) = CT
x W (x), (42)

Cx =




b
(2)
x (x1) b

(3)
x (x1) · · · b

(m)
x (x1)

b
(2)
x (x2) b

(3)
x (x2) · · · b

(m)
x (x2)

...
...

. . .
...

b
(2)
x (xn) b

(3)
x (xn) · · · b

(m)
x (xn)




. (43)

Substituting Eq.(40) into Eq.(36), we have

uh(x) = vT(x)u + bT(x)A−1
x (x)Bx(x)u. (44)

Equation (44) can be written as

uh(x) = φ(x)u, (45)

where

φ(x) = vT(x) + bT(x)A−1
x (x)Bx(x). (46)

When the weight function w(x−xI) is defined as

w(x− xI) = |x− xI |−α
, (47)

where α is an even positive integer.
The function uh(x) in Eq.(45) can interpolate at

all points {xI}n
I=1, i.e.

uh(xI) = u(xI). (48)
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Then we have

φI(xJ) =





1, I = J

0, I 6= J
. (49)

Corresponding to Eq.(44), reference [26] obtained
the following equation

CT
x W (x)Cxa(x) = CT

x W (x)(u− (vT(x)u)p1),
(50)

where p1(xI) = 1.
Equation (44) is different from Eq.(50), then the

revised formulae of the IMLS method are given in this
paper.

4. Improved boundary element-

free method for two-dimen-

sional potential problems

In this Section, we study the boundary element-
free method of the following two-dimensional Poisson’s
equation

∇2u(x) = b(x), in Ω (51)

with boundary conditions of the Dirichlet type, i.e.

u(x) = ū(x), x ∈ Γu (52)

or the Neumann type, i.e.

q(x) =
∂u(x)

∂n
= q̄(x), x ∈ Γq, (53)

where u(x) is a unknown function, b(x) is a known
function, n is the unit outward normal to the bound-
ary Γ , and ū and q̄ are the prescribed values of
the function u(x) and its normal derivative over the
boundary Γ . Notice that Γ = Γu ∪ Γq.

From the method of weighted residuals, we have
the following integral equation:

∫

Ω

(∇2u(x)− b(x))u∗(ξ,x)dΩ

=
∫

Γq

(q(x)− q̄(x))u∗(ξ, x)dΓ

−
∫

Γu

(u(x)− ū(x))q∗(ξ,x)dΓ , (54)

where x is the field point, ξ is the source point, u∗

is chosen to be the fundamental solution to Poisson’s
equation (51), which means that

∇2u∗ = −δ(ξ,x), (55)

where δ(ξ, x) is Dirac δ function, and

q∗(ξ,x) =
∂u∗(ξ,x)

∂n(x)
. (56)

From Eq.(55), we have

u∗ =
1
2π

ln
(

1
r

)
, (57)

where
r(ξ,x) = |ξ − x| . (58)

Integrating by parts for Eq.(54) and using the
properties of the fundamental solution to Poisson’s
equation, we can obtain the following boundary in-
tegral equation

u(ξ) =
∫

Γ

q(x)u∗(ξ,x)dΓ −
∫

Γ

u(x)q∗(ξ, x)dΓ

−
∫

Ω

b(x)u∗(ξ,x)dΩ , (59)

when the source point ξ is located inside Ω , and

C(ξ)u(ξ) =
∫

Γ

q(x)u∗(ξ, x)dΓ

−
∫

Γ

u(x)q∗(ξ, x)dΓ

−
∫

Ω

b(x)u∗(ξ,x)dΩ , (60)

when the source point ξ is located on boundary Γ .
Here, C(ξ) is the function of the internal angle that
the boundary Γ makes at the given point ξ.

The boundary Γ can be separated into the sub-
domains Γn, n = 1, 2, . . . , N . Here, N is the total
number of sub-domains. Then,

Γ =
N⋃

n=1

Γn, (61)

and Γn and Γn−1 are connected with a point. Γn is
not a boundary element, and thus no shape function
is dependent upon it. Γn are only used so that the
integrals in Eqs.(59) and (60) can be obtained numer-
ically.

Equation (60) can then be written as

C(ξ)u(ξ) =
N∑

n=1

∫

Γn

q(x)u∗(ξ,x)dΓ

−
N∑

n=1

∫

Γn

u(x)q∗(ξ, x)dΓ

+
Ne∑
e=1

(
K∑

k=1

wk(bu∗)k

)
Ae.

(62)

where wk are the integration weight and the function
(bu∗) needs to be evaluated at the k integration points,
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K is the total number of integration points, Ne is the
number of cells into which Ω has been divided and Ae

is the area of each cell.

Some nodes are selected on each sub-domain Γn.
The corresponding compact support domain for each
node is built. The compact support domains must
cover boundary Γ .

From the expression of the approximation func-

tion (45), we let

u(x) =
nI∑

I=1

φI(x)uI , (63)

q(x) =
nI∑

I=1

φI(x)qI , (64)

where uI = u(xI) and qI = q(xI), then equation (62)
becomes

C(ξn)u(ξn) =
N∑

n=1

∫

Γn

u∗(ξn,x)
nI∑

I=1

φI(x)q(ξI)dΓ

−
N∑

n=1

∫

Γn

q∗(ξn,x)
nI∑

I=1

φI(x)u(ξI)dΓ +
Ne∑
e=1

(
K∑

k=1

wk(bu∗)k

)
Ae, (65)

where ξn are nodes, and nI is the number of nodes in which the compact support domains cover the field point
x.

From Eq.(65) we then have

C(ξn)u(ξn) =
N∑

n=1

nI∑

I=1

q(ξI)
∫ 1

−1

u∗(ξn,x)φI(x)J(η)dη

−
N∑

n=1

nI∑

I=1

u(ξI)
∫ 1

−1

q∗(ξn,x)φI(x)J(η)dη +
Ne∑
e=1

(
K∑

k=1

wk(bu∗)k

)
Ae. (66)

where η is the local coordinate, and J(η) is the Jaco-
bian,

J(η) =

√(
dx1

dη

)2

+
(

dx2

dη

)2

. (67)

Using the numerical method for the integrals in
Eq.(66), for a node ξn we have the following linear
algebraic equations

B + HU = GQ, (68)

where
U = (u1, u2, · · · , uN )T, (69)

Q = (q1, q2, · · · , qN )T, (70)

and H and G are the corresponding coefficient matri-
ces, and

B = (B1, B2, . . . , BN )T, (71)

Bi =
Ne∑
e=1

(
K∑

k=1

wk(bu∗)k

)
Ae. (72)

Some singular integrals are included in Eq.(65),
thus the logarithmic Gaussian quadrature formula

and Cauchy principle value integral[29] are used when
equation (68) is obtained.

Substituting the boundary conditions into
Eq.(68) and solving the equations, we can obtain
the unknowns at nodes on the boundary Γ .

When the source point ξ is located in domain Ω ,
from Eq.(59) we have

u(ξn) =
N∑

n=1

∫

Γn

u∗(ξn,x)
nI∑

I=1

φI(x)q(ξI)dΓ

−
N∑

n=1

∫

Γn

q∗(ξn,x)
nI∑

I=1

φI(x)u(ξI)dΓ

+
Ne∑
e=1

(
K∑

k=1

wk(bu∗)k

)
Ae, (73)

and we can then obtain the unknowns at point ξ.

This is the improved boundary element-free
method (IBEFM) for two-dimensional potential prob-
lems.
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5. Example problems

Three examples are selected to demonstrate the
applicability of the BEFM to two-dimensional poten-
tial problems. The results that are obtained from
these examples are compared with the existing ana-
lytical solutions that have been published in the liter-
ature.

The first example that is considered is a tempera-
ture field of a rectangular plate governed by Laplace’s
equation

∇2T =
∂2T

∂x2
1

+
∂2T

∂x2
2

= 0,

x1 ∈ [0, 5], x2 ∈ [0, 10].

And the boundary conditions are

T (x1, 0) = 0, T (0, x2) = 0,

T (x1, 10) = 100 sin (πx1/10),

and
∂T (5, x2)

∂x1
= 0.

The analytical solution of this problem is

T (x1, x2) =
100sin(πx1/10)sh(πx2/10)

sh(π)
.

The node distribution on the rectangular plate is
shown in Fig.1. In this analysis, we employed 46 nodes
on the boundary. The numerical results are shown in
Fig.2. It is evident that the results accord well with
the analytical solution.

Fig.1. Node distribution.

Fig.2. Analytical and numerical solutions for the temper-

ature at x1 = 2.5.

The second example we considered is a tempera-
ture field of a rectangular plate governed by Poisson’s
equation

∇2T (x1, x2) = −2(x1 + x2 − x2
1 − x2

2),

0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1.

And the boundary condition is

T (x1, x2) = 0.

The analytical solution of this problem is

T (x1, x2) = (x1 − x2
1)(x2 − x2

2).

The node distribution on the rectangular plate is
shown in Fig.3. In this analysis, we employed 32 nodes
on the boundary. The numerical results are shown in
Fig.4. It is again evident that the present results are
in excellent agreement with the analytical solution.

Fig.3. Node distribution.
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Fig.4. Analytical and numerical solutions of the temper-

ature at x2 = 0.5.

The third example we considered is a temperature
field of a circular plate governed by Laplace’s equation

∇T 2 = 0.

And the boundary condition is

T |r=r0
= r2

0 cos θ sin θ.

where r0 is the radius of the circular plate, and r0 = 1.
The analytical solution of this problem is

u(r, θ) =
1
2
r2 sin(2θ).

Fig.5. Node distribution.

The node distribution on the rectangular plate is
shown in Fig.5. In this analysis, we employed 32 nodes
on the boundary. The numerical results are shown in
Fig.6. It can be seen again that the present results are
in excellent agreement with the analytical solution.

Fig.6. Analytical and numerical solutions of the temper-

ature at θ = π/4.

6. Conclusions

The interpolating moving least-squares (IMLS)
method, in which the shape function satisfies the prop-
erty of the Kronecker δ function, is discussed, and
the corresponding formulae of the IMLS method are
revised in this paper. Then, on the basis of the
boundary element-free method (BEFM), combining
the boundary integral equation method with the IMLS
method, the improved boundary element-free method
(IBEFM) of solving two-dimensional potential prob-
lems is presented. The IBEFM is a direct meshless
boundary integral equation method in which the ba-
sic unknown quantity is the real solution of the nodal
variables. In the BEFM and the IBEFM, the essential
boundary conditions are applied directly and easily.
But in the IBEFM, because the IMLS method is used,
the essential boundary conditions are applied directly
without doubt. Thus the IBEFM gives a greater com-
putational precision. The IBEFM is a perfect direct
meshless boundary integral equation method.
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