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According to the general principle of non-equilibrium thermodynamics, we propose a set of macroscopic transport

equations for the spin transport and the charge transport. In particular, the spin torque is introduced as a generalized

‘current density’ to describe the phenomena associated with the spin non-conservation in a unified framework. The

Einstein relations and the Onsager relations between different transport phenomena are established. Specifically, the

spin transport properties of the isotropic non-magnetic and the isotropic magnetic two-dimensional electron gases are

fully described by using this theory, in which only the macroscopic-spin-related transport phenomena allowed by the

symmetry of the system are taken into account.
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1. Introduction

Recent intensive theoretical and experimental
studies have demonstrated the possibility of directly
generating and controlling spins by using the pure
electric method in the non-magnetic semiconductors.
The key ingredient of the approach is the spin—orbit
coupling that is ubiquitously present in various sys-

tems. Compared with the conventional approaches

=4 or using ferromagnetic

such as spin injection
semiconductors,®~7) the new approach has the advan-
tage in better integration with the existing semicon-
ductor technology. The most important effect pro-
posed up to date is the spin-Hall effect (SHE),[8=12] i.e.
the transverse spin transport induced by an external
electric field. Its reciprocal effect, i.e. the inverse spin

(13.14] Experi-

Hall effect, is also investigated in theory,
mentally, the SHE has been demonstrated to exist due
to the spin accumulation at the boundary of sample
induced by an electric field, and measured by optical
method.>=19 Electrical measurement, in which the
spins are injected from the ferromagnetic electrodes
into metal, was also reported.2%2!] These new find-
ings, together with the other known spin-related phe-
nomena such as the spin galvanic effect!?223] and the
spin generation effect,[?42%! demonstrate the feasibil-

ity of applying the spin—orbit coupling to the spin con-

spin torque, spin Hall effect, Einstein relation, Onsager relation

trol in semiconductors.

In this paper, we investigate the spin-related
transport phenomena in a general framework of
macroscopic non-equilibrium thermodynamics. In
particular, we introduce spin torque into the transport
equations as a generalized current density, so that the
phenomena associated with the spin non-conservation
can be considered in a unified framework. Moreover,
a whole set of the spin-related phenomena, such as the
spin galvanic effect and the spin generation effect, can
now be fitted into the general framework. By adopting
such an approach, we avoid the perplexing problems
of the microscopic origins of these phenomena, which
at present are still highly controversial and under de-
bate. Instead, we treat these phenomena as instances
of the macroscopic non-equilibrium processes allowed
by the symmetry of the system. The general consid-
erations of such kind are sufficient for us to establish
a set of Einstein and Onsager relations in which those
seemingly unrelated phenomena are related together.
Accordingly, the novel transport phenomenon such as
the spin Hall effect becomes another transport phe-
nomenon in a typical conducting material, and the
spin Hall coefficient becomes one of the parameters to
characterize the transport properties of the material,
just like the usual electric (Hall) conductivity.
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The remainder of the present paper is organized
as follows. In Section 2 we propose a set of general
macroscopic transport equations for spin-charge trans-
ports and establish the Einstein relations and the On-
sager relations. In Section 3, the general transport
theory is applied to the isotropic non-magnetic and
the isotropic magnetic two-dimensional electron gases
(2DEGsS), demonstrating that it can treat any macro-
scopic system. Section 4 is devoted to the conclusions

drawn from the present study.

2. Macroscopic spin and charge

transport equations

To describe the spin transport in a macroscopic
sample, we introduce two new ‘currents densities’:
spin current density j°, which describes the spatial
transport of spin, and the spin torque density 7 = (S ),
which describes the ‘transport’ of spin in the SU(2) in-
ternal space. Note that the introduction of spin torque
is necessary in order to describe the phenomena asso-
ciated with the spin non-conservation. Both ‘current
densities’, like the usual charge current density j¢, can
be defined as the time derivative of ‘displacement’ op-
erators (see Table 1). The linear response of these
currents to the non-equilibrium distribution of spin
density and charge density can be in general written

as
Jala=— D3V (An) — D33V (AS?)
+ G, AS?, (1)
Jo =— D33V s (An) — D33V 5 (AS7)
+ G5 AS%, (2)
and

T% = — D}V (An) — DIV (AS?)
+GTAS*, (3)

where An and AS* denote the deviations of the elec-
tron number density and the spin density from their
values in local equilibrium, respectively. The sub-
script a(8) = =z, y, z denotes the spatial index,
and ¢ denotes the charge quantity of carriers. The
transport is characterized by a set of coefficients D—
s and G-s with the appropriate superscripts: s de-
notes spin, c¢ represents the charge, and 7 refers to

the spin torque. The terms proportional to the gra-
dients of An and AS?# describe the diffusion induced
by the non-equilibrium density. The unusual response
to the non-equilibrium spin density itself, instead of
its gradient, is actually evident experimentally: for
instance, the response j$/q¢ = GSAS? describes the
spin galvanic effect present in systems with reduced-
symmetry, in which a non-equilibrium spin density
gives rise to the charge current; another example of
the response of such kind is the spin-relaxation pro-
cess T? = —AS?/7,, in which GT = —1/7, and 7,
is the spin relaxation time. Here, we consider only
the z-component of the spin density. For more gen-
eral circumstances, other components of the spin den-
sity AS* and ASY, as well as the corresponding com-
ponents of the spin current and spin torque, should
also be included.!) Such a generalization is straight-
forward.

In the presence of the external fields, the local
number (spin) density in equilibrium, corresponding
to the linear order of the external field, can be written

e (@) =10 — <§Z>h 45 (a)
¥ (gﬁ)hu ()
and
) =S5 - (G5 ) a9
+(Gre) me o)

where ng (S§) is the equilibrium number (spin) density
in the absence of the external fields; p is the chemi-
cal potential of the system; ¢(x) and h,(z) denote
the electric potential and the Zeeman fields, which are
coupled to the charge and spin degrees of freedom re-
spectively. The non-equilibrium electron number and
spin densities can then be expressed as

An ($) :n(x) *ncq (1’), (6)

and

AS* (2) = 5 () — Seq (2). (7)

Equations (1)—(7) fully describe the linear spin
transport and the linear charge transport for a gen-
eral system. In the absence of external fields, these

DIn the most general form, one also needs to introduce terms proportional to An on the right-hand sides of equations. The particle

number change rate (n) should also be treated as a current.
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equations describe the ‘diffusion’ processes, i.e. the 7 1 e [ ON s [ OS?

. . . . Jﬁszi Dﬂc +D,BS 5 (18)
transport driven by the inhomogeneous density dis- guB oh, L Oh, u
tribution. The coefficients D—s and G-s in Egs.(1)— d

an
(3) are the ‘diffusion’ constants. On the other hand, - 5 [05*
in the presence of external fields while maintaining AT =-C <6h > (19)
2/

the homogeneous density distribution, these equations
describe the ‘conducting’ processes driven by the ex-
ternal fields.
nomenologically by

The latter can also be described phe-

Jo = —0a5Vpe(r) + gupogsVeh, ()

+Aohs () + .. (8)
Ja =—0aVpp () + guBoasVsh. (v)
AR (@) 9)

and

T =— O'Z;CV@QD (x) + guBaﬁTsVMLz (z)
+ATh, () + ..., (10)

where o-s and A\-s with the appropriate superscripts
denote the ‘conductivities’ for the corresponding pro-
cesses, and ... represents the omitted terms propor-
tional to ¢ (x). It is easy to identify the physi-
cal effects from the set of phenomenological equa-
tions. For instance, the spin Hall effect corresponds
to ji = —035, Ve (z), and the inverse spin Hall effect
t0 jS = gupoS Vyh. (z).

Comparing Eqgs.(1)—(7) with Eqgs.(8)—(10), we can
obtain the Einstein relations that relate the ‘diffusion’
to ‘conduction’:

-ep (), o (5),
a%=;;P%($DJ%%($DJ7um
=6 () - (13)

.
@z=qu(3ﬂm+D%(%f)J, (149)

s s [0S7
)‘a - _Ga <8hz>#’ (16)

on 05~*
ol¢ =q|DZe () + D7Z* ( ) . (17
g=4|¥p on) . 5\ au . (17)

Furthermore, it is easy to identify the generalized
forces associated with the ‘currents’, and their ‘dis-
placement’ operators corresponding to the ‘forces’; as
shown in Table 1.

Table 1. The ‘displacement’ operators and the generalized
forces corresponding to the different ‘current densities’.

‘current density’ j; | ‘displacement’ X; ‘force’ F;
Je qz —Veo(x)
73 S*x guBVh:(x)
7= S* h-(x)

The ‘current densities’ can be in general defined
as j; = dX;/dt.?8) With these correspondences, the
Onsager relations can be established for the different
conducting processes. In general, the Onsager relation
reads(?7]

oij = AMX3) A(X;) 054, (20)

where A (X;) denotes the parity of the displacement
operator X; under the time reversal. By applying the
general principle to our spin—charge transport equa-
tions, many relations can be established. For instance,
the spin Hall coefficient is related to the inverse spin
Hall coefficient by!2¢!

05 = =05, (21)

Another example is the relation between the spin
generation effect, in which an electric field induces a
spin torque, and the spin galvanic effect, i.e.

olc=-x2, (22)
where o1 is the spin generation coefficient, and \¢ is
related to the spin galvanic effect by Eq.(13).

Equations (1)—(22) provide a full description for
the linear charge and spin transports of any system.
While some of these results have been discussed in the
literature, 28 it is the first time that all the spin- and
the charge-related linear transport phenomena have
been collected in a unified framework to provide a con-
sistent basis for the theoretical considerations of the
different phenomena.
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3. Application of the macroscopic

spin-charge transport theory

3.1. Isotropic non-magnetic two-

dimensional electron gas

The transport equations presented in the last sec-
tion can be greatly simplified in systems with high
symmetries. An important example is an isotropic
non-magnetic two-dimensional electron gas (2DEG).
For such a system, the transport equations should
be invariant under the in-plane rotation and reflec-
tions. This requirement yields more symmetry rela-
tions between transport coefficients, and it also pro-

hibits some transport processes. It can be shown that

cc _ cc Ss  __ S8 sc sc __
Ozz = Uyy 7é 07 Ogx = Uyy 7é O? Oxy - _ayw -
cs cs cc __ cc ss ss
Oy = —0Oyp 7 0, 05y = —o,0 # 0, 035 = —op5, # 0,

Oy = Oyy = Ogy = 0,y 7 0 and AT #£ 0. Other co-

efficients vanish because the corresponding processes
are disallowed by the symmetry: for instance, the
spin generation effect 7% = ¢Z°E,, cannot occur be-
cause it violates the reflection symmetry. Moreover,
the time reversal symmetry for the non-magnetic sys-
tems leads to (05%/du),,. = (On/0h.), = 0. All sum-
marized, the only existing transport coefficients in an
isotropic non-magnetic 2DEG are o5, = o3, = 0°,

vy
SS Ss S SC __ SC __ Ccs __ CSs T
ww = Oyy = 0°, Ogy = —0y0 = 0gy = —0,5 and A",

The general spin-charge transport equations for

ag

an isotropic non-magnetic 2DEG can be written as
Jj¢=—¢DVn(x) — c°Vp(z)
— gDz x VS*(x)
+ gupo®z x Vh,(x), (23)

j°=—D’VS*(x) + gugo®Vh,(x)
—qD*z x Vn(z)

— 02 x Vp(z), (24)
and 5
e )] +ATh, (z), (25)
Ts

where D¢ (D?) is the charge (spin) diffusion constant,
0 (0%) is the charge (spin) conductivity, o (o) is
the (inverse) spin Hall coefficient, and 74 is the spin
relaxation time with G7 = —1/7,.

The corresponding Einstein relations read

on
c__ 2 (X" c
c¢=q (aﬂ)th , (26)

.1 [08®
o® = — D?®, 27
gpB (3hz># (#1)

(971)
O_GC — q _ SC7 (28)
(a/i h.

es_ 4 (057

 gum (3hz)pD ’ @)

and 5-

M =-G7 ( ) . (30)

Oh,, u

The Onsager relation yields:
0% =%, (31)

From the above equations, it is obviously indi-
cated that only three independent coefficients (e.g. o,
0%¢ (o) and 75) are needed to fully characterize its
spin transport. Other spin-related transport coeffi-
cients appearing in Egs.(23)—(25) can be determined
through the Einstein relations and the Onsager rela-

tions.

3.2.Isotropic magnetic two-dimensional
electron gas

For an isotropic magnetic 2DEG, all the transport
coefficients each will be a function of the equilibrium
magnetization Sy. It is easy to verify that the trans-
port coefficients introduced in the last subsection for
the non-magnetic system each are an even function of
So. In addition to them, there exists a set of anoma-
lous transport phenomena with the transport coeffi-
cients each being an odd function of Sy. For instance,
an electric field can induce a transverse charge current
(anomalous Hall effect), i.e. j¢ o —o§ (So) 2x V¢ (2),
where o4 is the anomalous Hall coefficient and has
the symmetry 0§ (—So) = —0% (So). Also, the equi-
librium values of (95%/0p),_ = (9n/0h.), no longer
vanish.

For such a system, the full spin-charge transport
equations can be written as

j¢=—qD°Vn(z) — gD} 2 x Vn(x)
—0°V(x) —0x2 x V()
—qDFVS*(x) — qD®2 x VS*(x)
+ gupoR Vh,(z) + gupo®z x Vh,(z),

(32)
J$ =—qD*’VS*(x) — ¢D3 2 x VS*(x)
+ gupo®Vh,(x) + gupoi 2 X Vh,(x)
— DXVn(z) — D*2 x Vn(x)
—oxVp(z) — 0%z x Vo(z), (33)
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and

5* (x)

Ts

T = — +ATh, (2), (34)

where the coefficients with subscript A indicate the
anomalous transport processes.

Correspondingly, the Einstein relations are

on 0S5~
0°=q* |D° () + DY () , (3
q 8/14 e A a‘u e ( )
on 05*
h h

es_ 4 |pe (O es (057
T Y € IR S B

q on 05*
s — 1 |pe == D¢ | — 38

on 8S*

0% =q |D¥ () + Dj () ;o (39
o), o), (39)
on 08*

ma[or (@) o () ]

AT A(8u>hz o ). (10

1 on 0S5~*
of=—|D(=—) +D (=) |, 1
guB A <8hz)u (8}7‘2)“ ( )

1 on
TAT gun (3hz ) p

and

The Onsager relation yields

ax (So) = =o' (=50) = o (So) - (44)

4. Conclusions

We have proposed a set of equations describing
the macroscopic spin and charge transports. Most im-
portantly, they can be used to treat any macroscopic
system in a unified framework because of the introduc-
tion of the spin torque density as a generalized current
density. The Einstein relations and the Onsager rela-
tions are established, where the seemingly unrelated
different transport phenomena are related together.
The transport properties of a macroscopic sample can
be characterized by using a small set of coefficients.
For instance, only three independent coefficients are
needed to characterize the spin-charge transport of an
isotropic non-magnetic 2DEG system.
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