Vol 18 No 1, January 2009
1674-1056/2009,/18(01)/0259-10

Chinese Physics B

© 2009 Chin. Phys. Soc.
and IOP Publishing Ltd

On some classes of two-dimensional local models

in discrete two-dimensional monatomic FPU
lattice with cubic and quartic potential®

Xu Quan(#: BT and Tian Qiang(H ##)P)

a) Department of Physics, Daqing Normal University, Daqing 163712, China

b) Department of Physics, Beijing Normal University, Beijing 100875, China

(Received 29 March 2008; revised manuscript received 23 June 2008)

This paper discusses the two-dimensional discrete monatomic Fermi—Pasta—Ulam lattice, by using the method of

multiple-scale and the quasi-discreteness approach. By taking into account the interaction between the atoms in the

lattice and their nearest neighbours, it obtains some classes of two-dimensional local models as follows: two-dimensional

bright and dark discrete soliton trains, two-dimensional bright and dark line discrete breathers, and two-dimensional

bright and dark discrete breather.
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1. Introduction

Since the discovery of intrinsic localized modes
(ILMs) or discrete breathers (DBs) in Fermi-Pasta—
Ulam (FPU) lattices in the late 1980s,["? they have
been a topic of increasing focus in view of their signif-
icant role in energy localization and transport. Dis-
crete breathers are time-periodic and spatially local-
ized solutions of coupled chain of nonlinear oscillators.
In 1994, Mackay and Aubryl® established the exis-
tence of stationary breathers in a broad range of lattice
models. In their method breathers are obtained by
continuation from the anti-continuum limit at which
the network is reduced to an array of uncoupled oscil-
lators. In this limit, breathers are found trivially, since
one may take a breather for which only one oscillator
is excited, and the others remain at rest.

This method is not applicable to FPU lattices

4l gince

of the type first investigated by Fermi et al
these do not possess an uncoupled limit in which triv-
ial breathers exist. Nevertheless, early analytical and
numerical work indicated that FPU lattices could in-

deed support breathers.!>¢ Later, rigorous proofs for

existence in particular FPU models were provided,
such as the breather or gap breather in diatomic FPU
chain,"=1 the problem of 3-FPU,['%13] asymptotic
dynamics of breather in FPU chain,"¥ interaction of a
kink soliton with a breather in a FPU chain, "% bright
and dark breathers in FPU lattice,'® g-breathers and
the FPU problem,') etc. This indicates that the dis-
crete breather can indeed exist in the FPU system.

The papers mentioned above focus on the one-
dimensional (1D) nonlinear system. However, the
properties of 2D nonlinear models are gradually at-
tracting attention.['®=21 In this paper, we discuss a
discrete two-dimensional (2D) monatomic FPU lattice
by using the method of multiple-scale and the quasi-
discreteness approach.

This paper is organized as follows: in Section 2,
we discuss a discrete 2D monatomic FPU lattice only
with cubic interactive potential. In Section 3, we dis-
cuss a discrete 2D monatomic FPU lattice only with
quartic interactive potential. In Section 4, we dis-
cuss a discrete 2D monatomic FPU lattice with cu-
bic and quartic interactive potential. The paper con-
cludes with a short summary of the main results in

Section 5.
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2. The 2D dark discrete soliton
trains and the 2D dark line
DBs in discrete 2D monatomic
FPU lattice with cubic interac-

tive potential

The Hamiltonian of discrete 2D monatomic FPU
lattice with cubic interactive potential is given by

H = Z |: 'LL[ ,m + ul+1,m - ul,m)2

1
+§Oél(ul+1,m - ul,m)3:|
—i—Z [ U1 — Uim)?
1 3
+§am(ul,m+1 - ul,m) ) (1)

where u;,, denotes the displacement of the (I, m)th
atom from its equilibrium position, a; and «, are the
parameters controlling the strength of the nonlinear
coupling. The Hamiltonian (1) yields the equation of

motion
/L.Ll,m = (ul+1,m + Ul—1,m — 2ul,m)
+O‘l[(ul+1,m - Ul,m)2 - (ul—l,m - ul,m)2]
+(ul,m+1 + Ulm—1 — 2ul,m)
+am[(ul,m+1 - ul,m)Z - (Ul,m—l - Ul,m)2]~

(2)

where ¢ is a small and ordering parameter denoting
the relative amplitude of the excitation and ugz)ﬁ =
u (&, Gy 4,). & = ella = At), Gn = e(mb —nt)
and 7 = €2t are multiple-scales slow variables. The
fast variables, ¢y, = lkya + mkyb — wt, represent-
ing the phase of the carrier wave, and k;, ky, w are
the numbers and frequency of the carrier wave, re-
spectively. Here a, b are lattice constants and A, 7
are parameters to be determined later. We have the

Taylor expansion
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o H
Ul m+1 = Z Sﬂy lz <:|:Eba<_> ul(':gn),l(mil)‘| .(4)

By virtue of the method of the chain, we make a

transformation as follows:

d o . 0 o L0

—=——de— —ne— +e"—, (5a)
By using the method of multiple-scale and the dt ot & ICm or
quasi-discreteness approach we assume ig _ iz —_9)\ > -~ > 1022 o
az o “oae, o, T aor
Ui m(t) = su(”(&,cmr, Srm) +*u® (&, G, P1m) 92 52 2
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0? 0? 0?
= Tu ”/) 22— _oped ——— p— 5b
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Comparing the powers of € in Eq.(6), we can obtain the following equations:
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Equation (7a) has the same form as the vibration = and the dispersion relation is
equation of 2D harmonic monatomic lattice. It has

2 _ ikia —ikja ikmb —ikmb
solution in the following form: w? = —(eM e —2) — (e te -2)
= 2(1 — cos(kja)) + 2(1 — cos(kmb)). 9)
ul(:,z’lm = A&, Cms T) + A(E], G, T)EPE™ 4 coco, (8) Substituting Eq.(8) into Eq.(7b) we have

82ul .
m,lm (2) (2) (2) (2) (2) (2)
8t2 ( Uy ,(I+1)m + ulvm(l—l)m B 2ulm,lm) - ( Upm, J(m+1) + ulm,l(m—l) - 2ulm,lm)

= —i?w( 22 g(i) elfPm 442 (asin(kla) 22 + bsin(k,b) gjﬂ) - elPtm

—i8 (az sin(k;a) sin? (T) + a sin(kp,a) sin? (kj’;Cl))AQe?imm + .. (10)

The terms proportional to e?m on the right-hand side of Eq.(10) are the secular terms and must be
eliminated. Thus we have

82ul .
m,im 2 2 ) 2 (2 (2
atQ - (ul’m (I+1)m + ulm,(l—l)m - 2’u’lm,lm) - ( lm JA(m+1) + ulm,l(m—l) - 2ulm,lm>
k km ;
—1i8 <al sin(k;a) sin® (;) + a sin(kp,a) sin? (;) ) AZHorm (11a)
a . 0A b 0A
2 ()\ - sm(kla)) % +2 <77 » — sin(kp, b)) . =0. (11b)

b
From Eq.(11b), we know A = gsin(kla), n=- sin(k,,b), and from Eq.(7c), we obtain

82ul .
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Removing the secular terms on the right-hand side of Eq.(12), we have
0?40 M 9%Ag 9% A A o|A)?
2 = - - = 1
(a oe2 + o 9600, +p ) ) 8aya cos(ka) o6, 8t b cos(kyb) 9, 0, (13a)
0A A A 9*A 9?A
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or o0&} w 0§0C, ¢z,
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4
where v = %ctg (k;a) (cos(kia — 1)) sin(kia) +

4oy,

kmb , R
" ctg (2) (cos(kmb — 1)) sin(km,b), a = 5, (a* cos(kia)

-A?) and 3 = 2—(()2 cos(kmb) —n?). According to the method of multiple-scale we have A = g , & =
w
e(la — \t) = Xy, = e(mb — nt) = €Y,,, T = €2t. Thus Eqgs.(13a) and (13b) can be written as
Dy An 0ug ?uy Oul? Olul?
2 — - k — 8 b cos(kib =0, 14
w (aaXlQ + L 0X,0Y. +68Y7%> 8aya cos(kya) e 8amb cos( )(‘3Ym 0 (14a)
du Pu  Ap  d*u 0%u 9
1— — =0. 14b
o Taxz T W axoy,, Moz Tl )
\
. . 2 A 2
Here we discuss several types of particular con-  ~_ 8= CLO(3 cos(kag) — 1), AN @(cos(k;ao) )
dition. When the FPU lattice is isotropic square 8w . Cow Aw
and k; = k,,, = k in the direction of Brillouin zone.

lattice, we have a = b = ap»b oy = o, = ao,

cos(kap) + 1 0?

Thus Egs.(14a) and (14b) can be rewritten as

o? 0 7]

2 2
ag B 0
1 (3cos(kag) — 1) ((9Xl2

3cos(kag) — 1 0X,0Y,, *

_ v . 9 2
8Yn%> 8apag cos(kao) <8Xl + 8Ym> lul?, (15a)

Ou  a 0? cos(kag) + 1
o + 87«1(3 cos(kag) — 1) (8Xl2 +2

When k£ = :I:QL, Egs.(15a) and (15b) can be
ag

transformed into the following forms:

2 2
a0 9 _
1 <8Xl 8Ym> ug = 0, (16a)

ou at [ O d\’ )
i— 0 = _ = =0 16b
"9 8w (axl 8Ym> utylufu =0, (16b)
8040 .
where v = ——— > 0. Under the transformation
w

X =X(rs) =r+s, Yy =Y(rs) = —r+s, we

have 0 — 2 0% 9 O (O 0
or 90X, or Y, or  \9X;, 9Y,)’
D _ 0o, 0o (0 0N "
0s  0X; 0s | Oy 0s  \OX; V) 0
tions (16a) and (16b) can be written as
2 52
B ag 0%ug
102 = 0, (17a)
ou a3 9*u 2
g—gfww“r’}/‘m u=0 (17b)

If the initial state of lattice is static, from Eq.(17a)
we can obtain ug = 0. From Eq.(17b) we can assume

that its solution has the form of u = u(r)e™'*. Thus

3cos(kag) — 1 0X,0Y,,

0? 02 9
+ 8Yn%> u—+ ylul*u = 0. (15b)
\
we have
4
u(r,s,t) = v/ctanh | —+/|age(r — vt)
ag
—jden (p—y iwt—is
xe 0 (r=ot) Hiwt (18)
X, —-Y,
Substituting the transformation r = lT’

Xi+Y .
5= At Xm into Eq.(18) we have

u(l,m,t) = /ctanh{dp[(l — m)ag — vt]}
Xefi(611a0+52ma0753t)7

(19)

where ¢ and v are integration parameters and dg =

2 1 2w 1 2wv
P lavolc, 1 5 + oz 2 5 oz
dwv?  ad

2

03 = .
sTwT ag 8w

The solution(19) can be shown in Fig.1.

From Fig.1, we know that when k = +7/2ay, the
2D discrete monatomic FPU lattice with cubic inter-
active potential has the 2D dark discrete soliton trains
and the 2D dark line DBs. They move along the di-

rection of k; = k,, = k in Brillouin zone.
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(a) (b)

—100 —100 t

0 _
—100 —100 t
(c) d)
Fig.1. Space-time evolution of the 2D dark discrete soliton trains and 2D dark line DBs, (a) d2 > 0, t = 0,
(b) 62 > 0,t =4, (c) 62 < 0, t =0, (d) 2 <0,t=§.
3. The 2D bright discrete soliton trains and the 2D bright line DBs
in discrete 2D monatomic FPU lattice with quartic interactive po-

tential

The Hamiltonian of discrete 2D monatomic FPU lattice with quartic interactive potential is given by

1
H = Z Ul m+t = (ul-l—l,m - Ul,m)z + Zﬂl (ul-l—l,m - Ul,m)4

1
+Z |: Ulm+1 — W m) + Zﬂm(ul,erl - ul,m)4 B (20)

where ., denotes the displacement of the (I, m)th atom from its equilibrium position, 8; and 3., are the
parameters controlling the strength of the nonlinear coupling. The Hamiltonian (1) yields the equation of
motion:

tim = (Wtm + U—1.m — 2Urm) + Bil (W 1,m — wm)® + (W—1m — um)?]

+(ul,m+1 + Ul,m—1 — 2ul,m) + ﬁm[(ul,erl - ul,m)3 + (ul,mfl - ul,m)3]~ (21)

By the same procedure as above, we obtain

uy A O%ug ?uy
2w (O‘ ox2 " w ax0vy, P am) =0 (222)
2 2
AP Ty A ) (22b)

ot 0X?  w 0X,0Y,, aY2
When the FPU lattice is an isotropic square lattice, we have a = b = aqg, 0} = Bm = o, @ = B =

2 A 2
aw (3cos(kag) — 1), el ZZ (cos(kap) +1) and k, = k, = k in the direction of the Brillouin zone. Thus
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Eqgs.(22a) and (22b) can be transformed into
a4

02 cos(kap) + 1 02 0?
3 (Beos(kao) —1) (ax; Scos(kag) — 1 0X,0Yy ax;z;) =0 (232)
Ou  ad 0? cos(kag) +1 &2 02 5
Yot i @(3 cos(kao) — 1) <3Xl2 3cos(kap) — 1 0X,0Y,, * Y2 el =0. (23b)

When k£ = :I:QL, Egs.(23a) and (23b) can be
ao
rewritten as
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_w (9 9 N\
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ou at [ O a0\’ )
i 0 — =0, (24b
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24K
here v = — bo < 0, under the transformation

w
X, =X(r,s) =r+s, Y, =Y(rs) = —r+s, we

have 2 = 00X 0 O (0 0O
e or T ox, or "oy, or \ox, av,)
o 0 0x,

0 9V = (8 g ) Thus

ds  0X; 9s | Y, 0s  \0X, O
Egs.(24a) and (24b) can be transformed into
2 92
_ 4 07uo _
102 = 0, (25a)
Ou  a 9*u 9
— + == . 25b
lat 8w Or? +aful*u (25b)

If the initial state of lattice is static, then from
Eq.(25a) we can obtain ug = 0, and from Eq.(25b)

50 _5
—100 —100
(a)

m —100 —100 " ¢

(c)

we can assume that its solution has the form of u =
u(r)e™'. Thus we have

u(r, s,t) = /csech [j\/Gﬁoc(r — vt)

0

—i%g’(r—vt)-ﬁ—iwt—is

xe (26)
X, —Yn
Substituting the transformation r = ZT’
X1+ Y .
5= At tm into Eq.(26) we have
u(l,m,t) = /csech{do[(l — m)ag — vt]}
Xe*i(élla0+52ma0*53t), (27)

where ¢ and v are integration parameters and dg =

2 1 2wv 1 2wv
—600c, 0y = -+ —5, 0 = 5 — —5, 03 =
ao 2 ag 2 ag

4wv?  ad
W+ — —.

ag Bw

The solution (27) can be shown in Fig.2.

100

0 gl
—100 —100 t
(b)

50 —50
—100 —100 t

(d)

Fig.2. Space-time evolution of the 2D bright discrete soliton trains and 2D bright line DBs, (a) d2 > 0,
T
t=0,(b)d2>0,t=4, (c) 62<0,t=0, (d) 52<0,t:5.
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From Fig.2, we know that when k = +7/2a0, the 2D discrete monatomic FPU lattice with quartic interactive
potential has the 2D bright discrete soliton trains and the 2D bright line DBs. They move along the direction
of k; = k,,, = k in the Brillouin zone.

4. The 2D bright and dark DBs in discrete 2D monatomic FPU lattice

with cubic and quartic interactive potential

The Hamiltonian of discrete 2D monatomic FPU lattice with cubic and quartic interactive potential is given
by

Pim 1 1
H - l ﬁ + §<ul+l,m - ul,m)2 + E(ul,m—o—l - ul,nL)Q]
+> (st — ) + S (1 — )’
3 9 b 3 9 k]
lm
+ Z 1ﬂl(ul—&-l m — Ul m)4 + 1ﬂm,(ul m+1 — Ul m)4 (28)
p 4 ) ) 4 ) ’ ?

where ., denotes the displacement of the (I, m)th atom from its equilibrium position, a;, o, G and 5, are
the parameters controlling the strength of the nonlinear coupling. The Hamiltonian (1) yields the equation of
motion.

Mﬁl,m = (ul+1,m + U—1,m — 2ul,m) + (ul,m+1 + U m—1 — 2ul,m) + al[(ul+1,m - ul,m)z - (ul—l,m - ul,m)Z}
i [(Wmt1 — m)? — (Wm—1 — m)?] + Bil(Ws1m — wm)® + (W—1m — um)?]

+6m[(ul,m+l - ul,m)s + (ul,m—l - Ul,m)g]- (29)

By the same procedure as above, we obtain

2 2 2 2
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— Q _ 1 2 _ Q - -
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g T g, Beoslkao) = 1) (axﬁ 23 costhag) —19X%,07,, T avz Ut lulu=0, (30)
where

v = 2ty (47 tcostina) — Dysintine) + et (55 ) (costlt) ~ 1)sinflt)
w

w 2
+476l[sin2(kla)(cos(kla) — 1) + 2(cos(ka) — 1)%(2 cos(kya) — 1)]
+4im [sin? (k) (cos(kmb) — 1) + 2(cos(kmb) — 1)%(2 cos(kmb) — 1)].

When k£ = :I:ZL, Egs.(30a) and (30b) can be
ao

transformed into

8(avo — 30)
w

where v = — , under the transformation

X, =X(r,s) =r+s, Y, =Y(s) = -—r+s, we

20 9\ have 2 = 00X 0 Ve (O 0
—4(axl ‘ay) o =0, (Bla) MY 5. T oxX, or T oY, or  \9X, V)’

" o _ooxi, oon (o oy o
du a2 [ 9 2 ) ds 90X, ds = OY,, ds \9X, Oy, )
t 8w ! Eqgs.(33a) and (31b) can be rewritten as
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a 32(cg — 6
_aja%o_ . Whereoz:ﬁ:ffo,’y:*M, and
1 o2 (32a) 2w w
. Ou n ag 9%u n 8(ap — 350)| 2u=0 (520 Eq(?;3) is a standard cubic nonlinear Schrédinger
1—+ ———+ ——|u|"u=0. .
ot = 8w Or? equation

If ap < 300, Eq.(32b) has the 2D bright discrete
soliton trains and the 2D bright line DBs. If oy > 30,
Eq.(32b) has the 2D dark discrete soliton trains and
the 2D dark line DBs.

When k = j:al, Eq.(30b) can be rewritten as
0

Ou 9%u 0%y
ov2

8 +Afulfu=0,  (33)

~100

m —100 —100 t

(a)

Fig.3. Space-time evolution of the 2D bright DBs, (a) t =0, (b) t =

From Fig.3, we know that when k& = =£7/ay,
ag > 60, the 2D discrete monatomic FPU lattice
with cubic and quartic interactive potential has the
2D bright DBs, and they move along the direction of
k; = k,, = k in the Brillouin zone.

When k = £7/ag, ag < 609, we have o > 0 and

When k = +7/ag, ag > 68, we have a5 > 0 and

ay > 0, Eq.(33) has the following solutions

’U,(Xl, Ym, t)
= +Agsech(Boy/(la — Mt)2 + (mb — nt)2)
x cos[la + mb + (2 — 2w)t]. (34)

The solution (34) can be shown in Fig.3.

—0.5 4

—1.0 L
100

ay < 0, Eq.(33) has the following solutions

U(Xl, Ym, t)
= +Agtanh(Boy/(la — At)2 + (mb — nt)?)
x cos[la + mb + (2 — 2w)t] (35)

The solution (35) can be shown in Fig.4.
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From Fig.4, we know that when k = =£7/ay,
ag < 60, the 2D discrete monatomic FPU lattice
with cubic and quartic interactive potential has the
2D dark DBs, and they move along the direction of
k; = k,, = k in the Brillouin zone.

5. Conclusions

In this paper we have investigated the 2D dis-
crete monatomic FPU lattice only with cubic interac-
tive potential, only with quartic interactive potential,
and with cubic and quartic interactive potential, sep-
arately. We obtain some classes of 2D local models.
The 2D dark discrete soliton trains and the 2D dark

line DBs can exist in the 2D discrete monatomic FPU
lattice only with cubic interactive potential, and with
cubic and quartic interactive potential. The 2D bright
discrete soliton trains and the 2D bright line DBs can
exist in the 2D discrete monatomic FPU lattice only
with quartic interactive potential, and with cubic and
quartic interactive potential. The 2D bright and dark
DBs can exist in the 2D discrete monatomic FPU lat-
tice with cubic and quartic interactive potential. The
2D bright and dark discrete soliton trains and the 2D
bright and dark line DBs have not appeared in Refs.[1-
21], they are new kinds of discrete models, and only
exist in the 2D discrete system. This is a difference
between the 1D discrete system and the 2D discrete
system, because the bright and dark DBs can also ex-

ist in 1D discrete system.[16:22]
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