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A grating surface can drive the liquid crystal molecules to orientate along the direction parallel or vertical to
the projected plane of the grating surface. The nematic liquid crystal (NLC) cell manufactured with two pre-treated
grating surface substrates may realize the vertical display, parallel display and twist display. In this paper, the threshold
property of this NLC cell is investigated systematically. With the Frank elastic theory and the equivalent anchoring
energy formula of grating surface substrate, the analytic expressions of the threshold voltage related to three displays

are obtained, which are dependent on their geometrical parameters such as amplitude § and pitch A of the grating

surface substrate. For a certain anchoring strength, the threshold voltage increases or decreases with the increase of the

value 6/ of the different displays.
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1. Introduction

It is well known that the effective utility of lig-
uid crystal in displays relies heavily on the fact that
liquid crystal molecules can be controlled by an ex-
ternal influence, including the anchoring action and
an electric field or a magnetic one, etc., and the de-
formation of them can quickly disappear after remov-
ing the external influences. The anchoring properties
of the liquid crystal in contact with a solid substrate
are a hot problem all the time.['=1% Polymers such as
polyamide are found to produce the planar orientation

(liquid crystal director parallel to the surface),[l]

(2]

am-
phiphilic molecules such as lecithin[?! or silanel®! yield
the homeotropic orientation (liquid crystal director
perpendicular to the surface), and a linearly polarized
ultraviolet radiation can be used to gain an arbitrary
oblique angle by the photo-induced method.[*~6!
Additionally, the anchoring properties can still
be associated with the geometrical figuration of the
substrate. For example, the study on the anchoring
properties of grating surface substratel’='4 has been
always developing since Berreman proposed the model
of grating surface substrate to discuss the problem

on solid surface shape and the alignment of an ad-
jacent nematic liquid crystal in 1972.['5] In our previ-
ous work, on the basis of the interaction potential be-
tween nematic liquid crystal (NLC) molecules and the
molecules of the substrate surface and the increased
elastic strain energy, we have derived the equivalent

anchoring energy formula as follows:[13:14]

1 . 1 .
go= W3 + 5 Wane’, (1)

where W; and W, are the equivalent anchoring
strengths and are dependent on the geometrical pa-
rameters, amplitude § and pitch A, of the grating sur-
face substrate. By using this formula, the grating sur-
face can be replaced by its projected plane and its an-
choring properties can be described by the equivalent
anchoring energy formula. In the following discussion,
this formula is used to analyse the anchoring energy
of grating surface substrate.

2. Fundamental equation

The structure of a liquid crystal cell with two
grating surface substrates is shown in Fig.1. We in-
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troduce a Cartesian coordinate system with its ori-
gin at the projected plane of the grating surface of
lower substrate, and the z axis is along the direc-
tion vertical to the projected plane, the x axis along
the direction vertical to the groove, and the y axis
along the direction parallel to the groove. The thick-
ness [ denotes the spacing between the two projected
planes of the grating surface substrate. Suppose that
a nematic liquid crystal (NLC) is filled between two
grating surface substrates. The director n can be de-
scribed by the tilt angle # and the twist angle ¢, i.e.
n = (cos 6 cos ¢, cos O sin ¢, sin §). For simplifying the
problem, we suppose that the tilt angle 6 and the twist
angle ¢ are only function of coordinate z. An external
voltage U is applied on the NLC cell and the lower
substrate is earthed.

analyzer

liquid crystal

w 9 % Q&JMJIE

polarizer

Fig.1. Structure of a liquid crystal cell and the coordinate
system.

The NLC cell can be regarded as a sealed sys-
tem and the Gibbs free energy of this system contains
three parts as follows: Frank elastic free energy, di-
electric free energy and anchoring energy of the two
grating surface substrates. Elastic free energy density
proposed by Frank is expressed as

1 1
Gelastic = §k11 (v : ’I’L)2 + 51{322 (n -V x 'I’L>2
1
+5kas (0 x V x n)?, (2)

where k;;(i = 1,2,3) denotes Frank constants. Frank
elastic free energy can be written as

Gelastic
(1 ao\? 1 do\ 2
=5 | {2f<9> () 300 () }dz, @
0
where f(0) = kiicos?0 + kszsin®6, h(f) =

cos? @ (kgg cos? 0 + ks sin? 9), S denotes the area of
the projected plane of the grating surface substrate.
Dielectric free energy density induced by an external
voltage is

1
Ydielectric = _§D - E, (4)

where D = e, E+ Ac(n-E)n, Ac = ¢,/ — ¢ is
the anisotropy of the permittivity, ¢,/ and € are the
permittivities along and across the axis of the liquid
crystal, respectively. Dielectric free energy can be ex-

pressed as
/ 1 D?
Gdielectric = S/ {_29 (9) }dZ, (5)
0
.9 L dz
where g(0) = e, + Aesin®0, D, = -U/ [ . An-
0 9(0)

choring energy at the two surfaces of a grating sub-
strate can be calculated by using Eq.(1)

1
Gsurface =S5 l2 COSQ 90 (WIO Sin2 ¢O + W20 COS2 ¢0)

1
—1—5 cos? 0, (WU sin? ¢y + Wy cos? (bl) .
(6)

Where Wiy and Wy are the equivalent anchoring
strengths for the lower substrate, Wy; and Wo; are the
equivalent anchoring strengths for upper substrate, 6
and ¢g are the tilt and the twist angle at lower sub-
strate, and 0; and ¢; are the tilt and the twist angle
at upper substrate. In the following calculation, we
assume that Wyg = Wy = Wy, Wy = Wy = W,
Therefore, the total Gibbs free energy can be ex-
pressed as

G = Gelastic + Gdielectric + Gsurface- (7)

The equation and boundary condition satisfied by
the tilt angle 6 and twist angle ¢ can be derived by
applying the variational method described in Ref.[13].
Suppose @ = 0 + af and ¢ = ¢ + (n, where 6 and
¢ that make G minimum are functions of z; ¢ and
1 are arbitrary functions of z; a and ( are common
variables. By substituting these two relationships into
Eq.(7), then G is a function of « and . After solving

the two equations =0, we

oG
— =0and —
O |5=0 9P 1520
can obtain the equation and boundary condition for #

and ¢ as follows:

1df (), d o 1dn()
3 a0 GO0+ 5"

1 ,d [ 1\

3435 (51) =0 )
L@ =o, (9)
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[ (60) 65
= —%sin(&%) (W1 sin® ¢o + Wacos® ¢g) , (10)
Mlo)dh = —5 (Wo — W) cos? G sin(200), (1)
f(0)0, = %sin(%l) (Wysin® ¢y + Wacos® ¢;) , (12)
h(6)) @) = %(W2 — W) cos? ; sin(2¢y). (13)

3. Threshold property

The study on threshold property of this kind of
the NLC cell is mainly to discuss the threshold volt-
age. Threshold voltage means the value of voltage on
which the director of a liquid crystal starts to gener-
ate a deformation.l'6] As pointed out in Refs.[13,14],
the grating surface substrate can realize the vertical
anchoring or planar anchoring according to different
geometrical parameters such as amplitude § and pitch
A. As a result, this kind of NLC cell with two grat-
ing surface substrates can realize the vertical display,
the parallel display and the twist display. Next, we
will discuss the threshold voltage in different display
modes.

3.1. Threshold voltage for realizing ver-
tical display
In this mode, we consider a negative material of

In the vicinity of the threshold volt-
age, the variations of the tilt angle and twist angle of

liquid crystal.

|

the director are very small and thus can be ignored.
Therefore, Eq.(8) can be turned into

ﬁ 1 5 Aesin(20)
dz2 27 ¢%2(6)

Multiplying the two sides of Eq.(14) with 2d6/dz, we
obtain

f(0) =0. (14)

i 2 D? _
L{roe- 2o (15)
namely
2 Dg _
f(0)0 O C. (16)

With an external voltage, the tilt angle of the di-
rector attains a minimum at the middle position of
liquid crystal layer, i.e. when z =1/2, 8 = 6y, and
the first order derivative of tilt angle of the director
equals zero, i.e. d§/dz = 0. By substituting this con-
dition into Eq.(16), the constant C' can be re-expressed
as

D2

C=-— z . 17
e + Acsin? 0, (17)

In the interval between the position of the projected
plane of the lower grating surface substrate and the
middle position of liquid crystal layer, the first or-
der derivative of the tilt angle of the director is less
than zero, i.e. df/dz < 0. Substituting Eq.(17) into
Eq.(16) and considering D, < 0, we obtain

Ae (51112 O min

— sin? 9) 1

de
dz z\/(el + Aesin® ) (61 +Ae sin® Oumin ) Vk11c0820 + k33 sin2 60

(18)

Separating the two variables 6 and z in Eq.(18) and taking definite integral for two sides of this equation in the

interval of 0 < z <1/2, we have

d “““ (eL + Aesin 9) (L + Ae sin? Ormin)
L= i
Ae (sin? Opin — sin® )

\/k11 cos? @ + kss sin? 6d6. (19)

To calculate the threshold voltage, a transformation cos = cos 0, cos o is necessary. In this case, when

0 = 6y, then u = po; when 6 = iy, then g = 0. After making this transformation, Eq.(19) can be turned into

Ho
—£D _ / \/(El + Acsin® Omin) (¢, — Ae cos® 11.cos® Ornin) \/k‘33 + (k11 — kss) cos? 1 cos? Omin

—Ae

du. 20
1 — cos? pcos? Oy pe (20)

In the vicinity of the threshold voltage, the tilt angle of the director and the dielectric displacement tend to a
definite value, i.e. O,y — 0g — 7/2, D, — D,., and then Eq.(20) may be simplified to

o D.. A
25// k33

cos by
—— = arccos .
c0S O min

(21)



No. 1

Threshold property of a nematic liquid crystal cell with two grating surface substrates 241

Subsequently, by setting the cotangent to the two sides of Eq.(21) simultaneously we obtain

l —Ae
cot 7ch -5 | = - ’
2e;, kss Omin—00—/2 \/Sin2 0o — sin® Omin

Under the same condition as that proposed above, Eq.(10) can be simplified to

vV —kgdAE
CE// (W1 sin? ¢o + W cos? (bo)

z

From Eqs.(22) and (23), we obtain the expression of threshold dielectric displacement

Ae
cot 7ch -5 | — ch . 2 .
28// k33 €/ (W1 sin® ¢g + W cos? ¢0)

0
lim Al (22)
0
PR — @
emin_’eo_)ﬂ—/Q \/Sin2 90 - Sin2 Hmin
—k33A
V—kgsAe (24)

To obtain the concrete expression of threshold voltage, we must consider the relationship between threshold

L d
dielectric displacement and threshold voltage. Applying this transformation to the formula D, = —U/ f ﬁ,
09

we have

v (el + Aesin? Qmin) k33 + (k11 — ka3) cos? 11 cos? O
U=2 / min du. (25)
—Ace (5// — Ae cos? p cos? Hmin) (1 = cos? pcos? Omin)
0

At the threshold voltage, Eq.(25) can be simplified to

k‘33 COS 90
— A, 2recos (cos 0min> . (26)

By using Eq.(21), the relationship between threshold

U, =2

dielectric displacement and threshold voltage can be

written as
€
D, = f%UC. (27)

Substituting Eq.(27) into Eq.(24) and considering
¢o = 0, we obtain the practical expression of threshold
voltage

1 —Ae \/—k‘33A€
— = . 2
cot <2UC\/ - ) Wl Ue (28)

3.2. Threshold voltage for realizing par-

allel display

In this mode, we consider a positive material of
liquid crystal. The condition for the threshold voltage

l

is the same as that mentioned in Section 3.1. Under
this condition, Eq.(16) can be obtained also. However,
at an external voltage, the tilt angle of the director
attains a maximum at the middle position of liquid
crystal layer, i.e. when z = /2, we have 0 = 0p,.x.
The first order derivative of tilt angle of the director
still equals zero, i.e. df/dz = 0. Substituting this con-
dition into Eq.(16), the constant C' can be re-written
as

D2
C=- — . (29)
g1 + Aesin® O a5

In the interval between the position of the projected
plane of the lower grating surface substrate and the
middle position of the liquid crystal layer, the first or-
der derivative of the angle of the director is greater
than zero, i.e. df/dz > 0. Substituting Eq.(29) into
Eq.(16) and considering D, < 0, we obtain

Ae (sin2 Omax — Sin? 9) 1

dé
dz z\/(el + Aesin® 9) (z—:L + Aesin® Hmax) \/kn 082 0 + kg3 sin? 0

(30)

Separating the two variables 6 and z in Eq.(30) and carrying out definite integration of the two sides of this

equation in the interval of 0 < z < 1/2, we have

—-D, =
2

0o

l P [(er + Aesin?6) (=1 + Acsin® fpa
AE (Sin2 emax - SiIl2 0)

) \/k:ll cos? 0 + ki3 sin? 6d6. (31)
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To calculate the threshold voltage, a transformation sin @ = sin 0y, sin g is necessary. In this case, when

6 = By, we have p = uo; when 6 = 6pax, we have p = 7/2. After making this transformation, Eq.(31) can be

turned into

/2
_iD i / (EL + Ae sin? omax) (5L + Ae sin” H sin? emax) k11 + (k/’dg — kn) sin? i sin® 0 max
2% Ae
Ko

In the vicinity of threshold voltage, the tilt angle of
the director and the dielectric displacement tend to a
definite value, i.e. Opax — 09 — 0, D, — D,., and
then Eq.(32) may be simplified

l - kll ™
7§ch = \l E{':L (5 - IU'O) ) (33)

and the relationship between the threshold dielectric
displacement and threshold voltage can be written as

D..= —%UC. (34)

At the same threshold voltage, considering ¢y = 0, we
can simplify Eq.(10)

vV kllAeD
€J_W2

sin 90
ze — .
\/sin2 Omax — sin? Oy

Subsequently, we calculate the expression of the

(35)

threshold voltage. First of all, set the cotangent to
the two sides of Eq.(33) simultaneously; then substi-
tute Eqs.(34) and (35) into the expression obtained
in the first step and simplify it. The expression of

threshold voltage in this case is finally obtained

1 Ae N vV k‘nAS
cot <2UC k11> = — Wzl UC. (36)

3.3. Threshold voltage for realizing twist
display

In this mode, we still consider a positive material

of liquid crystal. In the vicinity of the threshold volt-

age, the variation of the tilt angle is very small and
can be ignored. Therefore, Eq.(8) can be turned into

d?0  1dh(9) ,, ngAssin(Zé) B

f(0) a2 §W¢ 2 2(0) =0. (37)
From Eq.(9), we obtain
h(0) ¢ = C;. (38)

Substituting Eq.(38) into Eq.(37) and multiplying the
two sides of Eq.(37) by 2d6/dz, we have
ct DI

TO 75~ 50

= O, (39)

s dp. (32)
1 — sin? 1 sin? Opax

For an external voltage, the condition of variation
of tilt angle of the director is the same as that men-
tioned in Section 3.2. Substituting this condition into
Eq.(39), the constant Cy can be re-written as

ct D?
h(0) e, + Aesin® Oy

Cy = (40)

Substituting Eq.(40) into Eq.(39) and considering
D, < 0, we obtain

S

T =N, (41)

Separating the two variables 6 and z in Eq.(41) and
carrying out definite integral of the two sides of this
equation in the interval of 0 < z < 1/2, we have

emax
- = / N2 (9)do. (43)
0o
dep d
Using the expression d¢ = —¢—Zd0 and assuming the
z
difference of the twist angles at the upper and lower
substrate to be Ag, i.e. Ad = ¢; — ¢g, we obtain

GIIIBX

As [ G

= = / RN ) a6, (44)
fo

To calculate the threshold voltage, we make a sim-
ilar transformation to that mentioned in Section 3.2.
Equation (43) can be turned into
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-
2 C?

# LR (0) b (Bmax)
1

X
\/1 — $In? Oppax Sin® W

du.

In the vicinity of threshold voltage, the variation ten-
dencies of the tilt angle of the director and the dielec-
tric displacement are the same as that mentioned in
Section 3.2. Then, Eq.(45) may be simplified to

1/2
l - kll ™
2 |2 AcD? (5 - “O) ’
kal (2kag — kag) + —5—==
22 €]
(46)
and Eq.(44) can be simplified to
1/2
20 b
2k C? AeD?,
2| S (2kaz — kas) + —5
k3, €1
T

From Eqgs.(46) and (47), the constant C; can be de-

termined

Ak
C, = %. (48)

The relationship between threshold dielectric displace-
ment and threshold voltage is given by Eq.(34). Under
the same condition of threshold voltage, Eq.(10) can
be simplified to

Je11 C2 AeD2 M2
{ 112C1 (2k22 . kgg) + 52 zc}
k3o €l

B sin 6y (W1 sin? ¢o + Wa cos? ¢0) (49)
V/sin? Opax — sin? 0y .

Taking cotangent of the two sides of Eq.(46), we ob-

tain
C? AeD?, 1/2
l {k‘; (2kog — k33) + = }
cot 22 1

2vki1
sin 0

= — . (50)
\/ sin? O ax — sin? 0o

Substituting Eqgs.(34) and (48) into Egs.(49) and (50)
and comparing them, the expression of threshold volt-

age of this case is finally expressed as

) RV
{(A@ (2ka2 — k33) + U Ae}
2Vkn

cot

[(2]{522 — kgg) —+ (kgg — kgg) (sin2 0max —+ sin2 0)] —+

1/2
f(9)
AeD?
g (Omax) 9 (0)
(45)
[ku (A¢)? (22 — kss) + kuA&?UE} v
_ . (51)

l (W1 sin? ¢g + Wy cos? ¢0)

From Eq.(51), one can find that the threshold voltage
for twist display is only dependent on the property
of lower substrate, similar to the case of parallel dis-
play. Considering that the twist angles of the upper
and lower substrates are ¢; = 7/2 and ¢¢ = 0, respec-
tively, Eq.(51) can be simplified to

cot } 71'2 (2k22 — k33) + UC2A€ 1/2
2 4k, k11

|:7T2]€11

1/2
(2k22 — k33> + k11A6U3:|
Wl (52)

3.4. Results

In this section, we investigate the dependence of
the threshold voltage on the geometrical parameters
of grating surface substrate. In calculation the pa-
rameters of liquid crystals used are: k11 = 16.7pN,
koo = 8.0pN, k33 = 15.6pN, Ae = +4.2.17] The
thickness of liquid crystal cell is [ = 4.7 um, and
the pitch of grating surface substrate is A = 1 um.
While the specific expressions of equivalent anchoring
strengths W7 and Wy are Wp = Ay — 4W3E52/A3 and
Wy = As, where A; and As are anchoring strengths of
grating surface substrates and k is the geometric mean
value of k11 and koo, ie. k = k11 - koa. Accord-
ing to the two expressions for equivalent anchoring
strengths, we obtain the variation curve of equivalent
anchoring strength with the geometrical parameter of
grating surface substrate (see Fig.2). As mentioned in
Refs.[13, 14], the anchoring easy direction for a grat-
ing surface substrate may be along the direction 4, j
or k according to different geometrical parameters of
this grating surface substrate. Hence, for appropriate
geometrical parameters of the upper and lower sub-
strates, this kind of NLC cell with two grating surface
substrates can realize the vertical display, parallel dis-
play and twist display.
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Fig.2. Variations of W; /A1 (i = 1, 2) versus §/\ corresponding to different anchoring strengths, where Az /A1 = 0.7.
(a) A1 =1x1075J/m?; (b) Ay =1x 1074 J/m?; (c) Ay =1 x 1073 J/m?.

From Fig.2, we can find that the conditions for re-
alizing the vertical display corresponding to different
anchoring strengths A; = 1 x 1075J/m?, A; = 1 x
107 J/m? and A; =1 x 1073 J/m? are §/\ <0.0826,
d/X <0.2439 and 6/ <0.2439, respectively.

The parallel display corresponding to different an-
choring strengths A; = 1 x 107*J/m? and A; =
1 x 1073 J/m? are 0.244< §/\ <0.2683 and 0.244<
d/A <0.5, respectively. There are four combinations
for realizing the twist display as follows: a) if both
the anchoring strengths of the upper and lower sub-
strates are A; = 1 x 1074J/m?, the conditions for the
upper and lower substrates are 0.2684 < /A <0.5
and 0.244 < §/) < 0.2683, respectively; b) if the an-
choring strengths of the upper and lower substrates
are A7 = 1 x 107%J/m? and 4; = 1 x 1073 J/m?,
the conditions for the upper and lower substrates are
0.2684 < /A < 0.5 and 0.244 < 4/X < 0.5, re-
spectively; ¢) if the anchoring strengths of the up-
per and lower substrates are A; =1 x 107°J/m? and
A; = 1 x 107*J/m?, the conditions for the upper
and lower substrates are 0.0827 < §/A < 0.5 and
0.244 < 6/XA < 0.2683, respectively; d) if the an-
choring strengths of the upper and lower substrates
are A} = 1 x107°J/m? and 4; = 1 x 1073 J/m?,
the conditions for the upper and lower substrates are
0.0827 < §/X < 0.5 and 0.244 < §/X < 0.5, respec-

tively. From Eqgs.(28), (36) and (52) the variation of
the threshold voltage U. with the geometrical param-
eter of grating surface substrate 6/ for different an-
choring strengths in the three display modes is shown

in Fig.3.
a
2.0 _() _________________________________________________ R
1.6 - RN
1.2 A N
° T v
= T .
0.8 - — A3 =1x107%J/m? Vi
L Al =1x10"*J/m? \i
0.4 1 ---- A1 =1 x 1073 J/m?
0 . . . i i
0 0.05  0.10 0.15 020 0.25
b) e ]
204 (b) USRS
164
R — A1 =1x107*J/m?
1.2 4 ---- A1 =1x 1073 J/m?
= i
0.8 1
0.4
0 . ‘ T - ;

0.25 0.30 0.35 0.40 0.45 0.50

5/X
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---- A1 =1 x 1073 J/m?

204() .
164 !

1.2 4

0.8 1

0.4 4

0.25 0.30 0.35 040 045 0.50
O/
Fig.3. Variation of the threshold voltage Uc with §/\ for

different anchoring strengths in three display modes: (a)
vertical display; (b) parallel display; (c) twist display.

For the twist display, we only calculate the two
cases of a) and b).

From Fig.3, we see that the threshold voltage de-
creases with the increase of the value §/\ for the ver-
tical display; however, the threshold voltage increases
with the increase of the value of §/\ for the parallel
and the twist display and their variation is similar.

4. Conclusion and discussion

In this paper, we discuss in detail the threshold
voltage for the three displays of the NLC cell with
two grating surface substrates. Three expressions of
threshold voltage are deduced by using the Frank elas-
tic theory and the equivalent anchoring energy for-
mula of grating surface substrate. By numerical cal-
culation, the variation of threshold voltage with ge-
ometrical parameters such as amplitude ¢ and pitch
A of the grating surface substrate for different cases
is obtained. From these curves, one can see that the
threshold voltage of this kind of cell is obviously de-
pendent on the geometrical properties of the grating
surface substrate.

In addition, in this paper we only discuss the
threshold voltage of the NLC cell with two grating sur-
face substrates in which the directions of grooves on
the two substrates are the same. However, for a more
general case, the direction of groove of the upper and
lower substrates should be orthogonal to each other,
as pointed in Ref.[10]. We will discuss this problem in
another paper.
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