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Nucleus–nucleus potentials are determined in the framework of double folding model for M3Y–Reid and M3Y–

Paris effective nucleon–nucleon (NN) interactions. Both zero-range and finite-range exchange parts of NN interactions

are considered in the folding procedure. In this paper the spherical projectile–spherical target system 16O+208Pb is

selected for calculating the barrier energies, fusion cross sections and barrier distributions with the density-independent

and density-dependent NN interactions on the basis of M3Y–Reid and M3Y–Paris NN interactions. The barrier energies

become lower for Paris NN interactions in comparison with Reid NN interactions, and also for finite-range exchange part

in comparison with zero-range exchange part. The density-dependent NN interactions give similar fusion cross sections

and barrier distributions, and the density-independent NN interaction causes the barrier distribution moving to a higher

position. However, the density-independent Reid NN interaction with zero-range exchange part gives the lowest fusion

cross sections. We find that the calculated fusion cross sections and the barrier distributions are in agreement with the

experimental data after renormalization of the nuclear potential due to coupled-channel effect.
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In many nuclear reaction processes the nucleus–
nucleus potential is one of the important quantities,
for example in elastic scattering of α-nucleus and light
heavy-ion (HI) systems,[1−4] in particular for the sim-
ple one-dimensional barrier penetration model (1D
BPM) of fusion reaction, the barrier energy, radius
and curvature can be determined by nuclear potential
and Coulomb potential. Since the Coulomb potential
can be calculated accurately, the remaining work is
to calculate the nuclear potential. Many HI systems
may be understood in terms of empirical parametriza-
tions of nuclear potential. Usually phenomenological
Woods–Saxon forms are used for both the real and
imaginary parts of the optical potential. However, it
is desirable to relate the nucleus–nucleus nuclear in-
teraction to the nucleon–nucleon nuclear interaction.
The nuclear potential may be obtained by integrating
a nucleon–nucleon interaction over the matter distri-
butions of the two colliding nuclei. This approach is
called the folding model. It produces the dominant
part of the real optical potential for nuclear reactions
(elastic scattering, fusion reaction), proton-decay of
proton emitter, α-decay half-lives of superheavy nuclei

and complex cluster emission (14C–34Si) of heavy nu-
clei. Among various models of HI systems, the double
folding model has been widely and successfully used
to generate the real part of HI optical potential.[5−7]

This model gives the leading term in the expression of
the optical potential.

The basic input into folding calculation is the nu-
clear densities of the colliding nuclei and the effective
nucleon–nucleon (NN) interaction. Though the den-
sities can be accurately determined from the nuclear
models or electron scattering data, it is still neces-
sary to have a realistic effective NN interaction in the
calculation of double folding model. In this paper,
the effective NN interactions are divided into density-
independent and density-dependent NN interactions
on the basis of M3Y–Reid and M3Y–Paris NN inter-
actions, with their exchange parts divided into zero-
range and finite-range interactions. For reaction sys-
tems, the interacting nuclei generally have a ground-
state matter density distribution which is spherically
symmetric. In the present paper, we limit ourselves to
the fusion reaction involving spherical projectile and
spherical target nuclei. The barrier energy, radius and
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curvature of the 16O+208Pb system are known by us-
ing the different NN interactions, thus the fusion ex-
citation functions can be obtained and the theoretical
barrier distributions extracted. We compare the be-
haviours of the different NN interactions, the results
of fusion excitation functions and barrier distributions
with the experimental data of the 16O+208Pb system
in order to find the differences in the calculated results
of fusion reactions. Finally, we employ the renormal-
ization factor in fusion reactions in the double folding
model by considering the coupled-channel effect.

In the double folding model, the real part of nu-
clear potential is written as

VN(r) =
∫ ∫

ρp(r1)v(s = |R+r2−r1|)ρT(r2)dr1dr2,

(1)
where v is the NN interaction between two nucleons,
ρp(r1) and ρT(r2) are the matter density distributions
of the projectile (P) and target (T) nuclear ground
states, respectively, which are normalized as

∫
ρi(ri)dri = Ai. (2)

In this paper the matter densities of the colliding nu-
clei are denoted as two-parameter Fermi distribution
ρ(r) = ρ0/[1 + exp((r − c)/a)] with parameters ob-
tained from electron scattering data.[8] Now the op-
tical potential of halo nuclei attracts much attention.
The matter density of halo nuclei also enters into this
model, which can be found in Ref.[5]. The vector
s = R + r2 − r1 corresponds to the distance between
two specified interacting points of the projectile and
target, whose radius vectors are r1 and r2, respec-
tively. R denotes the vector between the centre of
mass of the two nuclei. The detailed description of
this model can be found also in Ref.[5]. In order to
make this paper self-consistent, we present the princi-
pal formulas of NN interactions in the following.

For NN interactions, the popular choices have fre-
quently been based on the M3Y interactions which
were designed to reproduce the G-matrix elements of
Reid[9] and Paris[10] NN interactions in an oscillator
basis. We refer to these as M3Y–Reid and M3Y–Paris
interactions, respectively. Explicit forms are given be-
low.

The direct parts are
M3Y–Reid:

vD(r) =
[
7999

e−4r

4r
− 2134

e−2.5r

2.5r

]
MeV, (3)

M3Y–Paris:

vD(r) =
[
11062

e−4r

4r
− 2538

e−2.5r

2.5r

]
MeV, (4)

and the knock-on exchange parts in the finite-range
exchanges are
M3Y–Reid:

vEX(r) =
[
4631

e−4r

4r
− 1787

e−2.5r

2.5r

− 7.847
e−0.7072r

0.7072r

]
MeV, (5)

M3Y–Paris:

vEX(r) =
[
− 1524

e−4r

4r
− 518.8

e−2.5r

2.5r

− 7.847
e−0.7072r

0.7072r

]
MeV. (6)

However, many other calculations use the zero-range
pseudo-potential to represent the knock-on exchange.
The results can be expressed as
M3Y–Reid:

Ĵ(E) ≈ −276[1− 0.005(E/A)]MeV · fm3, (7)

M3Y–Paris:

Ĵ(E) ≈ −590[1− 0.002(E/A)]MeV · fm3, (8)

where E/A is the bombarding energy per projectile
nucleon in MeV. These density-independent M3Y in-
teractions have been successfully used in the folding
model of the HI optical potential at relatively low en-
ergy in earlier work.[11] However, in the case of refrac-
tive nuclear scattering, characterized by the observa-
tion of ‘rainbow’ features, which were observed first for
α particles and later for other light HI systems,[1−4]

the simple M3Y interactions failed to give a good de-
scription of the data. At the same time, a nuclear
matter study within the Hartree–Fock (HF) frame has
shown[12] that the original density-independent NN in-
teractions failed to have the saturation in cold nuclear
matter, so leading to collapse. This has motivated
the inclusion of an explicit density-dependent force in
the original M3Y interactions in order to allow sat-
uration to occur. A multiplier F(ρ) enters into the
density-independent NN interactions, whose exchange
parts are the finite-range interactions in Eqs.(5) and
(6), which are considered as anti-symmetrization of
the system. The function F is written as

F (ρ) = C[1 + αexp(−βρ)− γρ]. (9)

So the direct parts of Eqs.(3) and (4), and exchange
parts of Eqs.(5) and (6) can be replaced by the
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density-dependent forces. In the course of these appli-
cations to scattering data, it is necessary to introduce
an additional energy dependent factor over that pro-
vided by localizing the exchange potential.[12] This is
parametrized as a linear function

g(E) = [1− k(E/A)] (10)

with k=0.002MeV−1 for Reid interaction or
k=0.003MeV−1 for Paris interaction. The full in-
teraction form is expressed as

vD(EX)(ρ, r) = g(E)F (ρ)vD(EX)(r). (11)

In this paper, the density-dependent NN interactions
are DDM3Y1, BDM3Y1 and CDM3Y(1–6) accord-
ing to the different parameters C, α, β and γ, which
are given in Table 1. These interactions give the

same saturation values (a saturation density of about
0.17 fm−3 and a binding energy per nucleon of about
16MeV) except DDM3Y1 which gives the wrong den-
sity (0.07 fm−3). They result in different values of the
nuclear incompressibility K0, which is related to the
different curvature of the binding energy near the satu-
ration point although the different density-dependent
NN interactions give the same saturation properties.
Their incompressibility values are shown in Table
1. In order to compare easily, we denote the zero-
range and finite-range exchange parts of the density-
independent, DDM3Y1, CDM3Y(1–6) and BDM3Y1
by the labels 0–9 one by one. In Table 1 2R and
2P represent M3Y–Reid and M3Y–Paris types for the
direct parts and the exchange parts in DDM3Y1, re-
spectively; while 9R and 9P in BDM3Y1 are similar
to 2R and 2P in DDM3Y1, respectively.

Table 1. The coefficients of the different density-dependent NN interactions taken from

Refs.[13] and [14].

label interaction C α β γ K0

0(zero) independent 1.0 0.0 0.0 0.0

1(finite) independent 1.0 0.0 0.0 0.0

2R DDM3Y1(Reid) 0.2843 3.6391 2.9605 0.0 171

2P DDM3Y1(Paris) 0.2963 3.7231 3.7384 0.0 176

3 CDM3Y1 0.3429 3.0232 3.5512 0.5 188

4 CDM3Y2 0.3346 3.0357 3.0685 1.0 204

5 CDM3Y3 0.2985 3.4528 2.6388 1.5 217

6 CDM3Y4 0.3052 3.2998 2.3180 2.0 228

7 CDM3Y5 0.2728 3.7367 1.8294 3.0 241

8 CDM3Y6 0.2658 3.8033 1.4099 4.0 252

9R BDM3Y1(Reid) 1.2253 0.0 0.0 1.5124 232

9P BDM3Y1(Paris) 1.2521 0.0 0.0 1.7452 270

According to Ref.[15], the different models for the
Coulomb potential provide very similar results in the
region of the barrier radius for a spherically symmet-
ric reaction system. Here, we choose the conventional
point-like plus uniform charge model to calculate the
Coulomb potential,

VC(R) = ZPZTe2





1
R

, (R > RC),

1
2RC

[
3−

(
R

RC

)2
]

, (R < RC)

(12)
with e2=1.44MeV·fm, RC = RP + RT, Ri =
1.76Z

1/3
i − 0.96 fm, here i=P, T.

The total nucleus–nucleus potential V is com-
posed of nuclear potential VN and Coulomb potential

VC for a spherically symmetric system,

V = VN + VC. (13)

In the fusion reaction, the transmission coefficient
can be calculated using Wentzel–Kramers–Brillouin
(WKB) approximation[16] for penetration through the
barrier. Under such an approximation, one obtains a
closed form expression for σfus given by[17]

σfus =
~ωR2

B

2Ecm
ln

[
1 + exp

(
2π

~ω
(Ecm − VB)

)]
, (14)

where VB and RB denote the barrier energy and ra-
dius, respectively. The barrier curvature is calculated
with

~ω =
∣∣∣∣
~2

2µ

d2V

dr2

∣∣∣∣ , (15)
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where µ is the reduced mass of the system.
Using the above formulas, we calculate the

nucleus–nucleus interaction potentials with the dif-
ferent NN interactions and Coulomb potential of the
16O+208Pb system. The barrier energies, radii and
curvatures are obtained as shown in Fig.1. It is shown
that the calculated barrier energies are higher than the
experimental ones, moreover, the barrier energies for
Reid interactions are higher than those for Paris inter-
actions, especially that for zero-range exchange part
in density-independent Reid interactions is the high-
est. Changing from zero- to finite-range exchange part
reduces the barrier energy. Indeed, the finite-range
exchange part is more attractive than zero-range ex-
change part in both M3Y–Reid and M3Y–Paris inter-
actions. The barrier radii for not only M3Y–Reid type
interactions but also M3Y–Paris type interactions are
similar; meanwhile, the barrier radii for the density-
dependent interactions are larger than those for the
density-independent interactions, in which the barrier

Fig.1. The calculated results for the 16O+208Pb system

with different NN interactions on the basis of M3Y–Reid

(full circle) and M3Y–Paris (solid triangle) interactions.

(a) the calculated barrier energies. The horizontal line

indicates the experimental barrier energy of the system;

(b) the calculated barrier radii; (c) the calculated barrier

curvatures.

radius for finite-range exchange part is larger than
that for zero-range exchange part. The barrier curva-
tures are similar for finite-range exchange in density-
independent and density-dependent NN interactions
between M3Y–Reid and M3Y–Paris types, but there
is a difference (about 0.22 MeV) in zero-range ex-
change between density-independent M3Y–Reid and
M3Y–Paris interactions. The curvature of finite-range
exchange in density-independent interactions is the
largest among all the curvatures of NN interactions.

In order to understand the above phenomena,
we compare the factor F in Eq.(9), which is depen-
dent on the nucleon density and the density overlap
at the fusion barrier, with those in the different NN
interactions in Fig.2. In Fig.2(a), one sees that the
density dependence of Eq.(9) generally reduces the
NN interaction near and above the nuclear satura-
tion density. In the region of small density (about
less than 0.1 fm−3) the density-dependent NN inter-
actions are enhanced due to F >1 compared with the
density-independent NN interactions; moreover, the
factors F of DDM3Y1(Paris) and BDM3Y1(Reid) are
respectively the largest and the smallest, and those
of CDM3Y(1–6) become lower and lower, and thus
the barrier energies are sequentially lowered accord-
ing to the sequence of DDM3Y1(Paris), CDM3Y(1–6)
and BDM3Y1(Reid). In Fig.2(b) is shown the typical
minimum density in the region of density overlap at
the fusion barrier, that is not more than 0.04 fm−3 for
M3Y zero-range NN interactions, which give the min-
imum barrier radius about 11.5 fm as shown in Fig.1.
After the barrier radius has been changed to about
11.7 fm, the value of the density overlap reduces not
more than 0.02 fm−3. The smaller the barrier radius
the larger the density overlap and thus the higher
the barrier energy, and vice versa. Alike behaviour
is shown in Fig.1, in which the density-dependent
NN interactions give the larger barrier radii than the
density-independent NN interactions, and hence the
barrier radius for zero-range exchange part is smaller
than that for the finite-range exchange part. And the
density-dependent interactions give the lower barrier
energies than the density-independent interactions, in
which the zero range exchange part shows the higher
barrier energy than the finite-range exchange part.
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Fig.2. (a) The dependence of factors F in Eq.(9) on the nucleon density. The different sym-

bols denote the different NN interactions shown in Table 1. The horizontal line represents

the density-independent forces, and the vertical dash line shows the nuclear saturation density

(ρ0=0.17 fm−3). (b) The density overlap at the fusion barrier. The matter density distribution

of 16O is shown by solid line and that of 208Pb by dashed line, and the other lines represent the

density overlap of zero-range NN interaction (dotted) at the fusion barrier radius about 11.5fm

and that of finite-range NN interaction (dot-dashed) at the fusion barrier radius about 11.7 fm.

By using Eq.(14), the fusion excitation functions
of the 16O+208Pb system are obtained with the cal-
culated barrier energies, radii and curvatures for the
different types of NN interactions. In Fig.3, it is in-
dicated that at energies near and below the Coulomb
barrier the M3Y–Reid NN interaction with zero-range
exchange part gives the smallest fusion cross section
among all the NN interactions; the fusion cross sec-
tions for M3Y–Paris NN interaction with zero-range
exchange part are much larger than those for M3Y–
Reid NN interaction with zero-range exchange part in
the density-independent NN interactions, but they are
a little smaller than those for the density-dependent
NN interactions. The fusion cross sections are sim-
ilar for finite-range exchange part in the density-
independent and the density-dependent NN interac-
tions. The average fusion barrier energy for the
16O+208Pb reaction is 74.5MeV, determined empir-
ically from a fit with a single-barrier calculation to
the above-barrier fusion cross sections.[18] In the mi-
croscopic optical model, the dynamic polarization po-
tential (DPP) resulting from coupling to excited states
has been considered. The DPP is closely related to the
potential renormalization that is found in the coupled-
channel calculation. In Fig.1, it is clearly shown that
the fusion barriers calculated based on the double fold-

Fig.3. The calculated fusion cross sections for the
16O+208Pb system at different NN interactions on the ba-

sis of M3Y–Reid (full) and M3Y–Paris (open) interactions

in comparison with the experimental data in Ref.[18]. The

solid line denotes the result after the renormalization of

the nuclear potential.

ing model, named uncoupled fusion barriers, lie about
1.5–3MeV above the empirical fusion barrier. When
the potential renormalization is taken into account, it
effectively reduces the coupled barrier energy in total,
then the fusion cross sections (solid line) are in agree-
ment with the experimental data in Fig.3. Meanwhile,
we extract the barrier distributions for the 16O+208Pb
system through comparison of the above fusion cross
sections with the experimental data. It is shown in
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Fig.4 that the density-independent NN interactions re-
sult in the barriers moving to the highest position, and
the density-dependent NN interactions give the similar
barrier distributions. If the potential renormalization
is considered, the barrier positions are nearly equal to
those measured experimentally.

Fig.4. The extracted barrier distributions for the
16O+208Pb system at different NN interactions on the ba-

sis of M3Y–Reid (full) and M3Y–Paris (open) interactions

in comparison with the experimental data in Ref.[18]. The

solid line denotes the result after the renormalization of

the nuclear potential.

In conclusion, we have calculated the folding
nuclear potentials and Coulomb potentials for two
spherical colliding nuclei 16O and 208Pb. The NN
interactions include the density-independent M3Y–

Reid and M3Y–Paris NN interactions with zero-range
and finite-range exchange parts, and the density-
dependent NN interactions with finite-range exchange
part. The barrier energy for the M3Y–Reid inter-
action with zero-range exchange part is the largest,
moreover, the barrier radius and curvature change re-
markably in comparison with the other NN interac-
tions. This set of parameters of the M3Y interaction
fails to reproduce saturation property of cold nuclear
matter. So it gives the smallest fusion cross sections.
The density-dependent NN interactions which repro-
duce the basic properties of nuclear matter give the
similar barrier energies, barrier radii and barrier cur-
vatures. They show the similar fusion cross sections
and the barrier distributions. For barrier distribution
the density-independent NN interactions result in the
barriers moving to the highest position. We renor-
malize the potential barrier due to coupling to the
collective states of projectile and target at higher ex-
citation energy. If the coupled-channel effect on the
fusion barrier energy is considered, the fusion barrier
is typically reduced by several percent. The calculated
fusion cross sections and the barrier distributions are
consistent with the corresponding experimental data.
We hope the present studies may provide a good ref-
erence for the fusion calculations at energies near and
below the Coulomb barrier.
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