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This paper investigates the global synchronization in an array of linearly coupled neural networks with constant

and delayed coupling. By a simple combination of adaptive control and linear feedback with the updated laws, some

sufficient conditions are derived for global synchronization of the coupled neural networks. The coupling configuration

matrix is assumed to be asymmetric, which is more coincident with the realistic network. It is shown that the approaches

developed here extend and improve the earlier works. Finally, numerical simulations are presented to demonstrate the

effectiveness of the theoretical results.
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1. Introduction

Over the past few decades, neural networks have
been applied to various signal processing problems
such as optimization, image processing, and associa-
tive memory design. These applications strongly de-
pend on the dynamic behaviour of the network. Re-
cently, dynamic behaviours of neural networks with
time delays have been extensively investigated.[!=7]
It has been recognized that the neural networks can
exhibit some complicated dynamics and even chaotic
behaviours if the network parameters and time delays
are appropriately chosen.!” In recent years, arrays of
coupled systems have attracted much attention of re-

searchers in different research fields.8—17]

The coupled
neural networks are easy to physically implement and
have promising applications especially in secure com-

munication and image processing.[!8:19]

Since its introduction by Pecora and Carroll,[2’]
synchronization of coupled chaotic systems has been
extensively studied due to its potential applications in
creating secure communication systems.?'=3% Refer-
ences [25-29] paid much attention to synchronization
in an array of linearly coupled neural networks. Refer-
ence [25] investigated the synchronization of an array
of linearly coupled neural networks with delays. Refer-

ence [26] derived a sufficient condition for global syn-
chronization of the coupled identical delayed neural
networks based on the Lyapunov functional method
and Hermitian matrix theory. Reference [27] investi-
gated the global synchronization of an array of delayed
neural networks with constant and delayed coupling.
On the other hand, among all the approaches for the
synchronization of chaotic systems, a newly developed
technique based on adaptive control has received in-
creasing attention.[39=34 Reference [30] deduced sev-
eral adaptive synchronization criteria for an uncertain
complex dynamical network by using Lyapunov sta-
bility theory. Reference [33] proposed some novel ap-
proaches of adaptive synchronization and parameters
identification for the delayed neural networks by us-
ing the invariance principle of functional differential
equations. To the best of our knowledge, the adaptive
synchronization in an array of coupled neural networks
has received little research attention.

Motivated by the above discussions, in this paper
we investigate the global synchronization in an array
of coupled neural networks with constant and delayed
coupling. Combining the dynamical error feedback
theory with adaptive control, we derive some global
synchronization criteria for the coupled neural net-
works based on the Lyapunov functional method. The
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coupling configuration matrix of the coupled system is
assumed to be asymmetric. The obtained conditions
are expressed in terms of linear matrix inequalities
(LMlIs), which can be efficiently verified by the Mat-
lab LMI toolbox.

The rest of this paper is organized as follows. In
the next section, problem formulation and some pre-
liminaries are introduced. In Section 3, some sufficient
criteria to ensure the globally asymptotically synchro-
nization for an array of coupled neural networks are
derived. In Section 4, simulations are given to illus-
trate the effectiveness of the main results. Finally,
conclusions are drawn in Section 5.

Notation: Throughout this paper, R"™ and
R™ ™ denote, respectively, the m-dimensional Eu-
clidean space and the set of all n x m real matrices. I,
denotes the n x n identity matrix and diag{-} denotes
the diagonal matrix. For real symmetric matrices X
and Y, the notation X > Y (respectively, X > Y)
means that the matrix X —Y is positive semi-definite
(respectively, positive definite). || - || stands for the

Euclidean norm.

2. Model description and prelim-
inaries

Consider an isolated delayed neural network

(DNN), which can be described by the following dif-

ferential equation:[”)

@(t) = —Dx(t) + Ag(x(t))
+Bg(x(t — o)) +I(t), (1)

@1 (8), 25(1), ..., 2n(®)]T € R® s
the state vector of the neural network; D =

where z(t) =

diag{dy,ds,...,d,} > 0 is a diagonal matrix with
positive diagonal entries, d. > 0, r = 1,2,...,n;
A = (arj)nxn and B = (byj)nxn denote the

connection weight matrix and the delayed con-
The con-
stant ¢ > 0 represents the transmission delay.
(@) = [g1(21(8)), ga(22(8)), -, gulwn(t)]” € R
is the activation function vector, and I(t) = [I1(t),
Is(t),. ..

In this paper, we investigate a dynamical system

nection weight matrix, respectively.
,I,(t)]T € R™ is an external input vector.

consisting of IV linearly coupled identical delayed neu-
ral networks, which is given as follows:

N
j=1
N
+ CZ GijFij(t - 7') + ui(t),
j=1
i=1,2,....N, 2)

where x;(t) = [zi1(t), zi2(t), ..., 2 (t)]T € R, i =
1,2,...,N, is the state vector of the ith de-
layed neural network at time ¢; g(x;(t)) =
911 (1), g2(zi2()), -, g (i (1))]T € R", i =
1,2,...,N, and ¢.(-) (r = 1,2,...,n) are activation
functions. w;(t) = [u;1(t), usn(t),...,uin(t)]T € R,
1 = 1,2,...,N are the controllable inputs. The
constant ¢ > 0 represents the coupling strength.
7 denotes the coupling delay. Moreover, I' =
diag{y1,72, .-, and Iy = diag{y7,~Z,...,75} to
be determined are constant inner coupling matrices of
the neural networks at time ¢ and t—7. G = (G;j)Nx N
is the coupling configuration matrix representing the
coupling strength and the topological structure of the
system with

Gij >0, i#}j,
N
Gi=— Y, Gi (3)
=1,

The initial condition associated with Eq.(2) is

xir(s) = ¢ir(5)7
Vr=1,2,...,n,

—max{o,7} <s <0,
i=1,2,....N.

Throughout this paper, the activation functions
gr(-) (r =1,2,...,n) are assumed to satisfy the fol-
lowing condition:

(A1) There exist constants I, >0 (r=1,2,...,n)
such that

|90 (1) = g7 (V)| < lr|u — 0],
Vu,ve R, r=1,2,...,n (4)

or
(A2) There exist constants I, >0 (r =1,2,...,n)
such that
) < 901 = 5:(0)
u—wv

Yu,v € R, r=1,2,...,n. (5)

<,

Remark 1
the activation functions are continuous but not always

The assumption (A;) implies that

monotonic. However, the activation functions satisfy-
ing the assumption (A3) are continuous and mono-

tonic activation functions. Therefore, the class of
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functions satisfying the assumption (A;) is larger than
the class of functions satisfying the assumption (As).
To give our main results in the next section, we
need the following definitions and lemma.
Definition 1) Theset S = {(«] (), 3 (t), ...,
()T € R :x;(t) = x;(t) for i,j = 1,2,...,N}
is called synchronization manifold, where x;(t) =
[2i1(t), zia(t), ..., zin()]T € R™ (i = 1,2,...,N) is
the state of node 1.
Definition 2!
said to be globally asymptotically stable for the cou-

Synchronization manifold S is

pled system (2), equivalently, the coupled system (2)
is globally asymptotically synchronized, if the follow-
ing condition holds:

lim ||z (t) —2;(t)]| =0, 4,j=1,2,...,N.
t—oo

Lemma 1™  For any vectors @, b € R" and
positive definite matrix Y € R™*"  the following in-

equality holds:

2a"b<aTYa+bTY 'b.

3. Main results

In this section, based on the Lyapunov theory, we
establish the following sufficient criteria for adaptive
synchronization of system (2).

When the coupled system (2) achieves synchro-
nization, namely, when the states of system (2) satisfy

tlim llei(t) —x;(t)]| =0, Vi ji=12,...,N,

the coupling controllable terms should vanish:

N N
CZGijF(I?j(t) + CZ GijFij(t — T) + ’U/l(t) =0,
j=1

j=1

forall ¢{=1,2,...,]N.

Let s(t) be a synchronous solution of the coupled
system (2), that is,

$(t) = —Ds(t) + Ag(s(t)) + Bg(s(t — o)) + I(t),
(6)
where s(t) can be an equilibrium point, a periodic or-

bit, or a chaotic orbit.

Define error vector

el(t)::Bl(t)—S(t), 2217237]\77 (7)

then the error dynamical system is governed as fol-

lows:
é;(t) = —De,(t) + Ag(e;(t)) + Bg(e;(t — o))

N N

+CZ Gijl’ej(t) + CZ GijI’Tej(t - ’7')
j=1 j=1

+ui(t)7 i:1a2a"'aNa (8)

where
glei(t)) = g(=i(t)) — g(s(1)),

glei(t — o)) = g(zi(t — o)) — g(s(t — 0)),
i=1,2,...,N.

It follows, respectively, from the assumptions (A1)
and (Ag) that

9r(u)| < 1y |ul, 9)
0 < ug,(u) < lu?,
Gr(u)| < 1y |ul, (10)

forVue Randr=1,2,...,n.

In the sequence, we denote L =
ol > 0.

Theorem 1 Let the adaptive controllers

diag{ll, lz,

u;(t) = —m;e;(t) —nse;(t — 1),
i=1,2,....N,

and the following updating laws

i = oie} (t)ei(t — ),
(12)

1h; = pie (t)eq(t),
i=1,2,...,N,

in which p; and g;, ¢ = 1,2,..., N are positive con-
stants. Under the assumption (A;), the synchroniza-
tion manifold S of the coupled system (2) is glob-
ally asymptotically stable, if there exist positive defi-
nite matrices Z1, Zs, positive diagonal matrices R =
diag{ri,ra,...,rn} > 0, Q@ = diag{qi,q2,...,qn} >
0, M = diag{f,Ma,..., My} > 0 and N =

diag{n,na,...,ny} > 0, such that the following

LMIs hold:
> 0 (13)
1 <0, 1=12,....,N, (13
0 ~LZ,'L-R
2
and
G+ GT 1~ 1 . 1=
C’ij—quIN—QM §C’ij—§N 0
1 1 ’
i=12...,n, (14)
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where 1 N
) ) ) <3 > el (t)AZ AT e;(t)
X = —gmiIn - D+ 5AZlAT + 5BZQBT i=1
+g" (ei(t)) Zy ' g(ei(t))]

1
+§LZf1L+R.

Proof Define a Lyapunov functional candidate
for system (8) as

N ~ 2

N T 1 (mi —my)
Vi) = 5 Z ei (ei(t) + 5 Z o

+ Z/ i el (s)Re;(s)ds

Qi i—1

—

N t
T
A i(s)d
+ /t_T e; (s)Qe;(s)ds

i—1

(15)

=

Calculating the time derivative of V(¢) along the
trajectories of system (8), we obtain

N ~ e N N
_‘_Z;( 7 piz) 1+;(zgl1)7

; =
+> [ef (Rei(t) - ef (t — o) Rei(t - o)]

N N
= =Y el (t)De;(t) + > el () Aglei(t))
2_; =1
+) el (t)Bg(ei(t — o))
zfjv N
+e> el(t)> GijTe;t)
1;1 j;l
+e> el(t)> GiTrej(t—1)
v
N el (e (t) — Z nie; (t)ei(t —7)
+3" [el (1) Rei(t) — €] (¢ — o) Rey(t — )]

— eiT(t —7)Qe;(t — T)] .
(16)
By Lemma 1 and making use of Eq.(9), we can obtain

Ze

Ag e;(t )

el (1) AZ A e;(t)

IN
[N
‘Mz

s
I
-

el (t)LZ; ' Le;(t), (17)

+
DN | =
-MZ

s
Il
—

and

ei (1)Bg(e(t - 0))

\'Mz

s
|
—

el (t)BZ,B%e;(t)

IN
N =
&MZ

3

_|_

N | =

N
Y el(t—o)LZ; ' Lei(t— o). (18)

Substituting Eqs.(17) and (18) into Eq.(16), we have

<—Ze t)De;(t Ze t)AZ A e;(t)
+ = Ze (t)LZ7'Le;(t)
+ = Ze tYBZ,B e;(t)

1 _
+ 5 Ze;r(t — O')L22 1L6i(t — 0')

1 N
—§ZmeT( Jei(t)

e; (t —o)Re;(t — o)]

=1 i
al e;(t) e;(t)

= @
;[ez(ta)] [el(to)]
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where e;(t) = [el(t),e2(t),..., e (t)]T,

&(t) = [ (1), e (1), ... en (O],

in which
1 1 oo 1 -

1
+§LZ1_1L+R,

and
G+GT 1~ 1 1=
— Iy — =M —cvIG — =N
o, |2 TN M 5Ty
1 7T 1=
ic'ij’ fiN —q;In
ji=12,...,n.

From the LMIs (13) and (14), clearly, Eq.(19) implies
that V(t) < 0. That is, the synchronization manifold
S of dynamical system (2) is globally asymptotically
stable under the adaptive controllers (11) and updat-
ing laws (12). The proof of Theorem 1 is completed.

If the inner delayed coupling matrix I'; = 0, sys-
tem (2) reduces to

wz(t) = —DiL’i(t) + Ag(a:z(t)) + Bg(wi(t — 0’))
N
+I(t) + CZ Gijl"'acj(t) + ’U,i(t),
i:1,2,...,NJ.7 (20)

Then, for the error vector

e;(t)y=m;(t) —s(t), i=12,...,N,

the error dynamical system is given as
é;(t) = —De;(t) + Ag(ei(t)) + Bg(ei(t — o))
N
—i—CZ GijTe;(t) +ui(t),

Jj=1

1,2,...,N. (21)

i
Corollary 1  Let the adaptive controllers
wi(t) = —miei(t), i=1,2,...,N, (22)
and the following updating laws

i = pie} (tei(t), i=1,2,...,N (23)

in which p;, ¢ = 1,2,..., N are positive constants.
Under the assumption (A;p), the synchronization

manifold S of the coupled system (20) is globally
asymptotically stable, if there exist positive definite
matrices Zy, Z,, positive diagonal matrices R =
diag{ﬁ, ro,...,rn} >0, Q = diag{q1,q2,...,qn} > 0,
and M = diag{mi,ma,...,my} > 0, such that the
following LMIs hold:

X 0
1
0 §LZ§1L -R

and

G+GT

1~
;) > +quN—§M 0

<0,
0 —¢;In

1 1 1
> — fimiln - D+ 5AZlAT + 515'223T

1
+ §LZ;1L + R.

Proof In Theorem 1,letn; =0,i=1,2,...,N
7 = 0,5 =1,2,...,n, then its proof is straightfor-

b )

ward and hence can be omitted.
Theorem 2 Let the adaptive controllers

w;(t) = —m;e;(t) —ne;(t —7),

i=1,2,...,N, (24)
and the following updating laws

1y = pie) (t)ei(t), 1= oie] (t)e;(t — 1),
i=1,2,....N, (25)

in which p; and g;, ¢ = 1,2,..., N are positive con-
stants. Under the assumption (As), the synchroniza-
tion manifold S of the coupled system (2) is glob-
ally asymptotically stable, if there exist a positive
definite matrix Z,, positive diagonal matrices R =

diag/{fl,rg,...,rn} >0, Q = diag{ql,q%...,qn/\} >
0, M = diag{my,ma,...,my} > 0, and N =
diag{n1,n2,...,Any} > 0, such that the following
LMIs hold:
£2; 0
T <0, i=1,2,...,N,
0 -LZ;'L-R
2
and
G+GT 1~ 1 1=
Yj——s— t¢GIN—5M ScvJG—- N
2 2 2 2 <0
1 o 1= ’
icij fiN —q;In
j=1,2,....n,
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where Remark 2 In Refs.[25, 26, 28], the authors stud-
T ied the synchronization of the coupled connected neu-

1 A+ A 1 T ] )
£2; = *2szn D+ ——L+ EBZQB +R. ral networks without delayed coupling. However, as

Proof Similar to the approach for proving The-
orem 1, we construct the Lyapunov function (15). Ac-
cording to the assumption (As), we have

> el (hAg(ei(t))

N
= T AEA e, (26)

then Theorem 2 can be easily obtained if one sub-
stitutes Eq.(17) by Eq.(26) in calculating the time
derivative of the V(t) along the trajectory of the sys-
tem (8).

Similar to the approach for proving Corollary 1,
we can obtain Corollary 2 from Theorem 2.

Corollary 2 Let the adaptive controllers

ul(t) = 7miei(t)a i = 1727"'7N7 (27)

and the following updating laws

el (t)ei(t), i=1,2,...,N, (28)

m; = p;
in which p;, ¢+ = 1,2,...,N are positive con-
stants. Under the assumption (Ajz), the synchroniza-
tion manifold S of the coupled system (20) is glob-
ally asymptotically stable, if there exist a positive
definite matrix Z,, positive diagonal matrices R =
;rnt >0, Q = diag{q1,¢2, ..., qn} > 0,
mpy} > 0, such that the

diag{ri,ra,...
and M = diag{my,ma, ...,
following LMIs hold:
[P 0
1 _
0 ;LZ, 'L-R

and
G+GT 1 —~
T G In—=-M 0
G TUINT g <0,
0 —qiIn
j = 1727 . 7n7

where

1. A+ AT 1
2 =S, ~ D+ %L +3BZ,B" + R

discussed in Section 1, time delays should be consid-
ered in order to simulate the realistic networks. In this
paper, we investigate the dynamical coupled systems
with constant and delayed coupling. Therefore, the
system considered in this paper is more general than
that considered in the literature.

Remark 3 In Ref.[27], the authors discussed
the global synchronization of N identical delayed neu-
ral networks with the symmetric coupling configura-
tion matrix. However, the assumption that the cou-
pling configuration matrix should be symmetric is re-
moved in this paper. Hence our results are less restric-

tive.

Remark 4 In order to achieve synchroniza-
tion of the coupled system (2), the variable feedback
strength related to the synchronization errors will be
automatically adapted to a suitable strength and the
adaptive synchronization scheme is simple to imple-
ment in practical engineering design. It is worth not-
ing that we add the time-delay adaptive feedback con-
trol term —n;e;(t—7) in the coupled system (2). How-
ever, such a time delayed feedback term was not con-
sidered in the adaptive synchronization scheme stud-
ied in Refs.[30, 31]. Hence, our results extend and im-
prove the previous results.

4. A simulation example

Consider a 2-dimensional neural networks:[7]

&(t) = —Dx(t) + Ag(z(t))
+Bg(z(t — o)) + I(1), (29)

where x(t) = [21(t),z2(t)]T is the state vector of
the network and g(x(t)) = [tanh(z1), tanh(x2)]T. The
f Eq.(2

system parameters of Eq.(29) are
10 20 —-0.1
D= A=
01 —-5.0 3.0
—-1.5 -0.1 0
B= , I(t) = , o0=1.
—-0.2 -2.5 0

The model (29) has a chaotic attractor as shown
in Fig.1 with the initial condition z1(s) = 0.4, z2(s) =
0.6, Vs € [—1,0]. Now, consider a dynamical system
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consisting of five linearly coupled identical neural net-
works (29). The state equation of the entire system

is

(1) = —Da;(t) + Ag(ai(t)) + By(X,(t — o))

5
+I(t)+c) GyTz(t)
j=1
5
+eY Gylemi(t—7) + ui(t),
j=1
i=1,2,...,5, (30)

where x;(t) = [z:1(t), xi2()]T (i=1,2,...
state variables of the ith neural network.

,D) are the

z2
o

—-1.0 —0.5 0 0.5 1.0

Fig.1. Chaotic trajectory of the model (29).

The asymmetric coupling configuration matrix is

g

o

T4l (t) (Z

Vol. 18
taken as
(21 0 0 1|
2 -4 1 1 0
G=|1 1 -31 0
0 1 2 —41
2 0 0 1 -3

The state coupling matrix I' and delayed coupling

40
matrix I, are respectively chosen as I' = ,
04
0.3 0 .
r, = . Moreover, let the coupling delay
0 0.3

T=1,p=0=11=1,2,...,5.

Obviously, the coupling configuration matrix G
is asymmetric, therefore from the main results in
Ref.[27], we cannot judge whether the coupled sys-
tem (30) is synchronized under the given conditions.
However, in this paper, Theorems 1 and 2 can be used
to treat this case.

For example, let Z1 = Z5 = I, then there exist
the following feasible solutions for the LMIs (13) and

. 12526 0
(14) in Theorem 1: R = , M =
0 1.1598
1.5692 0 .
501, Q = , N = 101I. According
0 1.2363

to Theorem 1, the synchronization manifold S of the
coupled system (30) is globally asymptotically stable.

When the initial values of the system (30) are
randomly chosen from [—5,5], Fig.2 shows the time
responses of state variables x;1(t) and z;2(t) (1 =
1,2,...,5) of the coupled system (30).

10

.,5)

Tlg(f)(l = 1, N

8 10

Fig.2. Synchronized states z; (i =1,2,...,5).
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Figure 3 depicts the trajectories of the synchro-
nization errors e;(t), i = 1,2,...,4, where e;(t) =
[eﬂ(t),eig(t)]T and em—(t) = .’Eiyj(t) — "Ei+17j(t) for
1=1,2,...,4, 7 = 1,2. From Fig.3, it is easy to see

10

—10

t
(@) en(i=1,2,...,4)

that the errors between the synchronized states con-
verge to zero. Thus, the synchronization manifold S
of the coupled system (30) is globally asymptotically
stable under the given adaptive controller.

10
5
<t
= 0
I
=
S -5
S
—~10

t
(b) eia(i=1,2,...,4)

Fig.3. Synchronization errors of the system (30).

5. Conclusions

This paper considers the adaptive synchroniza-
tion in an array of linearly coupled neural networks.
Some novel synchronization conditions are presented
for the coupled system by using Lyapunov functional

method. The coupling configuration matrix of the
coupled system can be assumed to be asymmetric.
Our results improve and generalize some existing ones
and the new conditions are easy to check and apply
in practice. Finally, a numerical example is given to
show the effectiveness and feasibility of the obtained
results.
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