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Calculations of electronic structures about the semiconductor quantum dot and the semiconductor quantum ring

are presented in this paper. To reduce the calculation costs, for the quantum dot and the quantum ring, their simplified

axially symmetric shapes are utilized in our analysis. The energy dependent effective mass is taken into account in

solving the Schrödinger equations in the single band effective mass approximation. The calculated results show that the

energy dependent effective mass should be considered only for relatively small volume quantum dots or small quantum

rings. For large size quantum materials, both the energy dependent effective mass and the parabolic effective mass

can give the same results. The energy states and the effective masses of the quantum dot and the quantum ring as a

function of geometric parameters are also discussed in detail.
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1. Introduction

In recent years, much effort has been made to fab-
ricate semiconductor quantum well, wire, and dot ma-
terials because of their great potential applications in
semiconductor devices. The semiconductor quantum
dots (QDs) are very attractive in optoelectronics ap-
plications such as QD laser, QD based photodetector
and QD based semiconductor optical amplifier.[1−3]

The semiconductor quantum rings (QRs) have become
a central field due to their potential applications in
quantum information processing.[4,5] The most popu-
lar methods to fabricate such quantum materials are
based on the self-organized process by using the molec-
ular beam epitaxy (MBE). It has been shown that
various shapes of QDs and QRs can be fabricated
in various experimental growth environments.[6] The
shapes and the size distributions of QDs and QRs have
been investigated intensively because of their impor-
tance in both the growth experiments and theoreti-
cal calculations of electronic structure.[7,8] The elec-
tronic structure calculations of the quantum materi-
als have been conducted by using different methods

based on the different schemes, such as effective mass
approximation,[9] tight binding approximation[10] and
pseudo-potential methods.[11] In the effective mass ap-
proximations, both the parabolic potential model and
the parabolic effective mass model are often adopted.
However, in such simplified models, the energy depen-
dent effective mass is often ignored, for the problem
can be solved in a simplified linear form.

In this paper, we investigate the electronic states
of the axially symmetric cylinder shaped QDs. For
the QRs, we consider their cross sections with rect-
angle, square, and elliptic shapes separately. In our
simulations, the energy dependent effective mass ap-
proximation is adopted.

2. Physical model

We have studied the influence of strain and
wetting layer on the energy states in the previous
studies.[12−15] So in this study, we mainly investigate
the dependences of energy states on the geometric
shape, geometric size, and energy dependent effective
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mass numerically. Both the strain effect and wetting
layer are excluded from consideration in our simula-
tion.

For the three-dimensional (3D) semiconductor
heterostructure, the single-band envelope function in
the effective mass approximation can be expressed as
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where ~, m (E, r), V (r), E and ψ (r) are Planck’s con-

stant divided by 2π, the position and the energy de-
pendent electronic effective mass, the position depen-
dent band-edge induced confinement potential energy,
the electronic energy level and wavefunction, respec-
tively. Since the quantum material model is rotation-
ally symmetric, the wavefunction can be written as
ψ (r, z, θ) = ϕ (r, z)φ (θ) by separating variables. V

and m in Eq.(1) are azimuthal angle independent and
can be expressed as V = V (r, z) and m = m (E, r, z)).
Equation (1) can be re-expressed as

[
−~

2

2
∂

∂z

(
∂ϕ (r, z)

m (E, r, z) ∂z

)
− ~

2

2
1
r

∂

∂r

(
r∂ϕ (r, z)

m∂r

)]
φ (θ) ,

[
−~

2ϕ (r, z)
2mr2

∂2

∂2θ
+ V (r, z) ϕ (r, z)

]
φ (θ) = Eϕ (z, r) φ (θ) . (2)

Multiplying Eq.(2) with
mr2

ϕφ
leads to

mr2

ϕ

{
−~

2

2
∂

∂z

(
∂ϕ (r, z)

m∂z

)
− ~

2

2r

∂

∂r

(
r∂ϕ (r, z)

m∂r

)}

+mr2 (V − E) =
~2

2
1
φ

∂2φ

∂2θ
. (3)

If we assume Eq.(3) to equal −~
2

2
n2, the φ in Eq.(3)

can be solved immediately as

φ = exp (inθ) , (4)

where n = 0, ±1, ±2, . . . , are the electron orbital
quantum numbers. Then the remaining parts of the
Schrödinger equation turn into the following form:
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The boundary conditions are as follows. For the up
and down boundaries, the Dirichlet boundary condi-
tions are used to ensure the wavefunction convergence.
On the axis, r = 0, and a special treatment should be

noted: when n = 0, or
∂ϕ

∂r
= 0 due to the continu-

ity, the Neumann boundary conditions are used; when

n ≥ 1, however, to stop the item
n2~2

2mr2
ϕ (r, z) ap-

proaching infinity (∞) at r = 0, the Dirichlet bound-

ary conditions should be used. From the mathemati-
cal point of view, model (5) combined with the bound-
ary conditions turns into a partial differential equa-
tion (PDE) eigenvalue problem. The proposed model

can greatly reduce the calculation cost by converting
the 3D Schrödinger equation into a 2D problem. The
equation can be solved by using the finite element
numerical technique. Compared with the orthogo-
nal periodic function expansion or Fourier expansion
method, the finite element method has the advantage
that it is independent of the geometry to be analysed.
However, for the expansion method, one generally has
to select the proper expansion functions to confirm the
efficient convergent performance.

The energy and position dependent effective
m (E, r) is given by

1
m (E, r)

=
P 2

~2

[
2

E + Eg − V (r)

+
1

E + Eg − V (r) + ∆ (r)

]
, (6)

where P , Eg and ∆ (r) represent the momentum ma-
trix element, band gap and position dependent spin–
orbit splitting in valence bands. The confinement po-
tential V (r) induced by the discontinuity of the con-
duction band edge at material interface between the
QDs (or QRs) and the matrix barrier can be expressed
as

V (r) =





0, r ∈ well materials,

V0, r ∈ barrier materials.
(7)

The Ben Daniel–Duke boundary conditions
should be applied to the wavefunction at interface be-
tween well and barrier materials and can be expressed
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as

ψwell (rs) = ψbarrier (rs)
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where rs denotes the position on the interface and n

refers to the normal direction of the interface. It can
be seen that all these boundary conditions are depen-
dent on the electron energy stats and material param-
eters.

From Eq.(5) it follows that the equation is a non-
linear equation, for the effective mass parameter m is
dependent on the energy eigenvalue to be solved. In
order to obtain the final convergent solution of Eq.(5),
the nonlinear iteration scheme will be necessary for
numerical calculations. First, we set an initial guess
of energy as E0, and then the effective mass m (E, r)
can be calculated based on Eq.(6). Second, the en-
ergy eigenvalue is obtained by solving Eq.(5). Third,
the effective mass m (E, r) is repressed by using the
calculated E, and then the program goes back to the
second step to form a complete loop. When the cal-
culated energy eigenvalue converges to a stable value,
the iteration is terminated. In solving Eq.(5), a finite
element method is used to find the energy eigenvalues.

3. Results and discussion

For the InAs/GaAs materials, we use the follow-
ing band structure parameters: the band gap of InAs
(Eg,InAs) is 0.42 eV, i.e. Eg,InAs = 0.42 eV; the spin–
orbit splitting energy of InAs for the valence band
(∆InAs) is 0.48 eV, i.e. ∆InAs = 0.48 eV; the mo-
mentum matrix element of InAs is related to the ex-
pression 3m0P

2
InAs/–h2 = 22.2 eV, where m0 is the

free electron mass. The corresponding parameters of
GaAs are Eg,GaAs = 1.52 eV, ∆GaAs = 0.34 eV and
3m0P

2
GaAs/–h2 = 24.2 eV. The conduction band offset

(V0) is taken as 0.77 eV, i.e. V0 = 0.77 eV. Figure 1
shows the geometric shapes of the cylindrical quantum
dot and elliptical quantum ring. Because of the axial
symmetry, we show only half of the cross section. The
quantum dot growth direction is along the z-axis. For
quantum ring, r represents the inner radius, while R

denotes the radius of the quantum ring cross-section
and h is the height.

Fig.1. Schematic diagrams for axially symmetric cylinder

shaped quantum dot (a) and elliptical quantum ring (b).

First of all, we show the efficient of the iteration
numerical algorithm in solving the nonlinear problem.
Figure 2 shows the typical convergent characteristics
in the iteration calculations. As can be seen, the en-
ergy eigenvalue will be convergent to a relatively stable
value after 6 iterations.

Fig.2. The typical convergent characteristics of the

ground state energy level versus number of iterations.

Figure 3 (a) shows the ground state energy lev-
els of the cylindrical quantum dots when the heights
are 5 and 2.5 nm respectively. Both the non-parabolic
mass approximation and the parabolic effective mass
approximation are considered. For the parabolic ef-
fective approximation, we use the bulk effective mass
m (0) to replace the energy dependent effective mass
m (E). The bulk effective masses of the InAs and
GaAs are 0.023 and 0.067m0 respectively. As demon-
strated in Fig.3(a), the ground state energy level is
very sensitive to the size of quantum dots. Compared
with the energy dependent effective mass model, the
ground state energy levels are overestimated by using
the simplified parabolic effective mass model, espe-
cially when the radius of the quantum dot is less than
10 nm. For example, when the radius is about 4 nm,
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the difference between the ground state energy levels
obtained by using the parabolic model and the non-
parabolic model is about 0.3 eV. For the radii larger
than 14 nm, both the parabolic model and the non-
parabolic models can give the same results. Figure
3(b) shows the ratio of E (m) /E (0) as a function of

QD radius, with the height fixed to be 5 nm. As can
be seen, the dependence of the effect mass of InAs on
energy is more sensitive than that of GaAs. So the
ratio of wavefunction distribution in the well region
to that in the barrier region would determine the in-
fluence degree of energy dependent effective mass.

Fig.3. The curves for ground state energy level (a) and energy dependent effective mass (b) versus radius of parabolic

and non-parabolic cylindrical QDs, with heights being 5 nm.

Figure 4 shows the ground energy levels as a
function of the geometric size for rectangular cross-
sectional QRs. As can be seen, when the inner radii
of the QRs are fixed, the energy levels are not sensitive
to the non-parabolic effects. The difference between
the results calculated under the two conditions is not
obvious. It should be noted from Fig.4(a) that for
the QRs with an inner radius of 15 nm and a height of

5 nm, when widths of QRs are less than 15 nm, the en-
ergy levels calculated from the non-parabolic effective
mass are less than those calculated from the parabolic
effective mass. When widths of QRs are larger than
15 nm, the opposite results can be observed. How-
ever, in Fig.4(b), for the QRs with their inner radii
and widths all fixed at 5 nm, the variation tendency is
just the opposite. As can be seen, when heights are

Fig.4. Curves for ground state electronic energy level as a function of size (width and height) of rectangle cross-

section for parabolic and non-parabolic QRs, with their inner radii fixed at 20 nm (a), and a function of height of

rectangle cross-section for parabolic and non-parabolic QRs, with their inner radii and widths all fixed at 5 nm (b).
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less 15 nm, the ground energy levels calculated by
using the parabolic effective mass are overestimated
compared with those calculated by using the energy
dependent effective mass. For heights larger than
15 nm, we can see the opposite circumstance. Without
considering the influence of the inner radius, we can
see from Figs.4(a) and 4(b) that there exists a maxi-
mum difference in energy level when the cross-sections
of the rectangular QRs become square shaped. This
phenomenon can be attributed to the fact that the en-
ergy dependent effective mass is very sensitive to the
wavefunction distributions.

Figure 5 presents the calculated ground state en-
ergy levels of square cross-sectional QRs as a function
of their inner radii. We can see the energy levels are
very sensitive to the inner radii when the inner radii
are less than 5 nm. This may arise from the enforced
transverse coupling effects when the barrier becomes
thinner with inner radius decreasing. However, the
difference in energy level is mainly sensitive to height
but not to inner radius. For example, the differences in
energy level are about 0.01 and 0.02 eV when heights
are 5 and 2.5 nm respectively.

Fig.5. The dependences of ground state electronic energy level on the inner radius for square cross-sectional parabolic

and non-parabolic QRs, with their heights being 5 nm (a) and 2.5 nm (b).

Figure 6 shows the ground energy levels as a func-
tion of inner radius for circular cross-sectional QRs.
The radii of the circularity are 5 and 2.5 nm respec-

tively. In spite of some similarities to Fig.5, we can see
the most important difference is that when the inner
radii are less than a critical value, the ground state

Fig.6. The dependences of ground state electronic energy levels on the inner radius of circular cross-sectional

parabolic and non-parabolic QRs with their radii being 2.5 nm (a) and 5 nm (b).
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energy levels will increase with inner radius decreas-
ing. The smaller cross section area will correspond to
a larger critical inner radius. For the values of circu-
larity with radii of 2.5 and 5 nm, the energy level tran-
sition takes place when the critical values of the outer
radii (radius is) are 1 and 0.4 nm respectively. The
critical value is also dependent on the non-parabolic
effect. We can see that the energy dependent effective
mass will lead to a relatively smaller critical value than
the calculated results by using the parabolic effective
mass.

To explain the transverse coupling effects and the
influence of the energy dependent effective mass, we
show the wavefunction distribution ratio of the QR in
the whole structure in Fig.7. The ratio is defined as∫
Ωwell

ψds/
∫
Ωwell+Ωbarrier

ψds. We can see that the ra-
tio will increase rapidly with inner radius decreasing
on condition that the inner radius is less than 2 nm.
This means the weaker coupling effects of the inner
part of QR, when the QR is converted into a QD with
the decrease of inner radius. As shown in Fig.3(b),
the InAs material is more sensitive to the energy de-
pendent effective mass. So with the enhanced size
confinement effect when the inner radius decreases to
less than 2 nm, the portability of finding the electron
in the InAs region will increase, which further leads
the influence of the energy dependent effective mass
on energy levels to be strengthened.

Figure 8 shows the energy levels as a function of
outer radius when the inner radius is 5nm and the
height is 2.5 nm. The differences between the energy

levels calculated by using the parabolic model and the
non-parabolic models are also shown in Fig.8. We
can see that both models give the same results when
the outer radius is about 12 nm. For a larger outer
radius the parabolic model overestimates the ground
state energy levels, while for a smaller outer radius
(less than 12 nm), the parabolic model underestimates
the ground state energy levels. Their difference is less
than ±0.02 eV. Figure 8(b) shows the corresponding
ratio of energy dependent effective mass to that of the
bulk materials. The ratio of the wavefunction distri-
bution of the QR in the whole structure is also shown.
We can see that the ratio is not sensitive to the size
of the QR when the outer radius is larger than 12 nm.

Fig.7. The portability of finding an electron separately in

circular cross-sectional parabolic and non-parabolic QRs

as a function of inner radius, with their outer radii being

2.5 nm.

Fig.8. The dependences of energy level and effective mass on outer radius R, when the inner radius is 5 nm and the height

is 2.5 nm, where (a) shows the energy levels with and without considering the non-parabolic effects, and (b) exhibits the

values of energy dependent effective mass for InAs and GaAs and the wavefunction distribution ratio of the QR in the whole

structure.
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In the above, we have investigated the depen-
dences of energy level and effective mass on param-
eters of QD and QR. However, there are some limi-
tations in our simulation model. First, the strain ef-
fects and wetting layer are completely excluded from
consideration in our model. In fact, they are very im-
portant for the performance of the devices.[16,17] and
can be easily taken into consideration in our model,
but at the expense of discarding the advantage of axial
symmetry due to the anisotropic feature of the strain.
Second, the more complex valence band intermixing
effects are not included in our model. To take such
effects into consideration, a complex multi-band ef-
fective mass theory should be used.[18] Third, the in-
teraction among carriers is ignored in our model. If
only the Coulomb effect is taken into consideration,
it is easily to integrate this effect with our model, for
the main algorithm of the Hartree approximation can
be realized by iteration.[19] If the exchange and cor-
rection effects of the carriers are taken into consid-
eration, one must use a more complex Hartree–Fock
approximation or the density function theory (first-
principles method),[20,21] and these methods are be-
yond the scope of the present study.

4. Conclusions

We investigate the ground state energy levels for
the axially symmetric InAs/GaAs QD and QR. The
analysis is detailed about the dependence of ground
state energy level on geometric size parameters, such
as inner radius, outer radius and height. For compar-
ison, both the parabolic and non-parabolic effective
mass models are employed in our calculation. The
effect of geometric size on the energy dependent ef-
fective mass is discussed for QD and QR structures
separately. We find that the effective mass is very
sensitive to the wavefunction distribution ratio of a
quantum well region in the whole structure; the wave-
function distribution is very sensitive to the geomet-
ric size. So the energy levels become more sensitive to
the geometric size itself and its relevant effective mass.
For the QR structure, there exists a critical inner ra-
dius, where the energy levels will have a transition that
wanes with inner radius decreasing. This phenomenon
may be attributed to the fact that strong coupling ef-
fects become weaker when the QR converts to a QD
with inner radius decreasing. Although there are some
limitations in our model, the simulated results reflect
some guidelines for both the material fabrication and
device design.[22−24]
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