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The analysis of kinematics and dynamics of an elastic rod with circular cross section is studied on the basis of exact

Cosserat model under consideration of the tension and shear deformation of the rod. The dynamical equations of a rod

with arbitrary initial shape are established in general form. The dynamics of a straight rod under axial tension and

torsion is discussed as an example. In discussion of static stability in the space domain the Greenhill criteria of stability

and the Euler load are corrected by the influence of tension and shear strain. In analysis of dynamical stability in the

time domain it is shown that the Lyapunov and Euler stability conditions of the rod in space domain are the necessary

conditions of Lyapunov’s stability in the time domain. The longitudinal, torsional and lateral vibrations of a straight

rod based on exact model are discussed, and an exact formula of free frequency of lateral vibration is obtained. The

free frequency formulas of various simplified models, such as the Rayleigh beam, the Kirchhoff rod, and the Timoshenko

beam, can be seen as special cases of the exact formula under different conditions of simplification.
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1. Introduction

The analysis of deformation and its stability of
a thin elastic rod have a background in engineering
and play an important role in the study of DNA.
The problems of equilibrium of the rod have been
discussed extensively on the basis of the Kirchhoff’s
kinetic analogy.['=8] More recently, consideration has
been given to the dynamics of elastic rod, and it is nec-
essary to treat the rod as a system with double inde-
pendent variables s and ¢.°713] The Kirchhoff model
of the rod is based on the hypothesis that the rod is
inextensible and the cross section is unshearable. Ob-
viously it is not true for DNA and other soft materials.
The Cosserat model of an elastic rod is a more gen-
eral model including the Kirchhoff model as a special
case. The idea of the Cosserat model is to describe the
configuration of the rod by the position of each point
on the centreline and the attitude of the cross sec-
tion about its centre.l'*1% The exact Cosserat model
abandons the hypothesis of inextensible and unshear-
able characters, and is closer to a real elastic rod.[16:17]
In the present paper the kinematics of an elastic rod
with circular cross section is studied on the basis of

the exact Cosserat model, considering the tension of
the centreline and the shear deformation of the cross
section. The exact dynamical equations of a rod with
circular cross section are established in general form,
which can be applied to calculate the motion of a rod
with arbitrary initial shape by numerical computation.
A straight rod under axial tension and torsion or un-
der axial compression is discussed as examples. In
discussion of static stability in the space domain the
Greenhill criteria of stability and the FEuler’s load are
corrected by considering the tension and shear strain.
In analysis of dynamical stability in the time domain it
is shown that the conclusions for a Kirchhoff rod are
effective too for the exact Cosserat model. Namely,
the Lyapunov and Euler stability conditions of the
Cosserat rod in the space domain are the necessary
conditions of Lyapunov’s stability in the time domain.
The longitudinal, torsional and lateral vibrations of a
straight rod are discussed, and the exact formulas of
free frequencies are derived. The free frequency for-
mulas of lateral vibration based on various simplified
models, such as the Rayleigh beam, the Kirchhoff rod,
and the Timoshenko beam, can be seen as special cases
of the exact formula under different conditions of sim-
plification.
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2. Kinematic analysis of a rod

with circular section

Consider the motion of a thin elastic rod with
circular cross section. Taking the fixed end point
O as origin, we establish the inertial reference frame
(O — ¢n¢) and define the arc-coordinate s along the
unstretched centreline of the rod. Assume that the
rod is homogeneous and isotropic, and the cross sec-
tion of the rod is rigid. At arbitrary time ¢, con-
sider an arbitrary infinitesimal segment PyQo of the
rod before local elastic deformation. The positions
of end points Py and )y are determined by vectors
OPy = r9 and OQy = 9 + Arg in space, and by arc-
coordinates s and s+ As on the centreline. The vector
PyQo = Arg is along the tangent of centreline at time
t when As — 0. Letting the direction of PyQq be
the zg-axis we define a reference frame (P — xoy020)
with basis-vectors e;o (i = 1,2, 3) as the principal co-
ordinates of cross section. Assume that points Py, Qg
move to P, @ at time ¢t + At, the position of which are
determined by OP = r and OQ = r + Ar. Resolve
the procedure of displacement to three stages. At first
let PyQo translate to PQ; (see Fig.1), then it follows
that

PQl = P()QO = AT‘O = egoAS. (1)

Then let PQ, rotate about point P to PQ- after an
infinitesimal rigid rotation ¢ of the section. Denote
the new position of (P — xzyoz0) by (P — zyz), where
z-axis is normal to the cross section at time t+ At and
is along PQo when As — 0. As the principal coordi-
nates of cross section at time ¢ + At, the basis-vectors
of (P — zyz) are denoted by e;(i = 1,2,3). Then the
vector P()y can be written as

PQs = (630 + ¢ x 630) As = e3zAs. (2)

Fig.1. Displacement of infinitesimal segment of a rod.

The shear deformation occurs only in the planes
(y,z) and (z,z), because of the hypothesis of rigid
cross section. The shear strains along (y, z) and (z, 2)
are denoted by 23 and 713, and cause an infinitesi-
mal rotation of the vector PQs. The normal strain e3
leads to an axial tension of the centreline. Therefore
the displacement Q2@ caused by the shear strain and
axial tension can be written as

Q20 = (7 X e3 + e3e3) As = €As, (3)

where v = y23€1 +713€2, and € is defined as the strain
vector. The vector ¢ and e have components ¢; and
g (1=1,2,3)in (P — zyz) with €1 = 113, €2 = —703.
When the terms of more than second order of ¢; and
g; (i =1,2) are neglected, components of ¢ and € in
(P — zoyo20) are the same as ¢; and ¢; (i = 1,2,3) .
The vector PQ = PQs + @2 can be obtained from
Egs.(2) and (3) as (Fig.1):

PQ = Ar
= (es+¢€)As
= [630 + (1 + 53) ¢ X es + 8] As. (4)

The position of (P — zyz) after shear deformation =
is denoted by (P — x*y*2*) with PQ as z*-axis, which
is along the tangent of centreline at time ¢t + At when
As — 0. Dividing Ar by As and letting As — 0 we
obtain the derivative dr/0s, the project matrices of
which in (P — 2yz) and (P — xgyo20) can be written
as

(O7/05) (1) = (61 €2 1+ e3)",

(ar/as)(foyozo)
= (e1+(L+es)ps ea— (L+es)pr 1+e3)". (5)

The modulus of Ar is the length of the infinitesimal
segment and is denoted by AS. Neglecting the terms
of more than second order of ¢;, &; (i = 1,2), we ob-
tain from Eq.(5)

A5 = |Ar|
= As(1+2e5+...)"2
=As(l4+e3+...), (6)

where the ellipsis denotes all terms of more than sec-
ond order of £3. It follows

ds . A5
ds:AIEEO(As>_1+€3+”” (7)
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Denote the Cartesian coordinates of point P in
(O —¢&n¢) by &,1,¢, and the projects of vector Ar by
AE, An, A(, then the vector 9r/ds can be expressed
as

(Or/0s) (¢ne) = &, (8)

where we use the dash or dot as symbols of partial
derivative with respect to s or ¢, respectively. Moving
the origin of (O — &n¢) to the point P, we transform
Or/ds from (P —&nc) to (P
tion matrix C(©) = (ng)) between both frames, and

obtain

— ToYozp) using the rota-

gelf) + Cl )+ ¢y

(37“/88)(%7;0%) = £IC20) + 77 C + CICQ3 . (9)
gely + n’CEg) ey

Equating each elements of matrix (9) to matrix (5),
we obtain the components of € in (P — zyz) as

er = € +0cly) + Y — (1+e3) 6,
er = &'cf) + ﬁlcég) ch? + (1 +ée3) o1,
)+ ¢ c . (10)
Dividing Ar by At, and letting At — 0, we ob-
= (c;5) be
— zyz) relative to (P —¢&n(),

_5031 +77‘3

tain the velocity v = 7 of point P. Let C
the rotation matrix of (P

and C = ¢C ) where the matrix ¢ is defined as
L —¢3 ¢
p=1 ¢3 1 —¢1 |- (11)
—p2 91 1

Then the components of v in (P — zyz) can be ob-
tained as

v = Eenn + e + (e,

vo = Eca1 + Tcas + (o,

vy = Ecar + nesa + (eas. (12)

Denote the arc-derivative of rotational displace-
ment of (P

w=¢ = ¢les + Phes + Phes. (13)

Assume that (P
(P — zsyszs) after a rotation ¢ about z-axis, where

—zyz) by w,

— xyz) becomes a body-fixed frame

zg is the normal axis of the cross section. Denote the

— xyz2)
— xsyszs) with respect to t by £2 and £2g, re-

derivatives of rotational displacements of (P
and (P
spectively. It follows

2 =01 =1, =902 =¢o,

Q3= ¢3, sz = ds + ¢, (14)

where 25 is the angular velocity of rigid rotation of
the cross section.

Assume that a rotation ¢* about the z*-axis
makes (P — z*y*z*) to be fixed on the cross section
and is denoted by (P — x§ydz$), where 2§ is the tan-

gent axis of the centreline. *

The angle ¢* is equal
to ¢ when only the terms of first order of ¢; and
g; (i=1,2) are considered. The derivative of ro-
tational displacement of (P — x§ydz§) with respect
to the deformed arc-coordinate 5 is defined as the

curvature-twisting vector and is denoted by wg,
ws = (¢ +7 +¢'es) (1+e3) " (15)

Considering Eq.(7) we can write the components of
ws in (P —zyz) as

(1+e3)"" (¢1 —€h),

wss =( +e3) (Bh e,
wss = (1+¢e3) " (¢ +¢'), (16)

where wg1, wgs are curvatures of the centreline and
wss is the twisting of the rod.

3. Dynamical equations of a rod

with circular section

Assume that the constitutive relation of the rod
is linear, and the resultant internal force F' and torque
M on the cross section of point P are given as

F=K-e, M=A" ws, (17)
where € and wg are strain and curvature-twisting vec-
tors, the intrinsic values of which in unstressed state
are not considered, and K, A are the stiffness tensors
of the rod. The projective matrices of K, A in the
principal coordinates of the cross section (P — xyz)
are diagonal as

K =diag(K K K,), A=diag(AAC), (18)

= ES are the shear and
A = FEI and
C = Gl are the bending and twisting stiffness about

where K = GS and K
tension stiffness of the cross section,

x- and z-axes, respectively, and E and G are the
Young’s and shear modulus. For a homogeneous and
isotropic material, G = E/2(1+v) and v are the
Poisson ratio. S, I and I are the area, inertial and po-
lar inertial moment of the cross section, respectively.
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In the case of circular cross section with radius r, we
have Iy = 21, S = 7r?, I = mrt/4.

Considering that the segment PQ has the same
mass and inertia tensor as PyQg, we can write the lin-
ear momentum AQ and angular momentum AH of
the element as

AQ = pSAvAs, AH =J - Af25As, (19)

where p, J are the density and the inertia tensor of
the rod with unit length, respectively. The projective
matrix of J in (P — zyz) is diagonal as

J = diag (pI pI plp) . (20)

According to the theorems of linear and angular mo-
menta the dynamical equations of the rod can be de-
rived as

AQ = AFAt, AH = (AM + Ar x F)At. (21)
Substituting Eqs.(19) into Egs.(21), dividing each
terms by As and At, and letting As — 0, At — 0,

we obtain

OF ov

o5 a0

oM or T - 02)
g'F%XF—iat =0. (22)

Taking (P —zyz) as a moving reference frame in
derivation of vectors F', M v, v, (J - £25) with respect
to t or s, we obtain

OF v
85+w><F_pS<8t+va> :0,

oM or A(J - £2s)

s TWX Mo x F o —mm
—02x (J-£2) =0, (23)

where the symbol O denotes the local derivative rela-
tive to (P — xyz). Let the components in (P — xyz)
of all vectors be denoted by the index 1, 2, 3, and
introduce following complex variables

F:F1+iF2, M=M1—|—1M2, 1}:1]1+i1}2,
O =1 +ip2, € =¢e1 +iea. (24)

Substituting Egs.(5), (13), (14), (16), (17) into
Eq.(23), and projecting it to (P — zyz) lead to the
dynamical equations of a rod with circular cross sec-

tion:
F' +1(¢3F — ¢'F3) — pS[o +i(P5v — ¢'vs)] = 0,
(25a)
M/ —|— l (¢gM — ¢/M3) — iFgE + lF (1 —|— 63)
— oI (= 630) +iplodp = 0,

Fy + ¢\ Fy — ¢hF1 — pS (03 + ¢pjva — dpv1) = 0,
(25¢)

(25b)

Mé + QS&MQ — ¢/2M1 + Fhe1 — Flieo

—plo (¢3 + 90) = 0. (25d)

4. Straight equilibrium and its

perturbed equations

Equations (25) permit the following special solu-

tions:
¢:0a ¢3:O7 ® = wos, 6207
€3 =¢€9, v=0, v3=0,
F =0, F3=1IFy= Koo,
M = 0, M3 = MO = Cu}o. (26)

The solutions (26) correspond to a straight equilib-
rium of a rod with centreline along the (-axis, and
without intrinsic strains, curvature and twisting. The
straight rod has constant tension strain gy and twist-
ing wo caused by the external axial force Fj and
torque M. Since (P — xoyozo) is coincident with
(P—¢£nC), the elements cl(-?) are equal to the Kronecker
delta d;;(7,j = 1,2,3). Introduce a complex variable
z = £ +1in as the deflection of the perturbed rod from
straight equilibrium, then the relationships between
strains, velocities and coordinates after perturbation
can be derived from Egs.(10) and (12)

e=2'+i(1+¢e3)9,
e3=¢ -1, v=2% wv3=C_ (27)
In perturbed state when ¢3 = 0, and ¢ is defined as

the absolute twisting angle, the perturbed force and
torque on the cross section can be written as

F:KE, F3 :K0€3,
M=A(1+es5) " (12" —e3¢)),
Mz =C¢' (1+e3)"". (28)

When the lateral force F' is treated as a unknown vari-
able, the dynamical equations (23a), (23b) can be lin-
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earized as

F' —iFy¢' — pSi =0,
A(l+e0) ' (2" +icod") — Moo’

— Fy[/ +i(1+e0) ¢ + (1 +e0) F+ipld =0.
(29b)

(29a)

Substitution of F' = Ke and Fy = Kyeg into Egs.(29)
leads to a closed system of differential equations with
z, ¢ as unknown variables

K2 +i [K (14 ¢p) — Koeo] Qf)/ —pSZ =0,

A(l+e9) ' (2" +ic0d") — Moo’

+ [K (1 +e9) — Koeo] [/ +i(1 +eg)d] + iplp = 0.
(30b)

(30a)

Equations (25c¢) and (25d) are decoupled from
Eqgs.(30):

Ko¢" — pSC =0,
Co" (1+¢e0) " = plop = 0.

(31a)
(31b)

Therefore the longitudinal and torsional motions of
the rod can be determined independently.

5. Stability analysis of straight
equilibrium

Substitute the following special solutions with ex-
ponential form into Eqgs.(30)

2(s,t) = zpexp (As + wt) ,
@(s,t) = poexp (As + wt) . (32)

Then a characteristic equation consisting two eigen-
values A and w in different domains is derived as

aNwr+bN)w?+c(\) =0. (33)

When only the first term of g¢ is considered the coef-
ficients of Eq.(33) are defined as

a(\) = p*SI,
b(N\) = pS{(Eeo — G) IN* +iMyA
+GS[1 (o~ 2) =]},
c(A) = GSAH{[1 = (0 + 1) eg] EIN? — iMoA
—Fy[1 = (0 —1)eol}, (34)
where the parameter o is the ratio of Young’s and

shear modulus, which depends on the Poisson ratio v
for a homogeneous and isotropic rod:

o=FE/G=2(1+v). (35)

In the category of statics all the perturbation vari-
ables are functions of arc-coordinate s only, and the
eigenvalue w in time domain should be equal to zero.
Then the characteristic equation (33) is simplified

c(\) = 0. (36)

Besides the zero roots, the condition of purely imagi-

nary roots of A in Eq.(36) requires
Mg
FO,L = E (1 + 0180) . (37)

The inequality (37) is the necessary condition of Lya-

Iy < Iy,

punov’s stability of static equilibrium, where the pa-
rameter o7 is defined as

o1 =20—1=3+4v. (38)

When ¢y = 0, we obtain the well-known Greenhill for-
mula of Kirchhoff rod as a special case of the condition
(37). The axial tension of the rod increases the critical
value of the force ensuring the static stability.

When the stability condition (37) is satisfied let
A = +ik, where k is the angular frequency of the per-
turbed elastica with respect to s. Considering that
the Lyapunov’s stability is a concept of stability with
respect to the initial perturbation, occurring on one
end of the rod, it is necessary to add a complemen-
tary condition for the perturbed elastica to satisfy the
boundary condition on another end. For the rod with
both hinged ends and unstretched length L, the fol-
lowing boundary conditions are required:

z(L) = 2(0) =0, ¢(L) = =£(0). (39)
Then the parameter k can be determined as
k=nn/L (n=1,2,...). (40)

Substituting A = inn/L into Egs.(36), and letting

n = 1, we obtain

My m2EI
L L2

From the viewpoint of Euler’s stability concept, when

For =

14+ (c—1)eo] — (1 —¢9). (41)

the perturbation equations have nontrivial solution
satisfying the boundary conditions on both ends, then
the rod is unstable and buckling occurs. Therefore the
special value Fy g in Eq.(41) can be understood as the
Euler’s load of the rod for given external torque M.

In the case of a rod under axial compression only,
let My =0, Fo = — |Fo|, €0 = — |eo|, the Euler’s load
of the compressive rod can be obtained as

m2EI

[Folg = Iz (14 [eol) - (42)
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The compressive deformation increases the Euler’s
load.

When the stability condition of the rod has been
satisfied in the space domain, and the space eigenval-
ues have been determined by the boundary conditions
as A = inw/L, the time eigenvalue w becomes the sole
unknown in the characteristic equation (33). As a part
of the conditions of purely imaginary roots of the time
eigenvalue w in Eq.(33), the condition ¢ (inw/L) > 0
requires that Fy > Fyg. Consequently it leads to a
necessary condition of stability of the straight equilib-

rium in both space domain and time domain as
FO,L > Fy > FO,E- (43)

It means that the tension force should be restricted
between Fp1, and Fy . For the rod under axial com-
pression only, the stability condition in time domain
is

[Fol < |Folg - (44)

Therefore we come to the same conclusion in the sta-
bility analysis based on Kirchhoff model, namely, the
Lyapunov’s and Euler’s stability conditions of the rod
in the space domain are the necessary conditions of

Lyapunov’s stability in the time domain.[*1—13]

6. Vibrations of a straight rod

The decoupled equations (31) determine the lon-
gitudinal and torsional vibrations of the rod. Define
the following disturbances:

1 =(—(1+e0)s, xa =@ — wos. (45)

Substituting it into Eqs.(31) leads to the same one-
dimensional wave equation:

62.1‘1' 2823% .
2 =% 52 (i=1,2), (46)
where
a=Elp (i=1)
or

a=+G/p(l+ep) (i=2). (47)

Then the angular frequencies p of free longitudinal
and torsional vibrations can be derived as

p=nra/L (n=1,2,...). (48)

In discussion of the lateral vibration of straight
rod, the different results of various models can be
deemed as different simplifications of the exact model.

6.1. Rayleigh beam

As a simplest model of straight rod, the Rayleigh
beam model neglects the extension of the rod and the
rigid rotation of the cross section, and only the shear
deformation is considered. Assume that the beam has
no external axial force and torque, let g = 0, ¢ = 0,
Fy = My =0, Eqgs.(29) are simplified as

F' — pS3 =0,
EIY + F =0.

(49a)
(49b)

Eliminating F from Eqgs.(49), we obtain the equa-
tion of three-dimensional lateral vibration of Rayleigh
beam as
4 2
EI% erS% =0. (50)
Letting p be the free frequency of lateral vibration, we
obtain the well-known formula for the hinged Rayleigh

beam:
nm\2 [EI
r= (f) 5 (n=12,..) (51)
6.2. Kirchhoff rod'"

As another simplified model, the Kirchhoff rod
neglects the extension of the rod and the shear defor-
mation of the cross section, and only the rigid rota-
tion is considered. Let ¢ = g = 0, Fy = My = 0, the
condition e = 0 requires ¢ = iz/, then Eqs.(29) are
simplified as

F' —pS:=0,
EIZ" +F —pl# =0.

(52a)
(52b)

Eliminating F' from Eqgs.(52), we obtain the equation
of lateral vibration of Kirchhoff rod as

0tz 0%z 0tz
El— S— —pl———= =0. 53
951 o ~ M asar (53)
Substituting the special solution z(s,t) =

zoexp {i[(nm/L) s + ut]} into Eq.(53), and assuming
that the rod is sufficient slender, that the terms higher
than fourth order of r/L are neglected, we obtain the
free frequency of hinged Kirchhoff rod as

= (-3 ()]
(n=1,2,.). (54)

The free frequency of Kirchhoff rod, when taking rigid
rotation of the cross section into consideration, is
smaller than that of the Rayleigh beam with shear
deformation.
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6.3. Timoshenko beam!*®l

When both rigid rotation and shear deforma-
tion of the cross section are considered, the Kirch-
hoff rod becomes the Timoshenko beam. Let ¢y = 0,
Fy = My =0, Egs.(30) are simplified as

G (2" +i¢') — pi =0,
EIZ" +GS (2 +i¢) +ipl¢ = 0.

(55a)
(55b)

Eliminating ¢ from Eqgs.(55) leads to the equation
of three-dimensional lateral vibration of Timoshenko
beam as

0z 0%z 0tz p?I\ 0%z
Elga+r55m ~Plgaap * (a) o =0
(56)

Assume that the coefficient of the last term 6§ = p?I/G
of Eq.(56) is small enough and only the first order of
0 is considered. Using the same special solution as
in Kirchhoff model, we obtain the free frequency of
hinged Timoshenko beam

= ()i [ () ()]
(n=1,2,...). (57)

The influence of shear deformation is to increase the
free frequency more than that in the Kirchhoff rod.

6.4. Kirchhoff rod with axial force and
extension

When the axial force and extension of the Kirch-
hoff rod are considered. Let My = 0, ¢ = 0, Egs.(29)
are simplified as

F' + Fy2" — pS: =0,
EI(1—2e0)2" 4+ (1+¢e)F—plz' =0,

(58a)
(58b)

where the axial force Fy and axial tension e are
treated as different parameters, because in the case of
inextensible Kirchhoff formulation, Fy can exist when
go is equal to zero. Eliminating F' from Eqgs.(58), we
obtain the equation of lateral vibration of Kirchhoff

rod as
0z 8%z 8%z
4
oI (14 2e0) =22 — 0. (59)

0s20t2

Substituting the same special solution into Eq.(58),
and assuming that the product of Fjy and €¢ can be ne-
glected, we obtain the free frequency of hinged Kirch-

hoff rod
Fy [ L\?
14 29 (=
+ BT (nﬂ') ]

3eg 1 /mary\2

(60)

1/2

The free frequency of Kirchhoff rod is increased by
the axial extension force, and decreased by the com-
pression force, but the axial deformation weakens this
effect.

6.5. Exact Cosserat model

The exact Cosserat model abandons all simpli-
fied hypotheses on deformations of centreline and cross
section. When the dynamical stability conditions are
satisfied, let A\ = inw/L, w = %ip, the characteristic
equation (33) is changed to

a(inw/L) u* — b (inm/L) p? + ¢ (inw/L) = 0, (61)
where
a = p*SI,
b = pS[I (G — Eeg) (nw/L)*> — My (nw/L)
+GS[1 — (0 —2)&0]],
¢ = GS (nr/L)? {EI (1 — o) (nw/L)?
—My(nw/L) 4+ Fo[1— (0 — 1D egl}.  (62)

The free frequency of lateral vibration can be deter-
mined as follows:

§= [(b + /0 4ac)/2a} 2 (63)

The aforementioned different formulas of free fre-
quency for Rayleigh beam, Kirchhoff rod and Timo-
shenko beam can be deemed as different special cases
of the exact Cosserat model, and can be derived di-
rectly from the exact formula (63) after different sim-
plification.

7. Conclusions

The exact Cosserat model under consideration of
tension and shear deformation of an elastic rod is
a model more close to a real rod. On the basis of
kinematic analysis the dynamical equations in general
form are established for arbitrary initial configuration
of a rod with circular cross section. The dynamics of
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a straight rod under axial tension and torsion or un-
der axial compression is discussed as example. The
stability problem of the straight equilibrium in space
domain and in time domain is analysed. Consider-
ing the influence of normal and shear strain of the
rod, the Greenhill criteria of stability and the Euler’s
load are corrected. The Lyapunov’s and Euler’s sta-
bility conditions of the rod in space domain are the
necessary conditions of Lyapunov’s stability in time

domain. The longitudinal, torsional and lateral vi-

brations of a straight rod are discussed based on the
exact model, and exact formulas of free frequency are
obtained. The free frequency formulas of lateral vibra-
tion of various simplified models, such as the Rayleigh
beam, the Kirchhoff rod, and the Timoshenko beam,
can be seen as different special cases of the exact for-
mula under different simplified conditions. In numer-
ical computation the dynamical equations can be uti-
lized to calculate the motion of a rod with arbitrary
initial shape.
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