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Phase-field study for the splitting behaviour
of precipitate under applied stress∗
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This paper employs the phase-field method to study the splitting behaviour of a single coherent particle under an

applied uniaxial stress. It finds that the splitting behaviour is greatly influenced by the initial shape of precipitates,

the bulk free energy condition, the degree of supersaturation and the ratio of the interfacial energy to the elastic strain

energy, etc. The simulated results demonstrate that the aspect ratio of the particle determines whether the splitting

can occur and how many split plates can be obtained. The splitting of particle is sensitive to the interfacial energy,

i.e. the splitting becomes more and more difficult with increasing the ratio of the interfacial energy to the elastic strain

energy. And increasing the magnitude of the applied stress is favourable to the splitting. The splitting process is also

explained from the point of view of the corresponding diffusion potential.
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1. Introduction

During solid-state phase transformations, usually,
the matrix and the second phase have different lat-
tice parameters. To keep coherency in the interface
region, elastic strain field often arises due to the mis-
fit strain between the two phases. When the elastic
strain field is present, the shape of a precipitate parti-
cle usually changes during growth and coarsening pro-
cesses. There have been many investigations on the
morphology of precipitate without the externally ap-
plied stress.[1−7] A splitting phenomenon was observed
during the shape evolution experimentally which de-
fies the conventional surface thermodynamics.[8−10] A
theoretical analysis given by Khachaturyan et al [11]

showed that a cuboidal particle will split to relax the
elastic strain energy. Using microscopic diffusion the-
ory, Wang et al,[3,12] also demonstrated that a single
particle can split into two particles.

If an externally applied stress is present, the mor-
phology of a coherent particle can remarkably be af-
fected, and the splitting phenomenon can also be
found. The splitting behaviour is influenced by sev-
eral factors which include the magnitude of the ap-
plied stress, the degree of supersaturation, the ratio

of the interfacial energy to the elastic energy, the ini-
tial shapes of particles, the interactions between par-
ticles, the misfit between phases, the type of the ap-
plied stress and the form of the incoherent bulk free
energy, etc. In these previous works, some of the above
factors have been analysed. Li and Chen[13] have
studied the splitting behaviour of coherent particles
using a diffuse-interface field kinetic method. They
believed that an initially circular particle will firstly
change into cuboidal shape and then split into two
or more parallel plates in the subsequent evolution.
Leo et al [14] have investigated the splitting phenom-
ena through boundary integral method. It is demon-
strated that a morphology instability driven by devi-
atory applied stress can generate elastically-induced
particle splitting during diffusional phase transforma-
tions. However, as mentioned before, there are quite
a lot of factors which can affect the splitting phenom-
ena, and only some of them have been discussed. So,
a further study is still needed to elucidate the details
for the splitting of precipitate. Moreover, as to the
mechanism of the splitting phenomena of precipitate
under the applied stress, it is still a problem which
needs further investigation. Therefore, in the present
study, taking the γ/γ’ system in Ni-based superalloys
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as an example and using the phase-field method, we
will systemically study the splitting behaviour of pre-
cipitate as well as its mechanism under an applied uni-
axial stress. The effects of the shape of the precipitate,
the supersaturation and the magnitude of the external
stress on the spitting behaviour will be focused on.

2. Model

2.1.Phase-field model

In order to describe the kinetics of the precip-
itation process of the γ′ phase from the supersatu-
rated solid solution, we introduce one order param-
eter c(r, t) to describe the composition profile, and
three long-range order parameters, η1(r, t), η2(r, t)
and η3(r, t), are needed to describe the L12 structure
of the γ′ phase. In this study, a single particle is in-
vestigated, these three long-range order parameters
are equivalent, namely, η1(r, t) = η2(r, t) = η3(r, t) =
η(r, t), in which r is the coordinate of the system,
t the time. By solving Cahn–Hilliard equation and
Ginzburg–Landau equation, the spatio-temporal evo-
lution of the composition field and the long-range or-
der parameter can be obtained,

∂c(r, t)
∂t

= M∇2 δF

δc(r, t)
,

∂η(r, t)
∂t

= −L
δF

δη(r, t)
, (1)

where M is solute mobility, L the interfacial kinetic
coefficient characterizing the long-range order param-
eter relaxation kinetics, F the total non-equilibrium
free energy of the system which includes the contri-
butions from the incoherent bulk free energy f(c, η),
the elastic strain energy, the gradient energy due to
the inhomogeneities of the concentration field and the
long-range order parameter. The contributions of the
incoherent bulk free energy and the gradient terms can
be written as,

F =
∫

V

(
f(c, η) +

α

2
(∇c)2 +

3β

2
(∇η)2

)
dV, (2)

where α and β are the gradient energy coefficients.
The incoherent bulk free energy can be expressed by
a Landau type polynomial,[6,7,13]

f(c, η) =
1
2
A1(c− c1)2 +

A2

2
(c2 − c)η2

+
A3

3
η3 +

A4

4
η4, (3)

where Ai (i=1–4), c1 and c2 are phenomenological
constants which can be found in Ref.[6].

2.2. Elastic strain energy equation

The elastic strain energy density of an elastically
inhomogeneous system can be written as

f el(r) =
1
2
λijkl(r)εel

ij(r)εel
kl(r), (4)

in which λijkl(r) is the elastic modulus tensor, εel
kl(r)

is the elastic strain tensor which is written as,

εel
kl(r) = ε̄kl−ε0δc(r)δkl+

1
2

(
∂uk(r)

∂rl
+

∂ul(r)
∂rk

)
, (5)

where ε̄kl is the homogeneous part of the total strain
which is an externally applied strain if the system is
under a constant strain constraint, δc(r) = c(r)− c0,
ε0 = (1/a)(da/dc) is the composition expansion coef-
ficient, a is the stress-free lattice constant, c0 is the av-
erage composition of the system, δkl is the Kronecker–
Delta function, u(r) is the local displacement field.
The relaxation of the elastic field is much faster than
the diffusion process, thus a mechanical equilibrium
equation is obtained,

∂σel
ij(r)
∂rj

= 0, (6)

by an iteration method,[15] u(r) can be solved. Sub-
stituting u(r) into Eq.(5), we then obtain the elastic
energy density.

3. Results and discussion

In this simulation, a square domain discred-
ited by 256×256 grid points is adopted. The semi-
implicit Fourier spectral method[15] is used to solve
the kinetic equations with periodic boundary con-
ditions. The gradient energy coefficients, α=0 J/m
and β=4×10−11 J/m, are used (the same as those
in Ref.[6]). Elastic constants of the γ′ and the γ

phases at 1000K are Cγ′
11 = 245 GPa, Cγ′

12 = 145GPa,
Cγ′

44 = 96 GPa, Cγ
11 = 202 GPa, Cγ

12 = 135 GPa and
Cγ

44 = 103 GPa, respectively.[16] To ensure that the
interface contains enough mesh grids, the mesh size of
1nm is used. To guarantee the stabilization of calcu-
lation, the reduced time step used in this simulation
is ∆t=0.003.

3.1. Effect of the initial particle shape

In order to investigate the effect of the particle
shape on the splitting behaviour, two types of particle
shapes are studied, which are circular and rectangular
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with different aspect ratios. In all cases, the initial
matrix composition c0 is set equal to 0.121 and ε̄11=
0.03.

3.1.1. Circular precipitate

Figure 1 shows the temporal evolution of an ini-
tially circular isolated particle of radius r=30∆x (the
upper row) and the corresponding contour plots of the
diffusion potential distributions (the lower row), where
∆x is the dimensionless mesh size. One can see that
the initially circular particle evolves towards a shape
with convex faces on both the left and the right sides,
and finally, it becomes a single vertical plate.

The present result is different from that of
Ref.[13], which is attributed to the difference in the
form of the local incoherent bulk free energy density
f(c, η). In Ref.[13], an incoherent bulk free energy
density is used to provide a big difference between
the equilibrium composition of matrix and precipi-

tate, i.e., the equilibrium composition of matrix is low
while that of precipitate is high. When a particle is
formed in the centre of matrix with a low supersat-
uration, due to the high equilibrium composition of
precipitate, more solute will be needed for growth, so
the solute around the precipitate will easily be de-
pleted. More importantly, due to the inhomogeneity
of the diffusion potential, the solute will diffuse down
the gradient of the diffusion potential, and finally, the
splitting takes place. While in this study, the equi-
librium composition of the matrix (cγ=0.115) and the
precipitate (cγ′=0.235) cannot provide such a large
gap comparing to the case of Ref.[13], and the growth
cannot deplete the solute of matrix so easily. So the
splitting does not occur in our study. From Fig.1(e),
we can also see that the lowest value of the diffusion
potential locates at the top and bottom sides of the
particle. Consequently, the diffusion of solute driven
by the diffusion potential gradient occurs to elongate
the particle rather than splitting.

Fig.1. Evolution of an initially circular isolated particle of radius r=30∆x (the upper row) and the corresponding contour

plots of the diffusion potential distributions (the lower row) with ε̄11 = 0.03. (a) t=200, (b) t=20000, (c) t=160000.

3.1.2. Rectangular precipitate

As mentioned above, the splitting phenomenon is
not observed from an initially circular particle, and in
the following, we will choose the rectangular shapes

which will favour the splitting as the initial condi-
tions. Three sets of rectangular particles with nearly
the same initial area (for the uniform meshes are used
in this study, it is difficult to get an absolutely equal
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area) but different aspect ratios are selected as the
initial conditions to study the splitting behaviour.

Figure 2 shows the temporal evolution of the
particles with different aspect ratios of 1.0, 1.8 and
5.0 from top to bottom, respectively. The initial
sizes of these three kinds of rectangular particles are
27∆x×27∆x, 20∆x×36∆x and 12∆x×60∆x, respec-
tively. As shown in Figs.2(a–c), the instability appears
from the top and bottom sides of the particle and is
stabilized in the subsequent evolution, the splitting
cannot occur. The reason for this can similarly be
found as the case of the initially circular particle. And
Figs.2(d–f) show the evolution and splitting behaviour

of the particle with initial size of 20∆x×36∆x. The in-
stability also appears (see Fig.2(e)) and then splits the
particle into two parallel vertical plates. The case with
initial size of 12∆x×60∆x is illustrated in Figs.2(g–i).
It appears that three parallel plates vertically oriented
are obtained. Comparing these results suggests that
with nearly the same area as the initial conditions, the
particle with high value of aspect ratio can split, but
the one with a low one cannot. It is concluded that
the splitting behaviour is remarkably affected by the
aspect ratio of the initial particle. More plates can be
obtained by increasing the aspect ratio.

Fig.2. Evolution of an initially rectangular isolated particle (The columns from left to right correspond

to t=200, 20000 and 160000, respectively.) with ε̄11 = 0.03 and initial sizes of (a–c) 27∆x×27∆x, (d–f)

20∆x×36∆x, (g–i) 12∆x×60∆x.
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As stated before, the diffusion process is deter-
mined by the gradient of diffusion potential. Figure 3
shows the nonuniform distributions of the diffusion po-
tential for the system with initial size of 20∆x×36∆x,
corresponding to Figs.2(d–f), respectively. It is evi-
dent that there exists a diffusion potential gradient,
which will drive the solute atoms to diffuse down
this gradient. Since the elastic field is shape- and
composition-dependent, the distribution of the elastic
strain energy varies with the evolution process, which
results in the variation of the diffusion potential dis-
tributions with time. Figure 4 shows a close-up of
Fig.3(b) and indicates that the smallest value of the
diffusion potential locates at the corners of the par-

ticle, which means that there exist diffusion poten-
tial gradients between the corners and the other parts
around. The solute will diffuse down this gradient,
i.e., the net flux of the solute is from the surrounding
part to the central region of the particle. Simultane-
ously, there are the fluxes from the central region to
the corners of the particle as shown in Fig.4 schemati-
cally by the arrow, so do the other three corners. The
diffusion potential of the central region of the particle
will become high with the evolution process, and it
will be higher than that of the other parts inside the
particle. So, there exist fluxes from the central region
to the left and the right sides of the particle, and this
will lead to gradual splitting.

Fig.3. Contour plots of the diffusion potential distributions for the particle with initial size of 20∆x×36∆x and

ε̄11 = 0.03, corresponding to Fig.2(d–f), respectively. (a) t=200, (b) t=20000, (c) t=160000.

Fig.4. Contour plots of the diffusion potential distributions

corresponding to Fig.3(b) (a close-up of Fig.3(e)). The dashed

line denotes the contour of the particle.

Figure 5 illustrates the variations of the reduced
elastic energy and the reduced interfacial energy with
time for the rectangular particle with an initial size of
20∆x×36∆x. It appears that the splitting is a pro-
cess of increasing the interfacial energy and decreasing

the elastic strain energy. The decrease of the elastic
strain energy compensates for the increase of the in-
terfacial energy, so the process can take place to lower
the overall free energy of the system. From Fig.5 one
can also see that the curve of the reduced interfacial
energy drops sharply at the beginning, which is due
to the process of diffusing the initial sharp interface.

Fig.5. Variations of the reduced elastic energy and inter-

facial energy with reduced time for an initially rectangular

isolated particle of 20∆x×36∆x.
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3.2. Effect of the magnitude of applied

stress

To indicate the effect of the magnitude of the
applied stress on splitting, we investigate the ini-
tially rectangular particle with c0=0.121 and initial
size of 20∆x×36∆x. In comparison with the case of

ε̄11 = 0.03, in this part, ε̄11 is set equal to 0.02. The
simulated results are shown in Fig.6. It is evident
that the splitting cannot take place when ε̄11 = 0.02
but can when ε̄11 = 0.03 (see Fig.2(f)). It is obvious
that the splitting of particle is quite sensitive to the
magnitude of the applied stress.

Fig.6. The evolution of an initially rectangular isolated particle with initial size of 20∆x×36∆x.

c0=0.121, ε̄11 = 0.02. (a) t=200, (b) t=20000, (c) t=160000.

3.3. Effect of the supersaturation

To investigate the effect of supersaturation, we
study three systems. Initially, the particles are all
rectangular in shape with initial size of 20∆x×36∆x

and have composition of c0=0.121, 0.13 and 0.14, re-
spectively. And ε̄11 is 0.02 for all cases.

As shown in Fig.7, the particle of c0=0.121 can-
not split. And when c0=0.13, although the instability
appears, the splitting still cannot occur. However, the
splitting can take place when c0=0.14. It is different
from the previous work which usually suggests that
when the composition of matrix is low, the splitting

is easier.[13] Whether the splitting can occur is deter-
mined by both the degree of supersaturation and the
driving force for growth. In the system with a high de-
gree of supersaturation, such as the case of c0=0.14,
the driving force is large and the particle has a remark-
able growth process, so more solute will be needed for
growth and the solute around the particle will eas-
ily be depleted. However, when the supersaturation
is small, such as the case of c0=0.121, although the
amount of solute which can be depleted is small, the
solute needed for growth will also be less. The particle
adjusts to a vertical plate to decrease the gradient of
diffusion potential (see Fig.7(a)).

Fig.7. The morphologies of an initially rectangular isolated particle of size of 20∆x×36∆x at

t=300000, ε̄11 = 0.02. With alloy composition of (a) c0=0.121, (b) c0=0.13, (c) c0=0.14.
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3.4. Effect of interfacial energy

The splitting is a process of increasing the total
interfacial energy, which is a disadvantage for the split-
ting of particle. As we all know, the interfacial energy
can be related to the gradient coefficients α and β. In
this study, we set α=0, so we can vary the value of
β to change the ratio of the interfacial energy to the
elastic energy. Increasing the value of β, we find that
the ratio of the interfacial energy to the elastic energy
is increased.

The changed β is denoted as β′. Three sets of

β′, β’=β, β′=2β and β′=5β, are chosen. The initial
size of 20∆x×36∆x is selected. As illustrated above,
at t=160000, the particle with β′ = β can split into
two plates (Fig.8(a)). However, when β is doubled,
the splitting cannot occur (Fig.8(b)) and the particle
keeps single with concave interfaces on the top and the
bottom sides. When β′ = 5β, the interfacial energy
is higher than that in the two previous cases. From
Fig.8(c) it is seen that the splitting certainly cannot
occur, it becomes one plate without any concave in-
terface at t=160000.

Fig.8. Morphologies of initially rectangular isolated particles with initial size of 12∆x×60∆x at

t=160000, c0=0.121. With the gradient coefficients of (a) β′ = β, (b) β′ = 2β, (b) β′ = 5β.

By examining the neck distance L of the precip-
itate particle (as marked in Fig.8(b)), the splitting
processes of particles will be known clearly. Figure 9
illustrates the evolution of L over time t for the above
cases. For the case of β′ = β, a monotone decrease
of L is found in Fig.9(a). And finally, the value of
L approaches zero, which corresponds to the occur-
rence of splitting. When β′ = 2β, the neck distance

L decreases at the early stage and then increases at
later stage. As to the case of β′ = 5β (illustrated
in Fig.9(c)), the neck distance increases over time for
the whole evolution process. Therefore, it can be con-
cluded that the splitting becomes more and more diffi-
cult with increasing the ratio of the interfacial energy
to the elastic strain energy.

Fig.9. The neck length L as a function of time t. (a) β′ = β, (b) β′ = 2β, (c) β′ = 5β.
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4. Conclusions

In this study, a two-dimensional phase-field sim-
ulation was performed to investigate the splitting be-
haviour of a single precipitate particle under an ex-
ternally applied stress. The following conclusions are
obtained:

1) The splitting is ascribed to the inhomogeneity
of the diffusion potential inside the precipitate particle
due to the elastic strain field.

2) The splitting is greatly affected by the initial
shape of the particle. In this study, an initially cir-
cular particle cannot split, while the square particles

(with the same area as the circular particle) with a
high value of aspect ratio can split. The higher the
aspect ratio, the more plates one can obtain.

3) The splitting of particle is sensitive to the su-
persaturation. The splitting is determined by both the
degree of supersaturation and the ability of depleting
the supersaturated solute in the growth process of par-
ticles.

4) The higher the ratio of the interfacial energy
to the elastic strain energy, the harder the splitting.
And the larger the magnitude of the applied stress,
the easier the splitting.
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