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Phase field simulation of the columnar dendritic growth
and microsegregation in a binary alloy∗
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This paper applies a phase field model for polycrystalline solidification in binary alloys to simulate the formation

and growth of the columnar dendritic array under the isothermal and constant cooling conditions. The solidification

process and microsegregation in the mushy zone are analysed in detail. It is shown that under the isothermal condition

solidification will stop after the formation of the mushy zone, but dendritic coarsening will progress continuously, which

results in the decrease of the total interface area. Under the constant cooling condition the mushy zone will solidify

and coarsen simultaneously. For the constant cooling solidification, microsegregation predicted by a modified Brody-

Flemings model is compared with the simulation results. It is found that the Fourier number which characterizes

microsegregation is different for regions with different microstructures. Dendritic coarsening and the larger area of

interface should account for the enhanced Fourier number in the region with well developed second dendritic arms.
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1. Introduction

The formation of complex solidification pat-
terns is a typical nonequilibrium phenomenon and
represents a conceptually simple example of self-
organization. Consisting of both the columnar and
equiaxed dendrites，dendritic structures are prevalent
in most cast alloys and play an essential role in deter-
mining the final quality of casting products. In addi-
tion, microsegregation within dendritic structures also
has great influences on the performance of products.
Therefore, the descriptions of dendritic structures and
microsegregation are key steps towards a complete un-
derstanding and controlling of solidification process.

Many analytical models of microsegregation have
been proposed and extended[1−6] to calculate the
chemical inhomogeneity at the scale of dendritic arms,
but in all these models some simplifications of den-
dritic morphology were assumed. In principle, the mi-
crosegregation has a close relationship with the mi-
crostructure. Yan et al [7] showed that using differ-
ent geometrical models to approximate the shape of
dendrite would give different microsegregation pat-
terns. So the proper description of dendritic morphol-
ogy is important in modelling microsegregation. The

phase field method has been successfully employed as
a powerful tool for describing complex solidification
structures.[8−11] In the phase field simulation the evo-
lution of the microstructure and concentration field
can be explicitly tracked in a physical manner, which
results in the convenience to analyse the microsegre-
gation. In this paper a phase field model for polycrys-
talline solidification is applied to simulate the forma-
tion and growth of columnar dendritic array. The con-
centration distribution within dendritic array is anal-
ysed and compared with the classical microsegregation
models.

2. Phase field model

Based on the work of Kim et al,[12] Kobayashi et
al [13] and Gránásy et al,[14] we have developed a phase
field model for polycrystalline solidification in binary
alloys.[15] Evolution of the phase field, orientation field
and concentration field are described by

1
Mφ

∂φ

∂t
=∇(ε2∇φ)−Hh′(φ) |∇θ| − wg′(φ)

+ h′(φ)[fL(cL)− fS(cS)− (cL

− cS)fL
cL

(cL)], (1)
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1
Mθ

∂θ

∂t
= H∇

[
h(φ)

∇θ

|∇θ|
]

, (2)

∂c

∂t
= ∇[D(φ)∇c] +∇[D(φ)h′(φ)(cL − cS)∇φ], (3)

where fS(cS) and fL(cL) are the free energy densi-
ties of the solid and liquid phase respectively, h(φ) =
φ2(3−2φ), g(φ) = φ2(1−φ)2. The solute diffusivity is
defined as D(φ) = DSh(φ)+(1−h(φ))DL, DS and DL

are the diffusion coefficient in the solid and liquid re-
spectively. c is determined to be the fraction-weighted
average value of the solid concentration cS and the liq-
uid concentration cL, c = h(φ)cS + [1 − h(φ)]cL. In
the interface region the chemical potentials of solid
fS

cS
[cS(x, t)] and liquid fL

cL
[cL(x, t)] are assumed to be

equal. See Ref.[15] for more details about this model.
During the phase field calculation, an uniform dis-

tributed stochastic noise term (the amplitude is 0.01)
is added at the interface in order to simulate the fluc-
tuations, which results in the well developed secondary
arms.

3. Results and discussion

Solidification processes of the Ni–0.396mol%Cu
alloy under isothermal and constant cooling condi-
tions are simulated. The material parameters are as
follows: diffusion coefficients DS = 1 × 10−12m2/s,
DL = 1× 10−9m2/s, interface energy σ = 0.35 J/m2,
molar volume Vm = 7.42×10−6 m3/mol, partition co-

efficient k=0.87, magnitude of anisotropy r = 0.04,
mesh size ∆x = ∆y = 5.0 × 10−8m, the computa-
tional domain size is 2000×2000 in terms of grid num-
ber. The temperature of the system is assumed to be
uniform in both the isothermal and constant cooling
conditions. In the former case the temperature is set
to be 1576K for all the time, while in the latter case
it will decrease from 1580 K with a constant cooling
rate of 75 K/s. As an initial condition, twenty nuclei
are set at the left side of the domain, and they will
grow into the undercooled melts.

3.1.Dendritic growth under the isother-

mal condition

The evolution of solidification structure in the
isothermal case is shown in Fig.1. The solidification
starts at the left side boundary, then the initial grains
impinge with each other as they have different crys-
tallographic orientations. The dendrites extend faster
into the bulk liquid when their < 001 > crystallo-
graphic orientation is perpendicular to the left side
boundary, and the growth in other directions is sup-
pressed. Therefore a columnar dendritic structure
forms. This selection mechanism in the system with
an uniform temperature is not really based on a min-
imum undercooling criterion, but rather on a ‘mini-
mum travel’ criterion as pointed out by Rappaz and
Gandin.[16]

Fig.1. Simulated microstructural during isothermal solidification at 1576K after: (a) 5ms, (b)

12.5ms, (c) 25ms, and (d) 87.5ms.

Figure 2 illustrates the variation of the average
concentrations in the liquid cL and solid cS with x at
different times, and the schematic representation of
three regions divided according to the change of cL.
The values of cL and cS are obtained by averaging the
calculated concentrations separately in the liquid and
solid along the grid line in y direction. It can be found

that, in the region I, the side branches are well devel-
oped and the spacing of dendritic arms are relatively
small, and the average liquid concentration approxi-
mately keeps constant in this region. Here we call this
region the mushy zone. In region III, called as liquid
zone, there is no solid phase and the average liquid
concentration holds the initial value because the so-



3518 Li Jun-Jie et al Vol. 17

lute diffusion length of dendrites is small. The region
II is called as dendritic tip zone, where the value of av-
erage liquid concentration gradually changes from the
one in mushy zone to that in liquid zone. For the tem-

perature is set to be constant in this case, the solidi-
fication in the mushy zone will stop, and the average
concentrations of liquid and solid will approximately
keep constant as shown in Fig.2(a).

Fig.2. (a) Variations of the average concentrations in the liquid cL and solid cS with distance

x at different times under isothermal condition, and (b) the schematic representation of three

regions divided according to the change of cL.

Coarsening of dentritic arm is a surface tension
driven phenomenon, during which the secondary den-
dritic arm spacing and the total surface area will de-
crease. Under isothermal conditions, although the so-
lidification in the mushy zone stops, the coarsening
of dendritic arms progresses after the solidification,
which can be reflected by exploring the variation of
total surface area (Fig.3) and the distribution of liq-
uid concentration (Fig.4). As shown in Fig.3, after the
dendrites reach the right boundary of the system, the
solid fraction of the whole system will keep constant,
while fraction of total interface will decrease due to the
dendritic coarsening. Figure 4(a) is the concentration

Fig.3. The fractions of solid and interface against solid-

ification time under isothermal and constant cooling con-

ditions.

the histogram for the area that x changes from 30 µm
to 40 µm at two different times. The two peaks with
increasing levels of concentration correspond to solid
and interdendritic liquid. The interdendritic liquid
peak contains a spread in composition reflecting the
positive and negative curvatures of the interface be-
tween the liquid and solid. With the coarsening of
dendritic arms the interface curvature will be uniform
and the high curvature part will disappear, so the
interdendritic liquid concentration will become uni-
form, which can be reflected by the sharpening of the
interdendritic liquid peak (see the enlarged graph in
Fig.4(a)).

3.2.Dendritic growth under the con-

stant cooling condition

The microstructure evolution under the constant
cooling condition is similar to that under the isother-
mal condition. However the concentration distribu-
tion is quite different as shown in Fig.5. The average
concentration of solid varies along the x direction and
increases with the time as the temperature decreases
continuously. Due to the high diffusivity in the liquid,
the average concentration of liquid in the mushy zone
approximately keeps uniform, but will increase with
time. The increases of average concentrations of liquid
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and solid in the mushy zone with time indicate the suc-
cessive solidification in this region after its formation.
This can be also observed from the variation of solid
fraction with time in Fig.3. The initial quick raise of
the solid fraction curve corresponds to the growth of
dendrites into the undercooled liquid, and then the
following gentle increase indicates the solidification in
the mushy zone, which accompanies with the decrease

of interface area arising from the dendritic coarsening.
The coarsening can also be found from analysing the
concentration histogram for the area that x changes
from 30 µm to 40 µm at two different times (Fig.4(b)).
Other than the increase of the concentration of solid
and interdendritic liquid due to the solidification of
the mushy zone, the regularity of Fig.4(b) is similar
to that of Fig.4(a).

Fig.4. Histograms of the fraction of area vs concentration at different times in the region that x changes

from 30 µm to 40 µm, under (a) isothermal condition, (b) constant cooling condition. The insert is an

enlarged part of the peak in the liquid phase, the data for the insert in (b) have been shifted for better

presentation.

Fig.5. Variations of the average concentrations in the

liquid and solid with x at different times under constant

cooling condition.

3.3.Microsegregation within dendritic

array under the constant cooling

condition

Just as shown in Figs.2 and 5, there is a large
liquid concentration variety in the dendritic tip zone,
which disobeys the assumption made by most analyt-

ical microsegregation models, i.e., complete mixing of
liquid. Only after the formation of mushy zone, the
liquid concentration can be approximately uniform.
In addition, it should be noted that the high initial
undercooling and cooling rate in our simulation will
lead to nonequilibrium solidification. This will also
make the simulation results deviate from analytical
microsegregation models. However our analyses indi-
cate that nonequilibrium solidification only happens
during the initial stage of dendritic tip growth, but
not in the whole process. The evolution of the total
undercooling as a function of solid fraction for region
A (the area with x changing from 5µm to 15 µm) and
region B (the area with x changing from 50µm to
65 µm) are shown in Fig.6. It can be seen that at the
beginning of solidification there is a high undercool-
ing. So nonequilibrium solidification occurs at this
stage. With the progress of solidification the solute
constituents are rejected into the liquid phase. When
the volume fraction of solid is high, which means that
the mushy zone has formed, the undercooling in re-
gions A and B will become very low. So the solidifi-
cation in the mushy zone is near equilibrium.
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Fig.6. The undercooling evolution as a function of the

solid fraction.

Based on the above analyses, in order to com-
pare simulation results with analytical microsegrega-
tion models, we only study the near equilibrium so-
lidification after the formation of mushy zone under
the constant cooling condition. One issue pointed by
Giovanola and Kurz[5] should be noted, i.e., in this sit-
uation the initial state should be cL = cx at fS = fx

(instead of cL = c0 at fS = 0 in the case of stan-
dard microsegregation equation), where the value of
cx and fx can be chosen at any time after the com-
plete mixing of liquid. After taking this point into
account, the standard Scheil equation, lever rule and
Brody–Flemings model can be modified as:

cL = cx

(
1− fS

1− fx

)k−1

, (4)

cL = cx
1− (1− k)fx

1− (1− k)fS
, (5)

cL = cx

[
1− (1− 2αk)fS

1− (1− 2αk)fx

] k−1
1−2αk

, (6)

where k is the partition coefficient, α is the Fourier
number, which characterizes the solid-state diffusion

(so called back diffusion). The derivation of equations
(4)–(6) is given in the Appendix. Some modifications
have been proposed to get more exact solutions[2−4]

to the back diffusion problem. What we concerned
here is the different extents of back diffusion in regions
with different microstructures. So we will take α as a
fitting parameter and not use the more sophisticated
back diffusion models.[2−4]

Microsegregation within regions A and B is in-
vested. The microstructure evolutions in regions A

and B are shown in Fig.7. It can be seen that the
second dendritic arms are well developed in region B,
whereas there are only slick primary arms in region
A. Microsegregation forming at the stage of mushy
zone solidification is shown in Fig.8. It can be found
that the simulation results lie between the Scheil equa-
tion and lever rule just as expected, and with prop-
erly choosing parameter, α=0.0257 for region A and
α=0.0685 for region B, the Brody–Flemings model
can agree well with the simulation results. Compared
with region A, the increase of Fourier number for re-
gion B means an enhanced back diffusion in this re-
gion. The solid diffusion coefficient is the same in
the two regions, so the enhanced back diffusion should
be attributed to their different microstructures. The
coarsening of second dendritic arms in region B leads
to an increase of arm spacing. This effect equals to in-
creasing the Fourier number just as pointed by Voller
and Beckermann.[6] Furthermore, well developed den-
drite arms lead to a larger area of solid/liquid interface
per unit volume. The amount of solute transferred by
solid diffusion is proportional to the interface area. So
the effect of back diffusion is pronounced in region B.

Fig.7. Simulated microstructure evolution for region A (a) and region B (b).
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Fig.8. Liquid concentration profiles as a function of the

solid fraction for the solidification of mushy zone.

4. Conclusions

Polycrystalline solidifications in Ni–0.396mol%Cu
alloy under isothermal and constant cooling conditions
are simulated by using the phase field method. The
transition from initial equiaxed grains to the columnar
dendritic array based on the ‘minimum travel’ crite-
rion proposed by Rappaz and Gandin[16] is well re-
produced by the phase field simulation. Under the
isothermal condition solidification will stop after the
formation of the mushy zone, but dendritic coarsen-
ing will progress continuously, which results in the
decrease of the total interface area. Under the con-
stant cooling condition the mushy zone will solidify
and coarsen simultaneously. The simulation results
of microsegregation agree with the modified Brody–
Flemings model. It is also found that the Fourier
number which characterizes microsegregation is dif-
ferent for regions with and without well developed
second dendritic arms. Dendritic coarsening and the
larger area of interface should account for the en-
hanced Fourier number in the region with well devel-
oped second dendritic arms.

Appendix

We consider a small volume element in the mushy
zone and approximate the solidification by the planar
geometry as shown in Fig.A1. Microsegregation mod-
els base on the following assumptions:

(1) diffusion in the liquid is complete, i.e., at any
point in time the solute concentration in the liquid
phase cL is uniform;

(2) equilibrium is maintained at the solid–liquid
interface, i.e., ci

S = kcL, where ci
S is the solid concen-

tration at the interface and k is the partition coeffi-
cient.

Fig.A1. Plate-like model of dendritic solidification.

The solute balance in the volume element can be
written as follows:

∫ XS

0

cSdx + XLcL = Xc0, (A1)

where c0 is the initial liquid concentration, XS and
XL are the lengths of the solid and liquid portions re-
spectively, and X = XS + XL. Dividing through by
X and writing the integral in term of the coordinate
ξ = x/X, we find that this equation becomes:

∫ fS

0

cSdξ + (1− fS)cL = c0. (A2)

By differentiating with respect to time we obtain
∫ fS

0

∂cS

∂t
dξ + kcL

dfS

dt
− cL

dfS

dt

+ (1− fS)
dcL

dt
= 0. (A3)

In the Scheil model the solid diffusion is neglected,

which means
∂cS

∂t
= 0, then Eq.(A3) reduces to:

cL(1− k)dfS = (1− fS)dcL. (A4)

Integrating with the initial condition cL = cx at
fS = fx (instead of cL = c0 at fS = 0 in the case
of standard microsegregation equation), we have

1
1− k

∫ cL

cx

dcL

cL
=

∫ fL

fx

dfL

fL
, (A5)

which results in

cL = cx

(
1− fS

1− fx

)k−1

. (A6)

This is the modified Scheil equation, which will reduce
to standard form when cx = c0 and fx = 0.

In the Lever rule the solid diffusion is complete
and the solid concentration is uniform, so Eq.(A3) be-
comes

cL(1− k)dfS = (1− fS)dcL + kfSdcL. (A7)

Integrating with the initial condition cL = cx at
fS = fx, we can obtain

cL = c0
1− (1− k)fx

1 + (1− k)fS
, (A8)
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which will reduce to the standard lever rule when
cx = c0 and fx = 0.

For finite-rate diffusion in the solid Voller[4] pro-
posed to set

∫ fS

0

∂cS

∂t
dξ = βkfS

dcL

dt
, (A9)

where β is the diffusion parameter. When β=2α, α

is the Fourier number, Eq.(A3) can be written as:

cL(1− k)dfS = (1− fS)dcL + 2αkfSdcL. (A10)

Integrating with the initial condition cL = cx at

fS = fx, we get in following result

cL = cx

[
1− (1− 2αk)fS

1− (1− 2αk)fx

] k−1
1−2αk

. (A11)

In the limit of cx = c0 and fx = 0, the standard
Brody–Flemings equation

cL = c0[1− fS(1− 2αk)]
k−1

1−2αk (A12)

follows immediately from Eq.(A11).
It can be seen that the modified Brody–Flemings

equation (A11) will reduce to the modified Scheil
equation (A6) with α = 0, and reduce to the mod-
ified lever rule (A8) with α = 0.5.
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