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We use the transfer matrix method to study the quantum tunnelling through an indirect-band-gap double-barrier

like the GaAs/AlAs/GaAs/AlAs/GaAs heterostructures along the [001] axis, which is described by the tight-binding

model. The X-valley quasi-bound state gives rise to the Fano resonance different from the direct double-barrier transition

in a resonance-tunnelling diode. The quantitative calculations demonstrate that a relatively high spin-polarization of the

transmission probability can be achieved as compared with the single-barrier tunnelling case. Moreover the extension

to the multi-barrier device is provided and leads to an important observation that the spin polarization increases with

the number of barriers.
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1. Introduction

Traditional electronics is based on the charge
transport while the spin degree of electron does not
play a role. The idea of electronic devices that ex-
ploit both charge and spin degrees of electron has led
to a new branch of physics and technology, known as
spintronics. Spin-polarized transports in semiconduc-
tor heterostructures have attracted considerable at-
tention recently, which not only exhibit the new fun-
damental physics but also have promising applications
in the emerging technologies of spintronics and quan-
tum information.[1−3] Recent experimental advances
in spintronics have given an impetus to the study of
spin-polarized transport through such quantum de-
vices in which the spin–orbit (SO) interaction cou-
ples the spin states and the spatial motion of elec-
trons. The spin-polarized transmission probability is
controllable by using external electric fields or gate
voltages.[4−17] The SO interaction originating from
the relativistic effect is believed to have a substan-
tial increase in some semiconductors and has attracted
great attention recently. Two mechanisms are shown
to be responsible for the spin-dependent transport:
one is the Rashba SO coupling in asymmetric non-

magnetic heterostructures (for example, the spin pre-
cessions in a spin-transistor) and the other is the spin-
dependent k3 coupling that is called the Dresselhaus
SO coupling in symmetric materials (for example:
spin precessions in the Zinc-blende-Lattice semicon-
ductors). Recent theoretical studies show that when
an electron tunnels through a Zinc-blende semicon-
ductor single[18] or double-barrier[19] structure, it can
be highly spin polarized and the generation of spin-
polarized transport can be analysed in terms of the
electron Hamiltonian[20] in the effective-mass approx-
imation with an additional Dresselhaus-interaction-
term.[21,22] It was subsequently demonstrated that
in the study of spin-polarization tunnelling we must
consider both the Γ − Γ − Γ direct tunnelling in a
higher Γ valley and the Γ − X − Γ indirect transi-
tion through a quasi-bound state in the X valley[23]

(see Fig.1(a)). The transmission is therefore char-
acterized by the Γ− and the X− point Hamiltoni-
ans and the Fano resonances.[23] However the spin-
polarization is rather small, evaluated theoretically
with the parameters of effective masses, band offsets,
and the Dresselhaus coefficients.[23] It is of interest
and importance to see whether the spin-polarization
can be enhanced by the multi-barrier tunnelling.
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To this end we consider the double-indirect-barrier
(GaAs/AlAs/GaAs/AlAs/GaAs) tunnelling as shown
in Fig.1(a), where Γ− band and the X− band edges
are indicated by solid and dashed lines respectively,
and E1 and E2 are the X-valley quasi-bound states in
the AlAs barrier. The direct tunnelling (Γ − Γ − Γ )
and indirect transition (Γ−X−Γ ) are depicted by the
solid wavy arrow and dotted wavy arrows respectively.
By using the tight-binding (TB) approximation, the
above system can be reduced to a simpler model that
is shown in Fig.1(b), then we can evaluate the trans-
mission probability of electron by using the transfer-
matrix method. The indirect barrier tunnelling leads
to the Fano-type resonances different from that caused
by the direct double-barrier tunnelling, known as the
resonant tunnelling diode (RTD). The Fano-type res-
onances and the spin polarization are compared quan-
titatively with the result of single-barrier tunnelling.

Fig.1. Indirect double-barrier tunnelling and the effective

TB model.

The paper is organized as follows: in Section 2,
we present the tight-binding Hamiltonian and the for-
mulation of transmission matrix. Its generalization
to the multi-barrier tunnelling is provided in Section
3, while the numerical results and the corresponding
discussion are given in Section 4.

2. Tight-binding model and for-

mulation

The double-barrier tunnelling together with X-
valley quasi-bound-state transition can be formulated
by a simple TB model where spin states are assumed

to be degenerate in the left lead and the right lead
(bulk-like states) and the degeneracy is removed in
the barrier due to the SO coupling. The Hamilto-
nian of the second quantization can be written as (see
Fig.1(b))

H =
−2∑

n=−∞,σ=↑,↓
[εa+

n,σan,σ + (ta+
n−1,σan,σ + h.c.)]

+
∞∑

n=4,σ=↑,↓
[εa+

n,σan,σ + (ta+
n,σan−1,σ + h.c.)]

+
∑

j=−1,1,3;σ=↑,↓
εa+

j,σaj,σ +
∑

j=0,2;σ=↑,↓
εσa+

j,σaj,σ

+
∑

σ=↑,↓
[(Vσa+

0,σa−1,σ + Vσa+
1,σa0,σ + h.c.)]

+
∑

σ=↑,↓
(tσa+

1,σa−1,σ + h.c.)

+
∑

σ=↑,↓
[(Vσa+

2,σa1,σ + Vσa+
3,σa2,σ + h.c.)]

+
∑

σ=↑,↓
(tσa+

3,σa1,σ + h.c.), (1)

here ↑ and ↓ denote spin up and spin down, respec-
tively. In Eq.(1), the first two terms on the right-hand
side describe the electrodes (i.e. the left lead and the
right lead), ε is the on-site energy, t is the transfer
integral, and a+

n,σ (an,σ) is the creation (annihilation)
operator of the electron with spin-σ on the site-n. The
two electrodes are connected with the tunnelling de-
vice at sites n = −2 and n = 4 respectively (Fig.1(b)).
The potential well and two contacts connected with
the left electrode and the right electrode are regarded
as three quantum-dots numbered as 1, −1 and 3 re-
spectively, which are described by the third term of
the Hamiltonian. The X-valley quasi-bound states
are also considered as two quantum dots (j = 0, 2)
with an energy εσ (see the fourth term). The last
four terms represent the couplings among the X-valley
QDs (0, 2) and the QDs (−1, 1, 3), where −1 → 1 and
1 → 3 correspond to the two-barrier (Γ − Γ − Γ )
direct tunnelling with tσ being the hopping integral
constant and −1 → 0 → 1 and 1 → 2 → 3 denote the
(Γ−X−Γ ) indirect transitions with Vσ being the cou-
pling parameter. It is worth pointing out that both Vσ

and tσ are spin-dependent due to the SO interaction.
Since there is no spin-flipping mechanism, the

eigenvalue problem can be solved for each spin-
component separately. Thus we begin with the sta-
tionary Schrödinger equation for the spin-up compo-
nent

H |Ψ↑〉 = E |Ψ↑〉 ,
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which possesses a general solution in the following
form:

|Ψ↑〉 =
∞∑

n=−∞,

Cn,↑a+
n,↑ |0〉 , (2)

where a+
n,↑ is the creation operator of electron on site

n with spin-component (↑), and |0〉 denotes the vac-
uum state. The Dresselhaus Hamiltonians for both
the direct tunnelling and the indirect transition can
be diagonalized by

χ± =
1√
2


 1

∓e−iφ


 ,

where the spinors χ± with the polar angle φ of the
electron wave-vector in the plane perpendicular to the
[001] axis correspond to our spin-up (↑) and spin-
down (↓) states respectively. Inserting expression (2)
into the above stationary Schrödinger equation, we
find the following recurring equation for the electron-
occupation-amplitude {Cn,↑} on the site-n

(E − ε)Cn,↑ − tCn−1,↑ − tCn+1,↑ = 0,

n ≤ −2 and n ≥ 4, (3)

(E − ε)C−1,↑ − tC−2,↑ − V↑C0,↑ − t↑C1,↑ = 0,

n = −1,

(E − ε↑)C0,↑ − V↑C−1,↑ − V↑C1,↑ = 0, n = 0,

(E − ε)C1,↑ − V↑C2,↑ − V↑C0,↑ − t↑C−1,↑

−t↑C3,↑ = 0, n = 1,

(E − ε↑)C2,↑ − V↑C1,↑ − V↑C3,↑ = 0, n = 2,

and

(E − ε)C3,↑ − tC4,↑ − V↑C2,↑ − t↑C1,↑ = 0,

n = 3, (4)

which can be written as a matrix equation,

 Cn+1,↑

Cn,↑


 = M(n,E)


 Cn,↑

Cn−1,↑


 , (5)

where the transfer matrix M(n,E), which links
the expansion coefficients (Cn+1,↑, Cn,↑)T with
(Cn,↑, Cn−1,↑)T, is defined as

M(n,E) =




E − ε

t
−1

1 0


 , (n 6 −2, and n > 4, ).

M(−1, E)

=




E − ε + t↑

V↑ +
t↑
V↑

(E − ε↑)
− t

V↑ +
t↑
V↑

(E − ε↑)

1 0


 ,

M(2, E) = M(0, E) =




E − ε↑
V↑

−1

1 0


 ,

M(1, E) =




E − ε + 2t↑

V↑ +
t↑
V↑

(E − ε↑)
−1

1 0


 ,

and

M(3, E)

=




E − ε + t↑
t

−
V↑ +

t↑
V↑

(E − ε↑)

t
1 0


 . (6)

In the left-hand-side electrode the eigenfunctions are
in the form of {exp(±k↑na)} with the positive (neg-
ative) sign representing the right- (left-) going waves
while only the transmitting wave of amplitude t exists
in the right-hand-side electrode, taking which into ac-
count the occupation coefficients on the site-n in the
two electrode-regions can be written as

Cn,↑ = eiKL
↑ na + re−iKL

↑ na, n ≤ −2,

and

Cn,↑ = teiKR
↑ na, n ≥ 4. (7)

It can be shown that the transmitting amplitude t↑ is
related to the reflection coefficient r↑ via the equation


 t↑

0


 = S(E)


 1

r↑


 , (8)

where the transfer matrix S(E) is given by

S(E) =


 e−i5KR

↑ a 0

0 ei5KR
↑ a




×

 eikR

↑ a e−ikR
↑ a

1 1



−2∏

n=4

M(n,E)

×

 eikL

↑ a e−ikL
↑ a

1 1





 eiKL

↑ a 0

0 e−iKL
↑ a


 . (9)

Thus we can obtain from Eq.(8) the reflection ampli-
tude r↑ and transmission amplitude t↑ as

r↑ = −S21

S22
,
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and

t↑ =
S11S22 − S12S21

S22
=

Det[S]
S22

. (10)

While the spin-up (↑) reflection and transmission
probabilities are

R↑(E) = |r↑|2 ,

and

T↑(E) = |t↑|2 . (11)

In the same way we can obtain the spin-down (↓)
reflection and transmission probabilities R↓(E) and
T↓(E). Then the spin-polarized transmission proba-
bility can be evaluated as

P =
T↑ − T↓
T↑ + T↓

. (12)

When the size of structure is small with respect
to the coherent length, the transmission probability
plays an essential role in the quantum transport. For
example, we can obtain the conductivity of the devices
from the transmission probability with the help of the
Laudauer–Büticker formula. Various methods[24−30]

have been developed for the numerical calculation of
the transmission probability.[31−34]

2.1.Generalization to multi-barrier tun-

nelling

The generalization to the N -barrier tunnelling is
straight forward, with Eqs.(3) and (4) replaced by

(E − ε)Cn,↑ − tCn−1,↑ − tCn+1,↑ = 0,

n ≤ −2 and n ≥ 4(N + 1),

(E − ε)C−1,↑ − tC−2,↑ − V↑C0,↑ − t↑C1,↑ = 0,

n = −1 + 4i,

(E − ε↑)C0,↑ − V↑C−1,↑ − V↑C1,↑ = 0, n = 0 + 4i,

(E − ε)C1,↑ − V↑C2,↑ − V↑C0,↑ − t↑C−1,↑

−t↑C3,↑ = 0, n = 1 + 4i,

(E − ε↑)C2,↑ − V↑C1,↑ − V↑C3,↑ = 0, n = 2 + 4i,

and

(E − ε)C3,↑ − tC4,↑ − V↑C2,↑ − t↑C1,↑ = 0,

n = 3 + 4i,

where i = 0, 1, . . . , N with N denoting the number
of the barriers. The corresponding transfer matrix

M(n,E) in Eq.(5) and expression (6) should be re-
placed by M(n+4i, E) for n = −1, 0, 1, 2, and M(3, E)
by M(3 + 4N, E). Thus the transmission probability
can be obtained in terms of the transfer matrix S(E)
defined as expression (9).

3. Qualitative results and discus-

sion

The transmission spectrum T (E) of double-
barrier tunnelling defined by expression (11) can be
evaluated with expressions (9) and (10) for the given
matrix elements of M(n,E). Theoretical and experi-
mental methods have been developed to determine the
Dresselhaus SO interaction coefficients γ and β which
depend on the bulk properties of the material.[35−38]

So the parameters such as Vσ and tσ can be evalu-
ated according to the values of γ and β. We shall
take t as the unit of energy and set V↑ = t↑ = 0.05,
V↓ = t↓ = 0.052, and the on-site energies ε↑ = 0.17
and ε↓ = 0.175. Figure 2 displays the numerical re-
sults of the transmission probability, where the dotted
line shows the direct double-barrier tunnelling i.e. the
RTD that has two resonance-peaks without antireso-
nance. The X-valley quasi-bound states result in the
Fano-type resonances with two resonance peaks for
both spin-up and spin-down components (solid line).

Fig.2. Transmission probability versus the incident energy

as the unit of t through an indirect double-barrier (solid

line) and direct double-barrier tunnelling (dotted line).

The existence of the antiresonance can be understood
from expression (6): when the energy satisfies the con-

dition E = εi − (Vi)2

ti
, (i = 1, 2), the matrix element

approaches the infinity, thus the transmission proba-
bility (Eq.(10)) vanishes. Since the hopping integral t

is basically the conduction bandwidth and t1(t2) and
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V1(V2) are the tunnelling rates, the first resonance
(i.e. the first pole) occurs approximately at an en-

ergy value (E) of ε1 − 2
V 2

1

t
eika

(
ε2 − 2

V 2
2

t
eika

)
with

V1, t1(V2, t2) ¿ t. The difference in energy between

two resonance peaks, ∆E, is (ε2−ε1)− 2
t
(V 2

2 −V 2
1 )eika,

which is a much small value. While the difference in
energy between the peaks of resonance and antires-

onance, ∆E, is about
(Vi)2

ti
, we then can obtain a

more wide energy window, ∆E, by decreasing ti or
increasing Vi. Figure 3 shows the spin polarization of
transmission probability defined as expression (12) for
indirect double-barrier tunnelling (solid line) and the
RTD case (dotted line).

Fig.3. Spin-polarized transmission probabilities for in-

direct barrier tunnelling (solid line) and direct double-

barrier tunnelling (dotted line) versus the incident energy

as the unit of t.

The main goal of our study for the multi-barrier
tunnelling is to seek a possibility to obtain a higher
spin-polarization and therefore we compare the spin-
polarized transmission probability of the indirect
double-barrier tunnelling (solid line in Fig.4) with
that in the single-barrier case (dotted line) studied
before. An additional resonance peak occurs due to
the resonant tunnelling in the double-barrier case, and
the quantitative results show that a large polariza-
tion indeed can be obtained. For example, the spin-
polarization for the double-barrier is 60% higher than
that for the single barrier case in an energy range from
0.124t to 0.172t. Especially, the polarization-value at
an energy point 0.172t is 0.63 that is more than twice
that for the single-barrier case, 0.30.

Fig.4. Spin-polarized transmission probabilities versus

the incident energy as the unit of t for indirect double-

barrier (solid line) and single-barrier (dotted line).

In Fig.5, we show the transmission probabilities
of ten barriers. We find ten resonance peaks for both
spin-up and the spin-down components and a large
relative shifts of peak-positions between spin-up and
the spin-down components, resulting in a much higher
polarization value as shown in Fig.6. The polarization
value in an energy region from 0.15t to 0.173t is about
164% higher than that for the single-barrier case. So
the spin polarization of transmission probability in-
creases with the number of barriers.

Fig.5. Transmission probability of ten barriers versus the

incident energy as the unit of t.

Fig.6. Spin-polarized transmission probabilities for ten

barriers versus the incident energy as the unit of t.
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4. Conclusion

The quantum transport through an indirect-
band-gap double-barrier like the GaAs/AlAs/GaAs/
AlAs/GaAs heterostructures along the [001] axis de-
scribed by the tight-binding model is studied by using
the transfer matrix method, where the Dresselhaus SO
coupling will lead to the spin-polarization dependent
transmission probability. Fano-type resonances occur,

which are different from the case of direct double-
barrier tunnelling i.e. the RTD case. Compared with
the single indirect barrier tunnelling, a higher spin po-
larization is obtained when electrons tunnel through
the indirect double-barrier. The transmission proba-
bility through a multi-barrier device is also obtained
and the spin polarization increases with the number
of barriers. This observation is useful for seeking the
device of high spin-polarization in future experiment.
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