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It is of great importance for engineering applications to obtain the expression of scattering field for an ellipsoidal

target irradiated by an electromagnetic wave from an arbitrary direction. Literature relevant to this problem is seldom

found. In this paper, the scattering field for an ellipsoidal target is presented by utilizing the scale transformation

of electromagnetic field and the rotation of coordinate system, with an electromagnetic wave projecting on the target

from an arbitrary direction. The obtained result is in good agreement with the solution available from the literature

if we consider the scale factors to be unity. Taking a conducting ellipsoidal target for sample, we perform the partial

simulations of the ellipsoidal model and a plant leaf model by choosing different scale factors. The obtained results show

that the distribution characteristic of scattering field is sensitively affected by the polarization of the incident wave and

varies not much with the incident wave angle but changes with the observation point. At some points the scattering

energy arrives at its maximum.
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1. Introduction

In recent years, there has been increasing interest
of scholars and engineers in the research of complex
electromagnetic scattering for plant leaves, chaffs, etc.
In the literature,[1] the deciduous leaves are modelled
as discs and needles to study electromagnetic wave
from the randomly oriented dielectric scatters by uti-
lizing the Helmholtz integration equation and numeri-
cal arithmetic. In Refs.[2, 3] the echo power of electro-
magnetic wave from a finite long fiberglass coated with
aluminium is investigated by regarding it as a scatter-
ing model for chaffs. Actually, a more exact model for
plant leaves should be an ellipsoidal disc, and a better
model for chaffs should be a finite long elliptical cylin-
der. In a Cartesian coordinate system, when the three
semi axes a, b and c for an elliptical sphere are given
with different sizes, the so obtained elliptical spheres

are different from each other in size and shape. For ex-
ample, when a À b ≈ c, the elliptical sphere is approx-
imated as a leaf or a finite long cylinder located along
the x-axis. Thus investigating the property of scat-
tering wave from an elliptical sphere is of significance
both in theory and in engineering, when the incident
wave propagates and polarizes in arbitrary directions.
References [4–6] have derived an expression of scat-
tering field from a sphere for the incident wave propa-
gating in the z-axis direction and polarizing along the
x-axis direction. In Ref.[7] the scattering field from
a sphere is presented when the sphere is irradiated
by an electromagnetic wave from an arbitrary direc-
tion rather than a particular one. And in Refs.[8–11]
the scale transformation of electromagnetic wave and
a curved-face coordinate system are used respectively
to investigate the scattering characteristics of an ellip-
tical sphere under the particular condition of electro-
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magnetic wave propagating in the z-axis direction and
polarizing in the x-axis direction. In Refs.[12–16] the
electromagnetic interaction between a spherical target
and rough surface and the scattering characteristics
for a cluster spheres are researched in detail. Many
other subjects of complex electromagnetic scattering
are frequently published.[17−23]

The structure of this paper is as follows. The so-
lution of scattering field from an ellipsoidal target is
presented on the assumption that the incident wave
propagates and polarizes in arbitrary directions. And
then the agreement between the obtained solution and
the solution available from the literature for the sphere
target case is demonstrated. Finally, we take a con-
ducting elliptical sphere model and perform the par-
tial simulations based on the obtained results. The
distribution characteristics of scattering field from an
elliptical sphere are shown to depend on the target
size, the azimuth angle, the operating frequency, etc
and discussed in detail. The method used is valid for
the research of a coated elliptical sphere and features
briefness in calculation and clearness in physical sig-
nificance.

2. Scattering for ellipsoid irra-

diated by an electromagnetic

wave with polarization and

propagation in arbitrary direc-

tions

2.1.The procedure of solving the prob-

lem

It is assumed that there is an ellipsoidal sphere
located at the origin of a Cartesian coordinate system

Σ as illustrated in Fig.1. We use a, b and c to de-
note its three semi axes. The ellipsoidal sphere can be
changed into a round sphere and the incident wave can
also be turned into another one[10,11] expressed by the
new coordinates Σm as shown in Fig.2, by utilizing the
scale transformation, thereby the measurement crite-
rion changes with the direction correspondingly. From
Refs.[7, 11] we can obtain the solution of scattering
field from the sphere and then transform this solution
into the initial coordinate system Σ , thus the solu-
tion of scattering field from an ellipsoid is obtained
for the incident wave irradiating the target from an
arbitrary direction. The concrete process of solving
this problem is demonstrated in Figs.1–4. In the co-
ordinate system Σ , there is an ellipsoidal target de-
scribed with the semi axes of a, b, c. In Fig.3, θ0 is
the angle between the wave propagating direction and
the z-axis direction, φ0 is the angle between the po-
larization direction and the x-axis direction. These
two parameters can entirely determine the incident
wave propagation[7] in the coordinate system Σ . Af-
ter scale transformation, the target in the coordinate
system Σm can be changed into a round sphere with
a radius of 1m, and the original parameters θ0 and
φ0 are changed into θ0m and φ0m as shown in Fig.2.
All the physical quantities in Σm are symbolized with
subscript m. We have another coordinate system Σ ′

obtained by rotating xm axis through an angle φ0m

around the zm axis and then rotating the zm axis
through an angle θ0m around the xm axis as shown in
Figs.3 and 4. Now the incident wave propagates along
the z′-axis direction, polarizes along the x′-direction,
and irradiates on a sphere. All the physical quanti-
ties in Σ ′ are marked with a superscript, i.e. a prime
“ ’ ”. Finally the solution of scattering field from the
ellipsoidal target is obtained after a series of inverse
transformations.

Fig.1. Incident wave irradiating on an ellipsoidal target. Fig.2. Incident wave irradiating on a spherical target.
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Fig.3. Relation between coordinate system Fig.4. Incident wave irradiating on a sphere.

Σm and coordinate system Σ ′.

2.2.The scattering field from an ellipti-

cal sphere

A plane electromagnetic wave in the coordinate
system Σ may be written as

E = E0e−jk·r. (1)

Its propagating direction crosses the z-axis at an an-
gle θ0 and its polarization direction crosses the x-axis
at an angle φ0. We know from the Refs.[10, 11] that
the measurement standard for length is changed as the
scale factors a, b, c are introduced. Accordingly the
incident wave in the coordinate system Σm is changed
into the following form:

Em = E0me−jkm·rm , (2)

where, E0m = E0/q0, and km = k/q0, with

q0 =
(

sin2 θ0 cos2 ϕ0

a2
+

sin2 θ0 sin2 ϕ0

b2

+
cos2 θ0

c2

)1/2

.

The trigonometric functions of azimuthal angle are

sin θ0m =
sin θ0g0

q0
,

g0 =
(

cos2 ϕ0

a2
+

sin2 ϕ0

b2

)1/2

,

cos θ0m =
cos θ0/c

q0
,

sinϕ0m =
sinϕ0/b

g0
,

and

cos ϕ0m =
cos ϕ0/a

g0
. (3)

Another coordinate system Σ ′ is constructed by ro-
tating the xm axis through an angle φ0m around the

zm axis and then rotating the zm axis through an an-
gle θ0m around the xm axis as shown in Fig.3. The
incident wave in the coordinate system Σ ′ propagates
along the z′-axis and polarizes along the x′-direction,
which projects on a sphere, namely

E′
i = E′

0e
−jk′z′ , (4)

where E′
0 = E0m = E0/q0, and k′ = km = k/q0. The

scattering field from the target in the new coordinate
system can be written as [4,6,11]

Eθ′s =
jE′

0e
−jk′r′

k′r′
cos ϕ′s2 (θ′) ,

Eϕ′s =
−jE′

0e
−jk′r′

k′r′
sinϕ′s1 (θ′) , (5)

where

s2 (θ′) =
∞∑

n=1

an [cnτn + dnπn],

s1 (θ′) =
∞∑

n=1

an [πncn + dnτn],

τn =
dP 1

n (cos θ′)
dθ′

,

πn =
P 1

n (cos θ′)
sin θ′

,

cn = − Ĵ ′n (k′)
Ĥ ′

n (k′)
,

dn = − Ĵn (k′)
Ĥn (k′)

,

and

an =
2n + 1

n(n + 1)
.

We know from the Refs.[7, 11] that the trigonometric
functions for the above may be expressed as
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sin θ′ =
√

A2 + B2, cos ϕ′ = A/
√

A2 + B2, sinϕ′ = B/
√

A2 + B2,

cos θ′ = sin θ0m sin θm sin(ϕ0m + ϕm) + cos θ0m cos θm, (6)

dθ′ =
[sin θ0m cos θm sin (φ0m + φm)− cos θ0m sin θm]dθm + sin θ0m sin θm cos (φ0m + φm) dφm

−√A2 + B2
,

A = cos ϕ0m sin θm cos ϕm − sinϕ0m sin θm sinϕm,

and
B = cos θ0m sinϕ0m sin θm cos ϕm − sin θ0m cos θm + cos θ0m cos ϕ0m sin θm sinϕm.

In expression (6), the quantities with subscript 0m are
the relative azimuthal angles θ0 and φ0; the quantities
with subscript m refer to the variables corresponding
to angles θ and φ. We refer to the transformations
from (1) to (5) as the positive transformations. The
scattering field from an ellipsoidal target irradiated by
the incident wave with polarization and propagation
in arbitrary directions will be derived through an in-
verse transformation in the following. We know [7] the
following relations of electromagnetic field between co-
ordinate systems Σ ′ and Σm

Esm = PsE
′
s, and Ps = P−1

m A−1
0 P1. (7)

We also acquire the following relation of electromag-
netic field between[10,11] coordinates Σ and Σm

Es = Q−1Esm. (8)

The relation of scattering electromagnetic field be-
tween in coordinate system Σ and in coordinate sys-
tem Σ ′ is derived by substituting expression (7) into
relation (8)

Es = TE′
s, (9)

where T = Q−1P−1
m A−1

0 P1. The elements in matrix
(9) can be found from the literature. The scattering

field in the Σ coordinate system is presented by in-
serting expression (5) into expression (9), namely

Eθs = T22Eθ′s + T23Eφ′s,

and

Eϕs = T32Eθ′s + T33Eφ′s, (10)

which are the expression of the scattering field from
an ellipsoidal target irradiated by the incident wave in
an arbitrary direction. For convenience, all the physi-
cal quantities above are expressed with Σ coordinates.
The following are the concrete expressions:

r′ = rq, k′r′ = kr,

T22 = q21p12 + q22p22,

T23 = q21p13 + q22p23,

T32 = q31p12 + q32p22 + q33p32,

and

T33 = q31p13 + q32p23 + q33p33,

where

q21 =
sin(2θ)

2q

[
g2 − 1

c2

]
, q22 =

g

cq
,

q31 =
sin θ sin(2ϕ)

2q

[
1
b2
− 1

a2

]
, q32 =

cos θ sin(2ϕ)
2cqg

[
1
b2
− 1

a2

]
, q33 =

1
abg

,

p12 =− cos θ sin θm cos θ0 − sin θ0 cos θ cos θm sinϕm + cos ϕ0 sin θ cos θm cos ϕm cos ϕ

− sin θ0 cos ϕ0 sin θm sin θ sinϕ− sin θ0 sin θm sin θ cos ϕ sinϕ0 − sin θ cos θm cos ϕm sinϕ sinϕ0

+ cos θ0 sinϕ0 cos θm sinϕm sin θ cos ϕ + cos ϕ0 cos θm sinϕm sin θ sinϕ cos θ0,

p13 =sin θm sin θ sinϕ sinϕ0 − cos ϕ0 sinϕm sin θ cos ϕ− sin θ0 cos θ cos ϕm

+ cos ϕ0 cos ϕm sin θ sinϕ cos θ0 + cos ϕm sin θ cos ϕ cos θ0 sinϕ0,



3398 Li Ying-Le et al Vol. 17

p22 =sin θm sin θ cos θ0 − sin θ0 cos ϕ0 cos θ sin θm sinϕ + cos ϕ0 cos θ cos θm sinϕm sinϕ cos θ0

+ cos θ cos θm sinϕm cos ϕ cos θ0 sinϕ0 − sin θ0 cos θ sin θm cos ϕ sinϕ0 + cos ϕ0 cos θ cos θm cos ϕm cos ϕ

+ sin θ0 cos θm sinϕm sin θ − cos θ cos θm cos ϕm sinϕ sinϕ0,

p23 =cos θ sinϕm sinϕ sinϕ0 − cos ϕ0 cos θ sinϕm cos ϕ + sin θ0 cos ϕm sin θ

+ cos ϕ0 cos θ cos ϕm sinϕ cos θ0 + cos θ cos ϕm cos ϕ cos θ0 sinϕ0,

p32 =cos ϕ0 cos θ0 cos θm sinϕm cos ϕ− cos ϕ0 sin θ0 sin θm cos ϕ− cos ϕ0 cos θm cos ϕm sinϕ

+ sin θ0 sin θm sinϕ sinϕ0 − cos θm cos ϕm cos ϕ sinϕ0 − cos θ0 cos θm sinϕm sinϕ sinϕ0,

p33 = cos ϕ0 cos ϕm cos θ0 cos ϕ + cos ϕ0 sinϕm sinϕ + sinϕm cos ϕ sinϕ0 − cos ϕm cos θ0 sinϕ sinϕ0,

with

q =
(

sin2 θ cos2 ϕ

a2
+

sin2 θ sin2 ϕ

b2
+

cos2 θ

c2

)1/2

, g =
(

cos2 ϕ

a2
+

sin2 ϕ

b2

)1/2

,

sin θm =
sin θg

q
, g =

(
cos2 ϕ

a2
+

sin2 ϕ

b2

)1/2

, cos θm =
cos θ/c

q
,

sinϕm =
sinϕ/b

g
, and cos ϕm =

cos ϕ/a

g
.

From the above equations, it is easy to find that the
elements of the transformation matrix are completely
determined by the parameters θ0, ϕ0 and θ, ϕ in Σ
coordinates. There exists such a difficulty in trying
to turn these elements into simple ones that the in-
vestigation of the scattering wave from an ellipsoidal
target irradiated by a wave in an arbitrary direction
becomes very complicated. In fact, the complicated
expressions above must be solved by computer. If the
incident azimuthal angles θ0 and ϕ0 are given, then
the middle azimuthal angles θ0m and ϕ0m can be de-
termined; and if the observation azimuthal angles θ

and ϕ and the distance r are given, these parameters
θm, ϕmr′ and θ′, ϕ′ are also known entirely.

2.3.Discussion and simulations

When the incident azimuthal angles θ0 and ϕ0 are
zero, i.e. θ0 = ϕ0 = 0, it follows from expression (3)
that θ0m = 0, and ϕ0m = 0, so that the elements of
the matrix are written as

p12 =− cos θ sin θm + sin θ cos θm cos ϕm cos ϕ

+ cos θm sinϕm sin θ sinϕ,

p13 =− sinϕm sin θ cos ϕ + cos ϕm sin θ sinϕ,

p22 =sin θm sin θ + cos θ cos θm sinϕm sinϕ

+ cos θ cos θm cos ϕm cos ϕ,

p23 =− cos θ sinϕm cos ϕ + cos θ cos ϕm sinϕ,

p32 =cos θm sinϕm cos ϕ− cos θm cos ϕm sinϕ,

and
p33 = cos ϕm cos ϕ + sinϕm sinϕ.

When the scale factors satisfy that a = 1, b = 1, and
c = 1, we obtain θm = θ, φm = φ, q = 1, g = 1,
q21 = 0, q22 = 1, q31 = 0, q32 = 0, and q33 = 1,
further r′ = r, k′ = k, p12 = 0, p13 = 0, p22 = 1,
p23 = 0, p32 = 0, p33 = 1, T22 = 1, T23 = 0, T32 = 0,
and T33 = 1. Thus we acquire from expression (6) that
φ′ = φ and θ′ = θ. Substituting the above results into
expression (10), we can easily obtain

Eθs = Eθ′s, and Eϕs = Eφ′s. (11)

The ellipsoidal target is reshaped into a spherical one
with a radius of 1m when all the scale factors are
taken to be 1. Expression (11) is an inevitable re-
sult that demonstrates the correctness of this algo-
rithm used in this paper. The obtained result (10) is
valid to investigate the scattering characteristics for
a dielectric ellipsoidal target, conducting ellipsoidal
target and multilayered dielectric ellipsoidal target if
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we substitute the expressions of scattering field avail-
able from the literature relevant to those targets into
expression (10). This result has established a theo-
retical base for studying the scattering wave from an
elliptical disc, chaff and plant leaves. For the sake
of briefness, we take a conducting ellipsoidal target
model. The parameters used in the partial simula-
tions are f=0.6GHz, a=1.1m, b=1.3m, and c=1.5m.
The following are the results, in which E2 in the y-axis
denotes the scattering field power.

In Fig.5 the polarization angle ϕ0 is π/3, and in
Fig.6, the incident wave propagates along the z-axis
direction. It is concluded that the scattering field gen-
erally varies not much with the incident wave, but
at a particular observation point the scattering field
changes greatly.

Fig.5. Scattering field power versus incident angle.

Fig.6. Scattering field power versus polarization angle.

The scattering field changes obviously with the
polarizing angle, when the incident angle is fixed, Fig-
ures 7 and 8 imply that, when the polarization state
of incident wave is fixed, the energy of scattering wave
is very large in an observation area, but trivial in the
remaining areas, which provides a theory for hiding

targets and identifying targets.

Fig.7. Scattering field power versus observation point.

Fig.8. Scattering field power versus observation point.

Although the leaves of plant are various in shape
and in size, they are elliptical discs in shape approxi-
mately and their size generally is on the order of sev-
eral centimetres. So it is assumed in the following that
2c=7 cm, 2b=3 cm, 2a=1mm, and f=60GHz. This
kind of target is a very good scattering model for the
leaf situated in the y− z plane. The following are the
partial simulations. The observation points in Figs.9
and 10 are the same which indicate that the polar-
ization of incident wave has a great influence on the
scattering field and the scattering effect arrives at its
large value when the incident wave irradiates the tar-
get vertically. The size of scattering field is about sev-
eral centimetres, on the same order as those in Figs.11
and 12. Figure 12 shows the scattering field varying
with the angle φ sensitively and at an angle (φ) of 0
or π, the scattering field arrives at its maximum. It
is understandable that the scattering is caused by the
Faradic current on the leaf. In fact, if we use the pa-
rameters of a ≈ b À c, this will be a good scattering
model for a chaff and a finite long cylinder. Here, we
no longer investigate it in detail.
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Fig.9. Scattering field power versus incident angle.

Fig.10. Scattering field power versus incident angle.

Fig.11. Scattering field power versus observation point.

Fig.12. Scattering field power versus observation point.

3. Conclusion

The analytic solution of scattering wave from
an ellipsoidal target irradiated by an electromagnetic
wave in an arbitrary direction is a Gordian knot. Al-
though it has received much attention of scientists and
engineers, few relevant papers have been published. In
this paper, the ellipsoidal target is first reshaped into
a spherical target by utilizing the scale transforma-
tion of electromagnetic wave. Then we use the coor-
dinate system rotation and some expressions available
from the published literature to obtain the solution
of scattering wave from the reshaped target. Finally
the solution of scattering field from an elliptical target
irradiated by an incident wave in an arbitrary direc-
tion is presented by performing an inverse transfor-
mation, inverse rotation transformation and inverse
scales transformation. The results show that the so-

lution of scattering wave of an elliptical target turns
into that of a spherical target when all the scales are
taken to be unity. The obtained result is consistent
with that in the literature. We take a conducting el-
lipsoidal target as an example to establish a model
both for elliptical target and plant leaf by using the
different scale factors. Simulations for the two mod-
els are carried out separately. Results indicate that
the scattering field is sensitively affected by the po-
larization of the incident wave and varies not much
with the incident wave but changes with the observa-
tion point. At some points the energy of scattering
wave arrives at its maximum. The method used here
features the briefness in calculation and perspicuity
in physical significance. The result obtained is con-
venient to computer simulation and has a broad ap-
plication in the fields such as complex scatterings of
chaff, plant leaves and target identification, etc.
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