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In the present paper, the random interfacial waves in N -layer density-stratified fluids moving at different steady

uniform speeds are researched by using an expansion technique, and the second-order asymptotic solutions of the random

displacements of the density interfaces and the associated velocity potentials in N -layer fluid are presented based on

the small amplitude wave theory. The obtained results indicate that the wave–wave second-order nonlinear interactions

of the wave components and the second-order nonlinear interactions between the waves and currents are described. As

expected, the solutions include those derived by Chen (2006) as a special case where the steady uniform currents of

the N -layer fluids are taken as zero, and the solutions also reduce to those obtained by Song (2005) for second-order

solutions for random interfacial waves with steady uniform currents if N = 2.

Keywords: N -layer density-stratified fluid, uniform currents, random interfacial waves, second-
order solutions
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1. Introduction

The random behaviour of the interfacial waves
have been well recognized in many field measurements
in deep and shallow water. Longuet–Higgins[1] estab-
lished the second-order random wave theory of surface
waves for deep water by using a perturbation method.
Later, Sharma and Dean[2] extended the analysis of
Longuet–Higgins[1] for deep water to water of finite
depth. Recently, by using an expansion method, anal-
ogous to that of Longuet–Higgins[1] and Sharma and
Dean[2] in the study of random surface waves, Song[3,4]

derived the second-order solutions for random inter-
nal waves in a two-layer fluid contained between two
rigid walls at the top and bottom without steady uni-
form currents and with steady uniform currents re-
spectively, and Chen and Song[5] extended the study
by Song[3] to the case of N -layer stratified fluid.

The wave equations describing interfacial internal
waves in N -layer stratified fluid are nonlinear wave
equations and finding their solutions are important

for nonlinear problems. At present, there are many
methods for solving nonlinear wave equations, such as
the perturbation method,[3−8] the homogeneous bal-
ance principle,[9−11] expansion method about the Ja-
cobi elliptic function,[12] various tanh method,[13] the
general projective Riccati method[14] and so on.

In this paper, our previous results[4,5] are ex-
tended to a more general case of N -layer fluid with
steady uniform currents, and the interactions between
the interfacial waves and currents are described. The
solutions obtained here would have potential applica-
tions in the study of internal waves.

2. Basic equations and boundary

conditions

We consider the random interfacial waves in N -
layer density-stratified fluids as steady uniform cur-
rents propagating in the interfaces, contained between
two rigid wall at the top and bottom as shown in
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Fig.1. The Cartesian coordinates (x, z) = (x, y, z)
are introduced with the origin at the upper boundary,
where x and y are the horizontal coordinates, and zi

(i = 1, 2, ..., N) is the coordinate of depth of the undis-
turbed ith layer, in which z0 = 0 is the upper bound-
ary and zN is the bottom. ρ(i) is the density of the
ith layer fluid, and hi = zi−1 − zi (i = 1, 2, ..., N) is
the thickness of the undisturbed ith layer fluid, and
η(i)(x, y, t) (i = 1, 2, ..., N − 1) is the vertical displace-
ment of the ith density interface.

Fig.1. Definition sketch.

Assuming that the fluids are homogeneous, in-
viscid, incompressible and irrotational, and move as

steady uniform currents parallel to the x − y plane.
The total potential ϕ(i) can be expressed as[4]

ϕ(i)(x, y, z, t) =Ui · x + Φ(i)(x, y, z, t),

i = 1, 2, ..., N, (1)

where t is time; Ui (i = 1, 2, ..., N) = (Uix, Uiy)
are the steady uniform horizontal current vectors;
x = (x, y); Φ(i) (i = 1, 2, ..., N) is the associated un-
steady wave potentials.

The velocity potential Φ(i) (i = 1, 2, ..., N) satis-
fies the Laplace equations:

∆Φ(i) = 0,

zi + η(i)(x, y, t) ≤ z ≤ zi−1 + η(i−1)(x, y, t),

i = 1, 2, ..., N, (2)

where ∆ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
, η(0) = 0 and η(N) = 0.

At the density interfaces, the kinematic boundary
conditions are

∂Φ(i)

∂z
=

∂η(i)

∂t
+∇hη(i) · ∇hΦ(i) + Ui · ∇hη(i),

z = zi + η(i)(x, y, t), i = 1, 2, ..., N − 1, (3)

∂Φ(i)

∂z
=

∂η(i−1)

∂t
+∇hη(i−1) · ∇hΦ(i) + Ui · ∇hη(i−1),

z = zi−1 + η(i−1)(x, y, t), i = 2, 3, ..., N, (4)

and the dynamic boundary conditions are

ρ(i)

[
gη(i) +

∂Φ(i)

∂t
+

1
2
∇Φ(i) · ∇Φ(i) + Ui · ∇hΦ(i)

]

=ρ(i+1)

[
gη(i) +

∂Φ(i+1)

∂t
+

1
2
∇Φ(i+1) · ∇Φ(i+1) + Ui+1 · ∇hΦ(i+1)

]
,

z =zi + η(i)(x, y, t), i = 1, 2, ..., N − 1, (5)

where g is the gravitational acceleration , ∇h =(
∂

∂x
,

∂

∂y

)
and ∇ =

(
∂

∂x
,

∂

∂y
,

∂

∂z

)
.

The top and bottom boundary conditions are

∂Φ(1)

∂z
= 0, z = z0 = 0, (6)

∂Φ(N)

∂z
= 0, z = zN . (7)

3. First-order random interfacial

wave solutions

As Longuet–Higgins[1] and Song,[3,4] we used the
perturbation method to solve the above basic equation
and boundary conditions. The velocity potential and
vertical displacements of the density interfaces can be
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expressed as

Φ(i) = εΦ(i)
I + ε2Φ(i)

II + O(ε3), i = 1, 2, ..., N, (8)

η(i) = εη
(i)
I + ε2η

(i)
II + O(ε3), i = 1, 2, .., N − 1, (9)

where ε is the perturbation parameter , O is the order
symbol, and the subscripts I and II denote quanti-
ties corresponding to the first-order and second-order
perturbation solutions, respectively. Also the velocity
potential Φ(i)(i = 1, 2, . . . , N) at the density interfaces
z = zi−1 + η(i−1) and z = zi + η(i)(i = 1, 2, . . . , N − 1)
can be expanded in Taylor series about z = zi−1 and
z = zi as

Φ(i)
∣∣
z=zi−1+η(i−1) =Φ(i)

∣∣
z=zi−1 + η(i−1) ∂Φ(i)

∂z

∣∣
z=zi−1

+ O((η(i−1))2),

(i = 2, 3, · · · , N), (10)

Φ(i)
∣∣
z=zi+η(i) =Φ(i) |z=zi + η(i) ∂Φ(i)

∂z
|z=zi

+ O((η(i))2),

(i = 1, 2, . . . , N − 1). (11)

So we can replace the density interface boundary con-
ditions in Eqs.(3)–(5) by the conditions to be satisfied
for z = zi (i = 1, 2, . . . , N −1) instead of z = zi +η(i).
Substituting (8)–(9) into (2)–(7) and (10)–(11) into
(3)–(7), we derive the governing equations for the first
and second powers as follows.

The first-order equations and the boundary con-
ditions are

∆Φ(i)
I = 0,

zi + η(i)(x, y, t) ≤ z ≤ zi−1 + η(i−1)(x, y, t),

i = 1, 2, ..., N, (12)

∂Φ(1)
I

∂z
= 0, z = z0 = 0, (13)

∂Φ(i)
I

∂z
=

∂η
(i)
I

∂t
+ Ui · ∇hη

(i)
I ,

z = zi, i = 1, 2, ..., N − 1, (14)

∂Φ(i)
I

∂z
=

∂η
(i−1)
I

∂t
+ Ui · ∇hη

(i−1)
I ,

z = zi−1, i = 2, 3, ..., N, (15)

∂Φ(N)
I

∂z
= 0, z = zN , (16)

ρ(i)

[
gη

(i)
I +

∂Φ(i)
I

∂t
+ Ui · ∇hΦ

(i)
I

]

=ρ(i+1)

[
gη

(i)
I +

∂Φ(i+1)
I

∂t
+ Ui+1 · ∇hΦ

(i+1)
I

]
,

z =zi, i = 1, 2, ..., N − 1. (17)

The second-order equations and the boundary
conditions are

∆Φ(i)
II = 0,

zi + η(i)(x, y, t) ≤ z ≤ zi−1 + η(i−1)(x, y, t),

i = 1, 2, ..., N, (18)

∂Φ(1)
II

∂z
= 0, z = z0 = 0, (19)

∂Φ(i)
II

∂z
+

∂2Φ(i)
I

∂z2
η
(i)
I =

∂η
(i)
II

∂t
+

∂η
(i)
I

∂x
· ∂Φ(i)

I

∂x
+

∂η
(i)
I

∂y
· ∂Φ(i)

I

∂y
+ Ui · ∇hη

(i)
II ,

z = zi, i = 1, 2, ..., N − 1, (20)

∂Φ(i)
II

∂z
+

∂2Φ(i)
I

∂z2
η
(i−1)
I =

∂η
(i−1)
II

∂t
+

∂η
(i−1)
I

∂x
· ∂Φ(i)

I

∂x
+

∂η
(i−1)
I

∂y
· ∂Φ(i)

I

∂y
+ Ui · ∇hη

(i−1)
II ,

z = zi−1, i = 2, 3, ..., N, (21)

∂Φ(N)
II

∂z
= 0 , z = zN , (22)
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ρ(i)

{
gη

(i)
II +

∂Φ(i)
II

∂t
+

∂2Φ(i)
I

∂t∂z
η
(i)
I +

1
2
∇Φ(i)

I · ∇Φ(i)
I + Ui · ∇hΦ

(i)
II +

[
Ui · ∇h

∂Φ(i)
I

∂z

]
η
(i)
I

}

=ρ(i+1)

{
gη

(i)
II +

∂Φ(i+1)
II

∂t
+

∂2Φ(i+1)
I

∂t∂z
η
(i)
I +

1
2
∇Φ(i+1)

I · ∇Φ(i+1)
I

+Ui+1 · ∇hΦ
(i+1)
II +

[
Ui+1 · ∇h

∂Φ(i+1)
I

∂z

]
η
(i)
I

}
, z = zi, i = 1, 2, ..., N − 1. (23)

Now, we assume that the first-order random in-
terfacial wave solutions of equations (12)–(17) are

η
(i)
I =

∞∑

j=1

b
(i)
j cos ψj , i = 1, 2, ..., N − 1, (24)

Φ(i)
I =

∞∑

j=1

A(i)
j (z) sin ψj , i = 1, 2, ..., N, (25)

where b
(i)
j denotes the amplitude of the jth wave

component of the ith layer density interface; ψj =

kj · x− ωjt + εj , in which x = (x, y), ωj is the angu-
lar frequency, kj = (kjx, kjy) is the horizontal wave-
number vector with the magnitude kj , and εj denotes
the random phase. If εj is taken as an independent
random variable and assumed to be uniformly dis-
tributed over the interval (0, 2π), then we can infer
that η

(i)
j obeys the Gaussian distribution. Substitut-

ing (24)–(25) into the first-order equations and the
corresponding boundary conditions, we have

Φ(1)
I = −

∞∑

j=1

b
(1)
j q1j

kj sinh(kjh1)
cosh(kjz) sinΨj , (26)

Φ(i)
I =

∞∑

j=1

qij

kj

b
(i−1)
j cosh(kj(z − zi))− b

(i)
j cosh(kj(z − zi−1))

sinh(kjhi)
sinΨj , i = 2, 3, ..., N − 1, (27)

Φ(N)
I =

∞∑

j=1

b
(N−1)
j qN j

kj sinh(kjhN )
cosh(kj(z − zN )) sinΨj , (28)

where qij = ωj −Ui · kj .
Substituting (24) and (26)–(28) into (17) and ma-

nipulating these equations, we obtain

a
(1)
j b

(1)
j + c

(1)
j b

(2)
j = 0, j = 1, 2, . . . , (29)

c
(i−1)
j b

(i−1)
j + a

(i)
j b

(i)
j + c

(i)
j b

(i+1)
j = 0,

i = 2, 3, . . . , N − 2; j = 1, 2, . . . , (30)

c
(N−2)
j b

(N−2)
j + a

(N−1)
j b

(N−1)
j = 0, j = 1, 2, . . . ,

(31)

where

a
(i)
j =g

(
ρ(i) − ρ(i+1)

)
+

1
kj

(ρ(i)q2
ij coth(kjhi)

+ ρ(i+1)q2
(i+1),j coth kjhi+1),

i = 1, 2, . . . , N − 1; j = 1, 2, . . . , (32)

c
(i)
j =−

ρ(i+1)q2
(i+1),j

kj sinh(kjhi+1)
,

i = 1, 2, . . . , N − 2; j = 1, 2, . . . . (33)

4. Second-order random interfacial wave solutions

Similar to the procedure used for the first-order approximation, the solution of second-order equation can
be obtained as follows:
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Φ(1)
II =

∞∑

j=1

∞∑

l=1

[A−1jl cosh(|kj − kl|z) sin(ψj − ψl) + A+
1jl cosh(|kj + kl|z) sin(ψj + ψl)], (34)

Φ(i)
II =

∞∑

j=1

∞∑

l=1

{[A−1ijl cosh(|kj − kl|(z − zi))−A−2ijl cosh(|kj − kl|(z − zi−1))] sin(ψj − ψl)

+ [A+
1ijl cosh(|kj + kl|(z − zi))−A+

2ijl cosh(|kj + kl|(z − zi−1))] sin(ψj + ψl)},
i = 2, 3, ..., N − 1, (35)

Φ(N)
II =

∞∑

j=1

∞∑

l=1

[A−Njl cosh(|kj − kl|(z − zN )) sin(ψj − ψl)

+ A+
Njl cosh(|kj + kl|(z − zN )) sin(ψj + ψl)], (36)

η
(i)
II =

∞∑

j=1

∞∑

l=1

[d−ijl cos(ψj − ψl) + d+
ijl cos(ψj − ψl)], i = 1, 2, ..., N − 1, (37)

d−ijl =0, j, l = 1, 2, ... and j = l, i = 1, 2, ..., N − 1, (38)





m−
1jld

−
1jl + n−1jld

−
2jl = p−1jl ,

n−(i−1)jld
−
(i−1)jl + m−

ijld
−
ijl + n−ijld

−
(i+1)jl = p−ijl , i = 2, 3, ..., N − 2 ,

n−(N−2)jld
−
(N−2)jl + m−

(N−1)jld
−
(N−1)jl = p−(N−1)jl ,

j , l = 1, 2, ... and j 6= l, (39)




m+
1jld

+
1jl + n+

1jld
+
2jl = p+

1jl ,

n+
(i−1)jld

+
(i−1)jl + m+

ijld
+
ijl + n+

ijld
+
(i+1)jl = p+

ijl , i = 2, 3, ..., N − 2 ,

n+
(N−2)jld

+
(N−2)jl + m+

(N−1)jld
+
(N−1)jl = p+

(N−1)jl ,

j , l = 1, 2, ..., (40)

where the coefficients A±1jl, A±1ijl, A±2ijl, A±Njl, m±
ijl,

n±ijl and p±ijl are given at the end of the paper in the
Appendix.

5. Discussion

Two special cases of the solutions presented here
can be noted as follows:

(1) When assumption N=2 is satisfied, the first-
order and second-order random interfacial wave solu-
tions are exactly the same as the expressions derived
by Song.[4]

(2) Taking Ui = 0 (i = 1, 2, . . . , N), the present
results are exactly reduced to those derived by Chen[5]

for second-order random interfacial wave solutions in
N -layer density-stratified fluid, as expected.

6. Conclusions

The second-order solutions for random interfa-
cial wave in N -layer density-stratified fluid flowing as
steady uniform currents contained between two rigid

walls at the top and the bottom are derived by an
expansion approach, used by Longuet–Higgins[1] and
Sharma and Dean[2] in the study of random surface
waves. From the results, it is noted that the first-
order random wave solutions are the superposition
of many linear waves with different amplitudes, wave
numbers and frequencies, and these solutions repre-
sent not only the linear interactions between the waves
and currents, but also the linear modulations on the
amplitudes among the first-order wave components
with same wave numbers and frequencies between the
adjacent density interfaces. It is also noticed that the
second-order solutions describe not only the second-
order wave-wave interactions among both the wave
components on the same density interface and the
wave components between the adjacent density inter-
faces, but also the second-order wave-current interac-
tions between the waves and the steady uniform cur-
rents. In addition, the results of the present work in-
clude those derived by Song,[4] and Chen and Song[5]

as special cases.
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Appendix

A−1jl =




− C−1jl

k−jl sinh(k−jlh1)
, for j 6= l,

0 for j = l,

A+
1jl =

C+
1jl

k+
jl sinh(k+

jlh1)
,

A−kijl =





C−kijl

k−jl sinh(k−jlhi)
, for j 6= l,

0, for j = l,

i = 2, 3, ..., N − 1; k = 1, 2,

A+
kijl = − C+

kijl

k+
jl sinh(k+

jlhi)
, i = 2, 3, ..., N − 1; k = 1, 2,

A−Njl =





C−Njl

k−jl sinh(k−jlhN )
, for j 6= l,

0, for j = l,

A+
Njl =

C+
Njl

k+
jl sinh(k+

jlhN )
,

m±
ijl = g

(
ρ(i) − ρ(i+1)

)
+


ρ(i) (qij ± qil)

2

tanh
(
k±jlhi

) +
ρ(i+1)

(
q(i+1)j ± q(i+1)l

)2

tanh
(
k±jlhi+1

)

 1

k±jl

, i = 1, 2, ..., N − 1,

n±ijl = −ρ(i+1)
(
q(i+1)j ± q(i+1)l

)2

k±jl sinh
(
k±jlhi+1

) , i = 1, 2, ..., N − 2 ,

p±1jl =− 1
4
ρ(1)b

(1)
j b

(1)
l

{
ε1jl + kj · kl

q1jq1l

S1jS1l
∓ q1jq1l − 2q2

1l + 2q1jU1 · kj

}

+
1
4
ρ(2)

{
b
(1)
j b

(1)
l ε2jl + b

(2)
j b

(2)
l ε̃2jl − 2b

(1)
j b

(2)
l σ2jl +

[
λ2jl ∓ b

(1)
j b

(1)
l q2jq2l − 2b

(1)
j b

(1)
l q2

2l

+ 2b
(1)
j b

(1)
l q2jU2 · kj

]}
,

p±ijl =− 1
4
ρ(i)

{
b
(i−1)
j b

(i−1)
l ε̃ijl + b

(i)
j b

(i)
l εijl − 2b

(i−1)
j b

(i)
l σijl +

[
λijl ∓ b

(i)
j b

(i)
l qijqil − 2b

(i)
j b

(i)
l q2

il

+ 2b
(i)
j b

(i)
l qijUi · kj

]}
+

1
4
ρ(i+1)

{
b
(i)
j b

(i)
l ε(i+1)jl + b

(i+1)
j b

(i+1)
l ε̃(i+1)jl − 2b

(i)
j b

(i+1)
l σ(i+1)jl

+
[
λ(i+1)jl∓b

(i)
j b

(i)
l q(i+1)jq(i+1)l − 2b

(i)
j b

(i)
l q2

(i+1)l + 2b
(i)
j b

(i)
l q(i+1)jUi+1 · kj

]}
,

i = 2, 3, . . . , N − 2,

p±(N−1)jl =− 1
4
ρ(N−1)

{
b
(N−2)
j b

(N−2)
l ε̃(N−1)jl + b

(N−1)
j b

(N−1)
l ε(N−1)jl − 2b

(N−2)
j b

(N−1)
l σ(N−1)jl

+
[
λ(N−1)jl ∓ b

(N−1)
j b

(N−1)
l q(N−1)jq(N−1)l − 2b

(N−1)
j b

(N−1)
l q2

(N−1)l

+2b
(N−1)
j b

(N−1)
l q(N−1)jUN−1 · kj

]}
+

1
4
ρ(N)b

(N−1)
j b

(N−1)
l

×
{

εNjl + kj · kl
qNjqNl

SNjSNl
∓ qNjqNl − 2q2

Nl + 2qNjUN · kj

}
,
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where

C±1jl =(q1j ± q1l) d±1jl +
1
4
b
(1)
j b

(1)
l

[
q1j

(
k2

j ± kj · kl

)/
S1j + q1l

(
kj · kl ± k2

l

)/
S1l

]
,

C±1ijl =(qij ± qil) d±(i−1)jl −
1
4
b
(i−1)
j b

(i−1)
l

[
qij

(
k2

j ± kj · kl

)/
Sij + qil

(
kj · kl ± k2

l

)/
Sil

]

+
1
2
b
(i−1)
j b

(i)
l qil

(
kj · kl ± k2

l

)/
Ril,

C±2ijl =(qij ± qil) d±ijl +
1
4
b
(i)
j b

(i)
l

[
qij

(
k2

j ± kj · kl

)/
Sij + qil

(
kj · kl ± k2

l

)/
Sil

]

− 1
2
b
(i−1)
j b

(i)
l qij

(
k2

j ± kj · kl

)/
Rij ,

C±Njl =qNjd
±
(N−1)jl −

1
4
b
(N−1)
j b

(N−1)
l

[
qNj

(
k2

j ± kj · kl

)/
SNj + qNl

(
kj · kl ± k2

l

)/
SNl

]
,

εijl =
(qij ± qil)

[
qij

(
k2

j ± kj · kl

)
/Sij + qil

(
kj · kl ± k2

l

)
/Sil

]

k±jl tanh(k±jlhi)
, i = 1, 2, . . . , N,

ε̃ijl =
(qij ± qil)

[
qij

(
k2

j ± kj · kl

)
/Sij + qil

(
kj · kl ± k2

l

)
/Sil

]

k±jl sinh(k±jlhi)
, i = 2, 3, . . . , N − 1,

σijl =(qij ± qil)

[
qil

(
kj · kl ± k2

l

)
/Ril

k±jl tanh(k±jlhi)
+

qij

(
k2

j ± kj · kl

)
/Rij

k±jl sinh(k±jlhi)

]
, i = 2, 3, . . . , N − 1,

λijl =kj · klqijqil

(
b
(i−1)
j /Sij − b

(i)
j /Rij

)(
b
(i−1)
l /Sil − b

(i)
l /Ril

)
, i = 2, 3, . . . , N − 1,

k±jl = |kj ± kl| , kj = |kj | , kl = |kl| ,
qij =ωj −Ui · kj , Sij = kj tanh(kjhi) , Rij = kj sinh(kjhi) .
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