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On the assumption that random interruptions in the observation process are modelled by a sequence of independent

Bernoulli random variables, this paper generalize the extended Kalman filtering (EKF), the unscented Kalman filtering

(UKF) and the Gaussian particle filtering (GPF) to the case in which there is a positive probability that the observation

in each time consists of noise alone and does not contain the chaotic signal (These generalized novel algorithms are

referred to as GEKF, GUKF and GGPF correspondingly in this paper). Using weights and network output of neural

networks to constitute state equation and observation equation for chaotic time-series prediction to obtain the linear

system state transition equation with continuous update scheme in an online fashion, and the prediction results of

chaotic time series represented by the predicted observation value, these proposed novel algorithms are applied to the

prediction of Mackey—Glass time-series with additive and multiplicative noises. Simulation results prove that the GGPF

provides a relatively better prediction performance in comparison with GEKF and GUKF.

Keywords: additive and multiplicative noises, different generalized nonlinear filtering, chaotic time-

series prediction, neural network approximation
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1. Introduction

Prediction has played a fundamental role in most
spheres of scientific activity. In practice, due to
noise or measurement error there are limits to the
predictability of chaotic systems, and, in particular,
it is by now well understood that long-term predic-
tion of their behaviour is simply not possible due
to the exponential divergence of trajectories seen in
such systems.[!! Nevertheless, accurate short predic-
tion turns out to be perfectly feasible, therefore, anal-
ysis and prediction of chaotic time series become a
more and more reliable tool for the study of compli-

cated dynamics from measurements, 2

as a result, the
last ten years have seen the development of a variety of
new forecasting algorithms based upon the theory of
dynamical systems, such as radical basis function neu-
ral network (NN),®4 multilayer perceptron,® ¢ recur-
rent (NN)[7l and support vector machine,® =13 which
possess the abilities to approximate nonlinear systems.

However, the specified solution based on the training

of these networks is satisfactory to the given signal
but unsatisfactory to the new input signal, and these
networks can only approximate the given trajectory
based on the training of the sampling points.

In addition, different filtering methods with con-
tinuous update scheme have been employed in the pre-
Ma and Ten!' and
van der Merwel'! use the extended Kalman filter-
ing (EKF) and unscented Kalman filtering (UKF) for
chaotic time series prediction, Zhang et all*®17 pro-

diction of chaotic time series.

poses the particle filtering (PF) algorithm to deal with
the non-Gaussian noise in chaotic states estimation,
but these algorithms!™*~18 only consider the uncer-
tain observations perturbed by an additive noise. In
fact, there are many practical situations in which the
chaotic signal appears in the observation in a random
manner so that there are intermittent failures in the
observation mechanism at certain times. In these sit-
uations, at each time, there is a positive probability
called false alarm probability that only noise is ob-
served and, hence, that the observation does not con-

*Project supported by the National Natural Science Foundation of China (Grant No 60774067) and the Natural Science Foundation

of Fujian Province of China (Grant No 2006J0017).
TE-mail: woolcn@163.com

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



3242

‘Wu Xue-Dong et al

Vol. 17

tain the chaotic signal. To describe these uncertain
observations, the observation equation, with the usual
additive measurement noise, is reformulated by mul-
tiplying, at any sample time, the signal function by a
binary random variable taking the values one and zero
(Bernoulli random variable); the value one indicates
that the chaotic signal is present in the observation
whereas the value zero reflects the fact that the obser-
vation is only noise. Thus, the observation equation
involves both an additive and a multiplicative noise
which models the uncertainty about the chaotic sig-
nal being present in each observation, this is called the
uncertainty of observation in this paper.

The prediction problem in nonlinear chaotic sys-
tems with such uncertain observations has not re-
Therefore, the
alm in the present paper is to obtain the generalized
EKF (GEKF), generalized UKF (GUKF) and gener-
alized Gaussian PF (GGPF) algorithms for a non-
linear chaotic system with uncertain observations in

ceived much attention up to now.

which the Bernoulli random variables describing the
uncertainty are independent in combination with the
EKF,[19 UKF[20-21] and GPF[?? at first. Then we use
weights and network output of NN as state equation
and observation equation for chaotic time-series pre-
diction to obtain the linear state transition equation,
the result of chaotic time series prediction is repre-
sented by the predicted observation value, which is
different from Ma and Ten and van der Merwel'®!
who use linear regression equation to approximate the
state transition equation, a series novel chaotic time-
series prediction algorithms with online fashion is pro-
posed based on the GEKF, GUKF and GGPF.

The remainder of this paper is organized as fol-
lows, Section 2 describes the nonlinear system state
space model; GEKF, GUKF and GGPF formulations
used in our study are derived in Section 3; Section 4 in-
troduces our experimental methodology and presents
the experimental results, and Section 5 concludes the

paper.

2. Dynamical system model of

chaotic time-series prediction

In order to solve the prediction of chaotic time-
series, firstly clean Mackey—Glass time-series is mod-
elled as a nonlinear system. Considering an NN with
one hidden layer, let the vector u; denote the input
vector, the vector x; denote the output of the hidden

layer, and the vector y; denote the output vector of
the network. The dynamic behaviour of the NN may
be described by a state-space model as follows:

T = f(ur;w(f)), (1)

Yrt1 = h(zr;w(h)), (2)

where f(-) and h(-) denote nonlinear functions charac-

terized by activation functions of the hidden layer, re-

spectively. These nonlinear functions are implemented
with parameter vectors w(f) and w(h).

The dynamics of the NN given in equations (1)

and (2) can be recast by stochastic state-space equa-

tions, which are suitable for Kalman filtering formu-
lation

Wit1 = wi + w(k), (3)
Y i1 = Teh(wi, ug) + v(k), (4)

where the parameter vector of the network, wy, at
time k is reformulated from two parameter vectors

wr — wi(f) . (5)
wy(h)

Equation (3) is known as the process equation, which
specifies the state of the network when it is charac-
terized as a stationary process corrupted by process
noise w(k). The state of the system is given by the
weight parameters of the network, wy. Equation (4) is
the observation equation, which represents the desired
output of the state-space model as a nonlinear func-
tion of the weight vector wy and the input vector to
the network wg, this equation is corrupted by additive
noise v(k) and multiplicative noise -y, which describes
the uncertainty in the observations. The multiplica-
tive noise -y, is a sequence of independent Bernoulli
random variables with P[y; = 1] = py, and the prob-
ability value 1 — py, represents the probability that the
observation at time k does not contain the signal.

The process noise w(k) is typically characterized
as zero-mean, white noise with covariance given by
Elw(k)w(k)] = Qy, where Q. is a diagonal matrix.
Similarly, the measurement noise v(k) is also char-
acterized as zero-mean, white noise with covariance
given by E[v(k)v(k)T] = Ry, where Ry, is a diagonal
matrix.

The learning problem of the state-space NN
model can be thought of as the estimation of the
parameters wy, and the prediction results of chaotic
time series is presented by the predicted measurement
Learning procedures employing the GEKF,
GUKF and GGPF are given in the following section.

value.
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3. The generalized nonlinear fil-

tering methods

We present a brief description of the GEKF,
GUKF and GGPF which are based on the statistical
approximations of vector and Refs.[19-22].

3.1. Approximations of the statistics of
the vector y = yh(x) + v

Due to the values of the variable «y, the density
function of y = yh(x) + v has the following mixture
form:

9(y) =pg(yly=1)+ 1 —p)glyly=0), (6)

where g(y|y = 1) is the density of the vector h(x) + v
and g(y|y = 0) is that of v; hence, from the hypothe-
ses on the variables involved, we have

Cov(z,y) =pCov(x, h(x)). (7)

Therefore, one way to obtain approximations of the
above statistics is to approximate E[h(x)], Cov(h(x))
and Cov(x,h(x)) and to substitute the approxima-
tions in Eq.(7).

3.2. Different generalized nonlinear fil-
tering methods

3.2.1. The generalized extended Kalman filter-
ing

The EKF is a minimum mean-square-error esti-
mator based on the Taylor series expansion of nonlin-
ear function.[!?] Using only the linear expansion terms
and the approximations of the statistics of the vector
in section 3.1, it is easy to derive the following update
equations for the mean and covariance of the Gaus-
sian approximation to the posterior distribution of the
states

(1) Initialize with, &g = E[xo], Py = E[(xo — Zo)
x(xog — o).

(2) For k=1,2,....M

(a) Time update

Tplk—1 = f(fik71|kf1),
lﬁz}—l = kalplic—m1|k—1 F' |+ Q1. (8)

(b) Measurement update equations

Pﬁi’_l zpkaP,ﬁf_lHE + pr(1 — pr)
X h(Zgp—1)h" (Zppr—1) + R,

- T T —
Ky =Pﬁ’é-1[1’;§1%_1] ! :kakUc—lHk [PIZZ—J L

Ty ::Ek|k—1 + Kk(yk - pkh(ikﬂc—l ))7
PEE =PE2_| — po K H PES, (9)

where @ is the process noise covariance, Ry is the
measurement noise covariance, and K, is the Kalman
gain. Fj and Hj are the Jacobians of the observed
model.

3.2.2. The generalized unscented Kalman filter-
ing

Another way to obtain approximations of the
statistics of y = ~vh(x) + v is to use a scaled un-
scented transformation, the GUKF algorithm that up-
dates the mean and covariance of the Gaussian ap-
proximation to the posterior distribution of the states
is given as follows based on Refs.[20, 21] and section
3.1.

(1) Initialize Wlth, o = E[a’ﬁo], PO = E[(wo — Ii?o)
x(xo — &) "]
(2) For k=1,2,....M

(a) Calculate the sigma points and the weights

X0,k—1 = &,
Xik—1=T+ (v (nz + N Py); i=1,...,n4,
Xi,k—1 :3_3—( (nm—i—)\)Pk)l t=n,+1,...,2n,,

W™ = A (n, + A),
Wi = M (ng +A) + (1 - a? + ),
W™ =w ) = 1/{2(n, + \)} i=1,...,2n,, (10)

where n, is the dimension of the state vector, « de-
termines the spread of the sigma points around Z and
is usually set to a small positive value. k is a sec-
ondary scaling parameter which is usually set to 0,
and ( is used to incorporate prior knowledge of the
distribution of = (for Gaussian distributions, 8 = 2 is

optimal). (1/(n; + X)Py); is the ith row of the matrix
square root. \ is defined by A = a?(ny + k) — ng.



3244 Wu Xue-Dong et al

Vol. 17

(b) Time update

Xiklk—1 =f (Xik-1),
2N,

e W™ X k-1,
i=0

2n4

Pyjr—1 ZZ Wi(c) IXT k=1 — Thlk—1]
i=0

X [X?ft\t71 - i’k|k—1]T + Qs
Yi,k|k—1 :h(X;B,kUcfl)a

2N,

Zy|k—1 :ZWi(m)7i,k|k—1~ (11)

=0
(c) Measurement update

2N,

Pii = ZWi(C) (RO kjk—1) — Zjk—1]
=0

X [P(XT gp—1) — Zk\kq]T,
Plg\Z—l =kazf|Zfl +pi(1 _pk)2k|k—12;€r‘k,l + Ry,

21,
Piiy _ZWi(C) [Xi k-1 — Tkjk—1]
=0
_ T
X [R(Xik|k—1) — Zkjk—1] " »
Ky, _PZ]% 1[Pl;y|k = kazﬁZq[P,i’\Z_l]‘l,

Tk =Tpip—1 + Ki(Yr — PuZrjp—1),
Py =PEe_ — pe Kk (P77, (12)

where Q, Ry and K are the same as GEKF.

3.2.3. The generalized Gaussian particle filter-
ing

From Corollary 1 of Ref.[22], we may deduce that
the GPF provides better approximations to the inte-
grations involved in the update processes than EKF
and UKF in the presence of severe nonlinearities. The
complete GGPF algorithm that updates the mean and
covariance of the Gaussian approximation to the pos-
terior distribution of the states is given as follows
(more details can be found in Ref.[22]):

(1) Initialize with &g = E[xo], Py =
(zo — ®0)"]

(2) GGPF measurement update algorithm

El(xo — o)

(a) Draw samples from the important function

q(xk|y1.x) and denote them as {w](; (where N

Jj=1
is the number of sample particles).

(b) Obtain the respective weights by

G) (yk‘mmk)N(a’S)?ik\k—lvPﬁﬁ_J
wy,’ = @ . (13)
(3 e |Yrir)

The choice of the importance sampling function
q(zk|y1.x) depends on the problem (see Refs.[23,
24] for details).

A simple choice for q(xi|yi.x) is
p(k|yor—1) = N(:c,(;); k-1, Pﬁf_l) since sam-

ples from this density can be easily obtained. In this
case, we can obtain

(4)

wi! =p(yxlag)),) = (2m) /% Ry [0

1 ; _
X eXP[ - §(yk — peh(@yp—1) )T Ry
X (Y —pkh(ivkkﬂ(i))]- (14)

(c) Normalize the weights as

o = uf /Zw - (15)

(d) Estimate the mean and covariance by

Trlk = E :wk xk|k’

\k——§: 5y (2, — @) (2, — @) (16)

(3) GGPF time update algorithm
(a) Retain weighted samples of p(xk|yo.x) ob-
tained in the measurement update and denote them
as {:ck ,wk)}
(b) For j = 1,..., N, sample from p(xyi1|xr =
z!l )) to obtain {az,;)rl N,

(¢) Compute the mean and covariance as
Tpy1k —E :wk wk+1|k’

|k —Z N(z kl-l—l\k ﬁ:k+1|,€)(wgl‘k - “A’kJrlIk)T'
(17)

4. Experiments

In all the experiments carried out in this pa-
per, we have made use of the Mackey—Glass delay-
differential equation.[2%]

azx(t — )

de(t) s
) " Treaon 20 (18)

This equation was derived as a model of blood pro-
duction and the Mackey—Glass chaotic signal can be
obtained from its integration. x(t) represents the con-
centration of blood at time ¢, that is, when the blood
is produced and z(t — 7) is the concentration of blood
when there is a demand for more blood. In patients
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0.8

with different pathologies, such as leukemia, the time
t may become very large, and the concentration of
blood will oscillate, becoming chaotic when 7 > 17.
We are thus going to choose values for 7 in this range
so as to test our strategy in the hardest conditions.
In order to be as standard as possible in the series we
employ, the parameter are chosen as a = 0.2, b = 0.1,
r =10, 7 = 17 and x(0) = 0.1 individually in chaotic
time-series equation (18). As for the noise of clean

Prediction absolute errors

chaotic time-series, an additive white Gaussian noise

is added to the clean chaotic time-series with 3dB sig- 500 600 700 300 900 1000
nal noise ratio, and the probability value that the Fig.2. Mackey—Glass time-series prediction absolute er-
observation in each time consists of noise alone and rors with probability p=0.8, N=200 for GPF (50 runs av-

does not contain the chaotic signal is a sequence of erage).

independent Bernoulli random variables with known

probability which varies from 0.1 to 0.9.

A 6-6-1 NN, which constitutes six inputs, six hid-
den neurons and one output neuron, is trained with
GEKF, GUKF and GGPF algorithms in an online
fashion. To enable a fair result of the chaotic time-
series prediction proposed in this paper, the prediction
is averaged across a Monte Carlo simulation consist-

ing of 50 runs. Each run is carried out with a dif-

+—+—+———+ GUKF
o000 GGPF

Prediction square errors (logl0)

ferent noise sample, and the simulation is run for a

time of 1000 steps. After the training phase for 500 19 L L ‘
500 600 700 800 900 1000

time steps, the chaotic time-series prediction results
and the prediction absolute error for the remaining Fig.3. Mackey—Glass time-series prediction square errors
500 time steps with N=200 and p=0.8 are shown in with probability p=0.8, N=200 for GPF (50 runs average).

Fig.1 (where “Idea” is the clean Mackey—Glass chaotic

time-series) and Fig.2. Figure 3 plots the mean square
error (MSE) for 50 random realizations with particles
N=200 and p=0.8. A comparison of prediction aver-
age MSEs with different uncertain probability which
varies from p=0.1 to p=0.9 are also shown in Fig.4.

Idea  +—+—+—+—+—+ GUKF
o—o—o—o-o0oGEKF ¢ GGPF

+—+—+—+—+—+ GUKF
¢————— GGPF

4 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0.1 0.3 0.5 0.7 0.9
Probability p

Prediction average mean square errors (logl0)

Fig.4. The average mean square errors of Mackey—Glass

Prediction results

time-series prediction with different uncertain probability
p, N=200 for GPF (50 runs average).

500 600 700 800 900 1000 5. Conclusions

The prediction problem in nonlinear chaotic sys-

. ) ) - , tems with uncertain observations perturbed by addi-
Fig.1. Mackey—Glass time-series prediction results with

probability p=0.8, N=200 for GPF (50 runs average). tive and multiplicative noises at the same time has
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not received much attention up to now, this paper ob-
tains the GEKF, GUKF and GGPF algorithms for a
nonlinear chaotic system with such uncertain obser-
vations. Using weights and network output of NN to
constitute state equation and observation equation for
chaotic time-series prediction to obtain the linear state
transition equation, we apply these proposed novel

algorithms to the prediction of Mackey—Glass time-
series and present a relatively all-sided comparison.
Simulation results of GEKF, GUKF and GGPF based
on Mackey—Glass time-series prediction with synthetic
data prove that GGPF is a better choice in compari-
son with GEKF and GUKF.
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