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A study on entanglement dynamics
for a four-qubit model∗
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In this paper, we consider the entanglement dynamics of a four-qubit model [2006 Phys. Rev. A 74 042328] where

two entangled qubits a and b locally interact with separate qubits A and B via the spin-exchange-like Hamiltonian. We

study the effect of purity of initial entangled state of qubits a, b on the entanglement evolution and its relation with

energy transfer. Also, we find that the total bipartite entanglement of qubits a, b plus A, B is not a constant any longer

when the initial entangled state of a, b is not pure, which is a complement to the result in the paper [2007 J. Phys. B

40 S45] for the pure case.
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Entanglement is at the heart of quantum me-
chanics and attracts more and more attentions due
to the powerful applications in quantum information
process[1] and quantum computing.[2] It is therefore
of increasing importance to understand entanglement
from its role and manifestation in realistic systems[3−5]

besides that from the mathematical point of view to
formalize the theory of entanglement. Recently, Yu
and Eberly[6] discovered that the entanglement of a
pair of qubits exposed to local noisy environments can
vanish completely in a finite time, in striking contrast
with decoherence of an individual qubit that decays
only asymptotically. Such a surprising phenomenon
was termed entanglement sudden death (ESD). Be-
cause of its intrinsic and practical interests, ESD has
attracted much attentions from both theoretical[7−14]

and experimental[15] point of view. In Ref.[8], the au-
thors dealt with a double Jaynes–Cummings model in
which two initially entangled two-level atoms are in-
dependently coupled with separate cavity fields. Fo-
cusing on the atomic subsystem they found out that,
depending on the type of atomic initial state, the en-
tanglement may or may not exhibit ESD. The authors
of Ref.[8] also formulated distinct forms of entangle-
ment invariant for different initial states. The situa-
tion in which different qubits are coupled to the same
environment was also investigated in Refs.[10, 11].

Although the extensive investigations in under-

standing the disentanglement, it is still unclear what
reason causes this phenomenon and what is the
physics behind.[11] In some cases, the entanglement
evolution is companied with the energy transfer be-
tween the system considered and its environment.
Hence, the connection between entanglement and en-
ergy has been also studied.[11,12] In Ref.[11], the au-
thors considered the entanglement dynamics and en-
ergy transfer for both open and closed systems. In an
open system where two qubits coupled with the same
environment, i.e. for the Tavis–Cumming model, they
showed that the dynamics of entanglement and its re-
vival stem from the energy transfer between the sys-
tem and environment.[11] For another closed quantum
systems, in which the evolution of the system is in-
sulated to its surroundings, they also proved the exis-
tence of ESD and the direct relation between entangle-
ment evolution and energy transfer.[11] In Ref.[12], the
authors studied a four qubit model where a qubit a (b)
of the entangled qubit-pair ab interacts with qubit A

(B) of the separate qubit-pair AB via spin-exchange-
like Hamiltonian and there are no any interactions be-
tween the subsystems Aa and Bb. They showed that
the entanglement and energy of subsystem AB are
strictly related. However, their study[12] took pure
Bell-like state as initial state of entangled qubit-pair ab

and only considered the entanglement evolution (en-
ergy transfer) of the initially separate subsystem AB.
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In this paper, we shall consider the same model as
that in Ref.[12] but pay additional attention on the
effects of the purity r of the initial entangled state of
ab. Also, we will show that the total entanglement
amount of qubit-pairs AB and ab under evolution is
related to r. That is, it is a preserved constant when
the initial entangled state of ab is pure, i.e., r = 1,
whereas it is variable when the initial state of ab is
mixedly entangled.

To quantify the entanglement of a two-qubit sys-
tem we adopt Wootters’ concurrence.[16] The concur-
rence C(ρab) for the density matrix ρab of a two-qubit
system ab is defined as

C(ρab) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (1)

where λi are the eigenvalues of the matrix ζ = ρ(σa
y ⊗

σb
y)ρ∗(σa

y ⊗ σb
y) arranged in decreasing order. Here

σ
a(b)
y is the y-Pauli matrix acting on qubit a (b) and

ρ∗ is the complex conjugation of ρ in the standard
(computational) basis. For the separate state C = 0
whereas C = 1 for maximally entangled state.

The model we are interested in can be described
as follows. Suppose a system of four qubits a, b, A,
and B interacting via a spin-exchange-like Hamilto-
nian:

H = HaA + HbB , (2)

where

HaA =
ωa

2
σa

z +
ωA

2
σA

z + gaA(σa
−σA

+ + σa
+σA

−), (3)

and

HbB =
ωb

2
σb

z +
ωB

2
σB

z + gbB(σb
−σB

+ + σb
+σB

−). (4)

For each qubit, the relevant Pauli operators are de-
fined as

σz =|1〉〈1| − |0〉〈0|,
σ+ =|1〉〈0|,
σ− =|0〉〈1|, (5)

and the interaction operators like σa
−σA

+ can be viewed
as annihilating an excitation of subsystem a and creat-
ing one in A. Here, we assume the complete resonance
condition ωA = ωa = ωB = ωb = ω and the same cou-
pling strength gaA = gbB = g for subsystems aA and
bB.

For the initial state of qubit-pair ab, instead of
Bell-like and Werner states,[17] we shall consider the
following extended Werner-like states

ρab(0) = r |Φ〉abab 〈Φ|+
1− r

4
Iab (6)

with r the purity of the initial state of qubits ab, Iab

the 4× 4 identity matrix and

|Φ〉ab = (sin(θ) |01〉+ cos(θ) |10〉)ab , (7)

the Bell-like state. Obviously, the state in Eq.(6) re-
duces to the standard Werner state when θ = π/4 and
to Bell-like pure state when r = 1. By dealing with
the above extended Werner-like state, we are able to
study the effect of mixedness of the initial entangled
state. Both the Bell-like state and Werner state, and
so the extended Werner-like state, belong to the so-
called X-class state[13] whose density matrix is of the
form

ρab =




x 0 0 v

0 y u 0

0 u∗ z 0

v∗ 0 0 w




(8)

with x, y, z, w real positive and u, v complex quanti-
ties. The X-class states have the property that the
corresponding two-qubit density matrix preserves the
X-form during the system evolution. For the X-state
Eq.(8), the concurrence can be derived as

C(ρab) = 2 max{0, |u| − √xw, |v| − √yz}. (9)

The total system state at t = 0 is in the form

ρabAB(0) = ρab(0)⊗ |00〉ABAB 〈00| , (10)

where ρab(0) is given by Eq.(6) and |00〉AB ≡ |0〉A ⊗
|0〉B . After time t, the reduced density matrix ρab(t)
can be obtained by tracing over the degrees of freedom
of qubits A and B, which remains the X-form with

x =
1− r

4
+ r

(
(cos2(θ) sin2(gaAt)

+ sin2(θ) sin2(gbBt)
)
,

y =
1− r

4
+ r sin2(θ) cos2(gbBt),

z =
1− r

4
+ r cos2(θ) cos2(gaAt),

w =
1− r

4
,

u =r sin θ cos θ cos(gaAt) cos(gbBt),

v =0. (11)

By virtue of Eq.(9), we can get the concurrence
C(ρab(t)) of ρab(t) as

C(ρab(t)) = 2 max{0, |u| − √xw}. (12)
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The energy of the system ab, U(ρab(t)), can be ob-
tained by the mean values of the relevant restrictions
of the free Hamiltonian:

U(ρab(t)) =Tr{ρabHab}
=Tr{ρab

ω

2
(σa

z + σb
z)}

=w − x. (13)

It is known that the entanglement of Werner state
is related to the purity r, that is if r ≤ rC the state is
separable. As for the extended Werner-like state con-
sidered here, different initial entanglement amount of
qubits ab in terms of θ will correspond to different
value of rC . In Figs.1 and 2 we plot C(ρab(t)) as
functions of r and rescaled time gt for θ = π/4 and
θ = π/12. We can see that for θ = π/4, rC ' 0.3
while for θ = π/12, rC ' 0.5. It is worth noting that
for rC < r < 1 (i.e., r 6= 1), C(ρab(t)) can vanish in
a finite time and remain zero before reviving, i.e., the
ESD phenomenon occurs for the qubit pair ab. We
can also see that ESD time is in inverse proportion to
the purity r, that is the less the value r the longer the
ESD time. Therefore, the behaviours of C(ρab(t)) is
related to the purity of initial entanglement of qubits
ab. As for r = 1, i.e, initially the state of qubits
ab is pure, the relations between entanglement evolu-
tion and energy transfer have shown in Ref.[12]. Here,
to see the effects of r on the entanglement evolution
and energy transfer, we plot C(ρab(t)) (expressed by
Eq.(12)) and U(ρab(t)) (expressed by Eq.(13)) as a
function of rescaled time gt for θ = π/4 and different
r in Fig.3. We can see that the variations of concur-
rence and energy are almost in-step not only for the
case of r = 1 but also for r = 0.8.

Fig.1. Cab ≡ C(ρab(t)) as functions of r and the dimen-

sionless time gt for θ = π/4.

Fig.2. Same as in Fig.1 but for θ = π/12.

Fig.3. Cab ≡ C(ρab(t)) (upper part) and Uab ≡ U(ρab(t))

(lower part) as a function of the dimensionless time gt for

r = 0.8 (solid line) and r = 1 (dot line) for θ = π/4.

The physical reason for variation of the initial en-
tanglement of qubits ab rests in the spreading out of
entanglement over all of the system’s degrees of free-
dom that may become entangled with each other in
all possible ways through the underlying local interac-
tions. Hence, in addition to consider the entanglement
evolution of subsystem ab, it is also of interest to inves-
tigate the entanglement of its complement subsystem
AB which may be the environment of the qubits ab in
realistic system. We derive the concurrence C(ρAB(t))
for the reduced density matrix ρAB(t) of qubits AB.

The expression of ρAB(t) at any time t can be obtained
after tracing out the total system density matrix over
the degrees of freedom of the qubits a, b. The matrix
form of ρAB(t) is the same as ρab(t) in Eq.(8) but with
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the following matrix elements

x =
1− r

4
+ r

(
(cos2(θ) cos2(gaAt)

+ sin2(θ) cos2(gbBt)
)
,

y =
1− r

4
+ r sin2(θ) sin2(gbBt),

z =
1− r

4
+ r cos2(θ) sin2(gaAt),

w =
1− r

4
,

u =r sin θ cos θ sin(gaAt) sin(gbBt),

v =0. (14)

The concurrence C(ρAB(t)) of qubits AB is again
given by Eq.(12). It has been proven in Ref.[8] that
when r = 1 the total concurrence of qubits ab plus
AB is a conserved constant | sin(2θ)| which is the ini-
tial entanglement of qubits ab. Therefore, the loss of
entanglement C(ρab(t)) for the system ab is instantly
compensated by concurrence gain in C(ρAB(t)) for
the qubits AB, that is the entanglement gain in the
pair AB is a process of entanglement transfer from
ab to AB.[8] However, we find that for the arbitrary
rC < r < 1 the total concurrence TC≡ C(ρAB(t)) +
C(ρab(t)) is not a constant any longer as shown in
Fig.4 where we plot TC as functions of r and gt for
the choice of θ = π/4. A surprising phenomenon can
be seen from the figure that the TC can exhibit ESD

Fig.4. TC≡ C(ρAB(t)) + C(ρab(t)) as functions of the

purity r and dimensionless time gt for θ = π/4.

for the relatively small r. That is, both the entangle-
ment of qubits AB and ab can simultaneously vanish
and remain zero before recovering. We plot TC as a
function of gt for θ = π/4 and several rC < r < 1 in
Fig.5, where we can definitely see the ESD of TC for
r = 0.5.

Fig.5. TC as a function of gt for θ = π/4 and rC < r < 1.

In conclusion, we have considered the entangle-
ment evolution of a pair of entangled qubits a, b in-
teracting respectively with another two independent
qubits A, B via spin-exchange-like Hamiltonian. In-
stead of pure Bell-like state, we take a class of ex-
tended Werner-like state as the initial state of the en-
tangled qubits a, b. We study effects of the purity r

of initial entanglement of qubits a, b on the its en-
tanglement evolution and energy transfer. Also, by
integrating the entanglement of the qubit-pair A, B,
we find that the total entanglement of them is related
to time t for rC < r < 1. This result is a complement
to the finding of Ref.[8] where the authors proved that
for r = 1 the total entanglement of them is a conserved
constant which is equal to the initial entanglement of
qubits a, b. We also show that for relatively small
r, this total entanglement can vanish in finite time
and remain zero before reviving, i.e., exhibit the ESD
phenomenon. The understanding of entanglement be-
haviours in realistic system is a precondition for its
application in practice, thus studying the entangle-
ment dynamics in various situation, such as that has
been done here, proves to be very necessary.
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Yönaç M, Yu T and Eberly J H 2007 J. Phys. B 40 S45

[9] Sainz I and Björk G 2007 Phys. Rev. A 76 042313
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