
Vol 17 No 9, September 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(09)/3175-05 Chinese Physics B and IOP Publishing Ltd

Weak Noether symmetry for nonholonomic
systems of non-Chetaev type∗

Xie Jia-Fang(解加芳), Gang Tie-Qiang(冮铁强), and Mei Feng-Xiang(梅凤翔)†

Department of Mechanics, Faculty of Science, Beijing Institute of Technology, Beijing 100081, China

(Received 27 December 2007; revised manuscript received 9 January 2008)

Based on the weak Noether symmetry proposed by Mei F X, this paper discusses the weak Noether symmetry

for nonholonomic system of non-Chetaev type, and presents expressions of three kinds of conserved quantities by weak

Noether symmetry. Finally, the application of this new results is showed by a practical example.
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1. Introduction

Nonholonomic system dynamics, appeared about
over one hundred years ago, has been an important
branch in analytical mechanics. It is devoted to an
exact description of actual problem in the dynamics
of complicated systems. In 1894, Hertz first divided
the constraints and the mechanical systems into two
kinds: holonomic and nonholonomic.[1] Since then,
many mathematicians and physicists, such as Appell,
Volterra, Maggi, Chaplygin, have developed nonholo-
nomic mechanics, and the dynamics of nonholonomic
system has become a new field studied by many sci-
entific researchers.[2−17]

The interplay between symmetries, conservation
laws and variational principles for many kinds of con-
strained systems have been under consideration for
a long time, starting from the celebrated work by
Noether.[18] The research on the symmetries and con-
served quantities of mechanical systems can help us
to get some associated information about the dynam-
ical problem. Our aim in this paper is to study
weak Noether symmetry and three classes of conserved
quantities (i.e. the Noether conserved quantity, Hoj-
man conserved quantity, and a new-type conserved
quantity) for nonholonomic systems of non-Chetaev
type. Weak Noether symmetry is a new kind of sym-
metry proposed by Mei and Shui in 2006.[19] This work
is a continuation and generalization of recently pub-

lished pertinent works.
It is well known that Chetaev introduced a fa-

mous condition, i.e. Chetaev’s condition.[20] In 1957
Novoselov presented an example of non-Chetaev type,
and then established differential equations of motion
for nonholonomic systems of non-Chetaev type.[21] It
is a kind of nonholonomic system for which the restric-
tion of nonholonomic constraints to virtual displace-
ments does not follow Chetaev’s condition. Nonholo-
nomic systems in fact exhibit many interesting and
important properties and there is some hope that it
will give new conserved quantities via weak Noether
symmetry. At the end of this paper we provide an
example with two degrees of freedom to show some
results.

2. Weak Noether symmetry for

nonholonomic system of non-

Chetaev type

2.1.Preliminaries

Let us consider a mechanical system determined
by n generalized coordinates qs (s = 1, . . . , n), and
it is subjected to g ideal nonholonomic constraints of
non-Chetaev type expressed by

fβ(t, q, q̇) = 0 (β = 1, . . . , g), (1)
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together with the restriction imposed on virtual dis-
placements given by

fβs(t, q, q̇)δqs = 0, (2)

in general, fβs and
∂fβ

∂q̇s

have no relations. If

fβs =
∂fβ

∂q̇s

,

then the constraints of non-Chetaev type become
Chetaev ones.

Here we take Routh’s equations for nonholonomic
systems of non-Chetaev type in the form

d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + λβfβs, (s = 1, . . . , n), (3)

where L = L(t, q, q̇) is the Lagrangian of system;
Qs = Qs(t, q, q̇) are non-potential generalized forces
and λβ are constraint multipliers. In this case, Eq.(1)
and Eq.(3) constitute a set of closed equations.

Supposing that the system is regular, from Eq.(3)
we obtain

q̈s = q̈s(t, q, q̇, λβ). (4)

Notice that in order to eliminate λβ in Eq.(4), one
should take the derivative of Eq.(1) with respect to
the time t:

ḟβ(t, q, q̇) = 0. (5)

Substituting Eq.(4) into Eq.(5) we get the constraint
multipliers λβ = λβ(t, q, q̇) as a function of t, q, q̇, such
that Eq.(4) will be

q̈s = αs(t, q, q̇),

and Eq.(3) can be rewritten as follows:

d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + Λs, (6)

where
Λs = Λs(t, q, q̇) = λβ(t, q, q̇)fβs

is the explicit expression of invariants t, q, q̇, Eq.(6)
is also called holonomic system corresponding to non-
holonomic systems (1) and (3).

2.2.Weak Noether symmetry for the

system

In this paper the conditions for dynamical sym-
metries will be based on infinitesimal transformations
of time and coordinates

t∗ = t + εξ0(t, q, q̇),

q∗s (t∗) = qs(t) + εξs(t, q, q̇), (7)

where ε is an infinitesimal parameters, ξ0, ξs are in-
finitesimal generators.

The basic idea of weak Noether symmetry had
its origin in Noether symmetry because the second-
derivative of the generalized coordinate q̈s in the
Noether identity cannot be replaced by t, q, q̇. This
brings the added difficulty to us of finding one more
conserved quantity. In order to simplify the procedure
to make the problem easier to solve, in 2006 Mei and
Shui proposed the so-called weak Noether symmetry
method and showed that applications of weak Noether
symmetry compared with Noether symmetry are more
extensive.

As is well known, Noether identity for correspond-
ing holonomic system (6) is

Lξ̇0 +
∂L

∂t
ξ0 +

∂L

∂qs
ξs +

∂L

∂q̇s
(ξ̇s − q̇sξ̇0)

+(Qs + Λs)(ξs − q̇sξ0) + ĠN = 0. (8)

In this way, according to definition of weak Noether
symmetry we therefore get the weak Noether identity
of system (6) which is written in the form:

L
d̄
dt

ξ0 +
∂L

∂t
ξ0 +

∂L

∂qs
ξs +

∂L

∂q̇s

(
d̄
dt

ξs − q̇s
d̄
dt

ξ0

)

+(Qs + Λs)(ξs − q̇sξ0) +
d̄
dt

GN = 0, (9)

where d̄/dt denotes

d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
.

So we have the following definition.

Definition If the infinitesimal generators ξ0, ξs,
together with the gauge function GN, hold Eq.(9),
then the symmetry is called the weak Noether sym-
metry of corresponding holonomic system (6).

If ξ0, ξs also, in addition to hold Eq.(9), satisfy
the restriction equation

fβs(ξs − q̇sξ0) = 0, (10)

then the symmetry is called weak Noether symmetry
of nonholonomic systems (1) and (3) of non-Chetaev
type.
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2.3. Example

In this section we try to give an example to illus-
trate the difference between Noether symmetry and
weak Noether symmetry.

Here we choose a system of non-Chetaev type
with two degrees of freedom as

L =
1
2
(q̇2

1 + q̇2
2)− q1,

f = q̇2 − tq̇1 = 0,

δq1 − δq2 = 0.

By making use of Eq.(3) it is easy to get

q̈1 + 1 = λ, q̈2 = −λ.

Taking the derivative with respect to f we have

λ =
t− q̇1

1 + t
.

Therefore, we obtain

q̈1 =
t− q̇1

1 + t
− 1, q̈2 = − t− q̇1

1 + t
.

For this system, the weak Noether identity (9)
reads as follows:

L
d̄
dt

ξ0 + q̇1

(
d̄
dt

ξ1 − q̇1
d̄
dt

ξ0

)

+q̇2

(
d̄
dt

ξ2 − q̇2
d̄
dt

ξ0

)

−ξ1 +
(

t− q̇1

1 + t

)
(ξ1 − q̇1ξ0)

−
(

t− q̇1

1 + t

)
(ξ2 − q̇2ξ0) +

d̄
dt

GN = 0.

If we take the generators in the form:

ξ0 = 0, ξ1 = ξ2 = 1,

ξ0 = 0, ξ1 = ξ2 = q̇1 + q̇2 + t,

it is easy to see that the two sets of generators are
not only weakly Noether symmetric but also Noether
symmetric. Nevertheless, for the following generators:

ξ0 = 0, ξ1 = ξ2 = (q̇1 + q̇2 + t)2, (a)

according to Eq.(8), we get the Noether identity

(q̇1 + q̇2)2(q̇1 + q̇2 + t)(q̈1 + q̈2 + 1)

−(q̇1 + q̇2 + t)2 + ĠN = 0,

and its Killing equations are

∂GN

∂q̇1
= −2(q̇1 + q̇2)(q̇1 + q̇2 + t),

∂GN

∂q̇2
= −2(q̇1 + q̇2)(q̇1 + q̇2 + t),

∂GN

∂t
+

∂GN

∂q1
q̇1 +

∂GN

∂q2
q̇2

= (q̇1 + q̇2 + t)2 − 2(q̇1 + q̇2)(q̇1 + q̇2 + t).

This is an inconsistent system of equations, so from
here we can see that the method of solving Killing
equations to meet the requirement of Noether identity
sometimes will not do. In other words, it has failed to
look for the Noether conserved quantity. However, for
the generators given in Eq.(a) we can find the weakly
Noether conserved quantity. This is described in sec-
tion 4.

In what follows we will present three kinds of con-
served quantities, i.e. the Noether conserved quantity,
Hojman conserved quantity and a new-type conserved
quantity, for the aforementioned system. The results
are embodied by a few propositions.

3. Three kinds of conserved quan-

tities

3.1.Noether conserved quantity

Proposition 1 If the infinitesimal generators ξ0,
ξs are both satisfied with Eq.(9) and Eq.(10), then the
weak Noether symmetry of the systems (1) and (3) can
deduce the following Noether conserved quantity:

IN = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) + GN = const., (11)

however, we call Eq.(11) the Noether conserved quan-
tity of the corresponding holonomic system (6) if ξ0,
ξs only admits Eq.(9) and does not admit Eq.(10).

3.2.Hojman conserved quantity

In a similar way, we can arrive at Hojman con-
served quantity.

For the transformations (7), taking ξ0 = 0, im-
plying that time t is unchangeable, we get the deter-
mining equation of Lie symmetry

d̄
dt

d̄
dt

ξs =
∂αs

∂qk
ξk +

∂αs

∂q̇k

d̄
dt

ξk. (12)

In this way, the weak Noether identity (9) will become

∂L

∂qs
ξs +

∂L

∂q̇s

d̄
dt

ξs + (Qs + Λs)ξs +
d̄
dt

GN

= 0. (13)
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As a consequence, we obtain another proposition.
Proposition 2 If the infinitesimal generator ξs

satisfies Eqs.(12) and (13), and there exists a function
µ = µ(t, q, q̇) such that

∂αs

∂q̇s
+

d̄
dt

lnµ = 0, (14)

then Hojman conserved quantity of corresponding
holonomic system (6) is

IH =
1
µ

∂

∂qs
(µξs) +

1
µ

∂

∂q̇s

(
µ

d̄
dt

ξs

)

= const.. (15)

3.3.New-type conserved quantity

It is familiar for us that the criterion equation of
form invariance for corresponding holonomic system
(6) is

Es{X(1)(L)} = X(1)(Qs + Λs), (16)

where

X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+ (ξ̇s − q̇sξ̇0)

∂

∂q̇s
,

and thereby we obtain Proposition 3.
Proposition 3 If the generators ξ0, ξs of weak

Noether symmetry hold Eq.(16) and a gauge function
GF = GF(t, q, q̇) exists, which holds structure equa-
tion

X̃(1)(L)
d̄
dt

ξ0 + X̃(1){X̃(1)(L)}

+X̃(1)(Qs + Λs)(ξs − q̇sξ0) +
d̄
dt

GF

= 0, (17)

then new-type conserved quantity deduced by weak
Noether symmetry for corresponding holonomic sys-
tem (6) is

IF = X̃(1)(L)ξ0 +
∂X̃(1)(L)

∂q̇s
(ξs − q̇sξ0) + GF

= const., (18)

where

X̃(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+

(
d̄
dt

ξs − q̇s
d̄
dt

ξ0

)
∂

∂q̇s
.

Now we have obtained three kinds of conserved
quantities by weak Noether symmetry.

To illustrate the above propositions, with that, in
next section, we will show how to utilize weak Noether
symmetry to find out conservation laws.

4. Example

Let us consider the example in the section 2.3.
For Eq.(a), one can find the gauge function by Eq.(9):

GN = t(q̇1 + q̇2 + t)2,

in this case one get Noether conserved quantity by
Eq.(11) in the form

IN = q̇1(q̇1 + q̇2 + t)2 + q̇2(q̇1 + q̇2 + t)2

+t(q̇1 + q̇2 + t)2

= (q̇1 + q̇2 + t)3

= const..

Besides solution (a), we can still give a set of so-
lutions to Eq.(9),

ξ0 = 0,

ξ1 = ξ2 = q1 + q2 +
1
2
t2 − (q̇1 + q̇2 + t)t,

GN = t

{
q1 + q2 +

1
2
t2 − (q̇1 + q̇2 + t)t

}
. (b)

In the same way, we obtain

IN = (q̇1 + q̇2 + t)
{

q1 + q2 +
1
2
t2 − (q̇1 + q̇2 + t)t

}

= const..

In order to show that solutions (a) and (b) are
also Lie symmetric, by determining equations (12) of
Lie symmetry, we achieve

d̄
dt

d̄
dt

ξ1 = − 1
1 + t

d̄
dt

ξ1,

d̄
dt

d̄
dt

ξ2 = − 1
1 + t

d̄
dt

ξ2. (19)

Obviously, generators (a) and (b) are both satis-
fied with Eq.(19), it is to say that Eqs.(a) and (b) are
Lie symmetric. Equation (14) gives

− 1
1 + t

+
d̄
dt

lnµ = 0,

from which it follows

µ = 1 + t,

therefore, for generators (a) by Eq.(15) we have the
Hojman conserved quantity

IH =
∂ξ1

∂q1
+

∂ξ2

∂q2
= 0.

Similarly, for generators (b) we have

IH = 2.
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An analogous analysis can be performed for find-
ing new-type conserved quantity, in this case as long
as generator (a) is concerned, we easily obtain

X̃(1)(L) = −(q̇1 + q̇2 + t)2,

Es{X̃(1)(L)} = 0,

X̃(1){X̃(1)(L)} = 0, (20)

so Eq.(a) is form invariant. Substituting Eq.(20) into
Eq.(17) we obtain

GF = 0,

it then follows that the new-type conserved quantity
from Eq.(18) is given by

IF = −2(q̇1 + q̇2 + t)(q̇1 + q̇2 + t)2

−2(q̇1 + q̇2 + t)(q̇1 + q̇2 + t)2

= −4(q̇1 + q̇2 + t)3 = const..

But, in the case of generators (b) we cannot find new-
type conserved quantity. As a matter of fact,

X̃(1)(L) = (q̇1 + q̇2 + t)t−
(

q1 + q2 +
1
2
t2

)
,

Es{X̃(1)(L)} = 4,

X̃(1){X̃(1)(L)}
= 2 (q̇1 + q̇2 + t) t− 2

(
q1 + q2 +

1
2
t2

)
,

and
X̃(1)(Qs + Λs) = 0;

this shows that Eq.(16) cannot be established, this
means the generators (b) is not form invariant. Con-
sequently, we cannot present the new-type conserved
quantity via Eq.(b).
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