
Vol 17 No 8, August 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(08)/3008-06 Chinese Physics B and IOP Publishing Ltd

Morphologies of epitaxial islands on
a lattice-misfitted substrate∗

Wang Jian-Ping(汪建平)a), Zhou Wang-Min(周旺民)b)a)†,
Wang Chong-Yu(王崇愚)c), and Yin Shu-Yuan(尹姝媛)d)

a)Department of Mechanical Engineering, West Branch of Zhejiang University of Technology, Quzhou 324000, China
b)College of Mechanical & Electrical Engineering, Zhejiang University of Technology, Hangzhou 310032, China

c)Department of Physics, Tsinghua University, Beijing 100084, China

d)College of Science, Zhejiang University of Technology, Hangzhou 310023, China

(Received 20 December 2007; revised manuscript received 26 March 2008)

Under certain growth conditions for systems with a film/substrate lattice misfit, the deposited material is known

to aggregate into island-like shapes. We have obtained an analytical expression of the total free energy, which consists of

strain energy, surface energy and interfacial energy of a coherent island/substrate system, and the change of equilibrium

aspect ratio versus the volume of the island and the misfit of lattices in the system, which provides a broad perspective

on island behaviour. These then were used to study the equilibrium shapes of the system. The results show that in order

to minimize the total free energy, a coherent island will have a particular height-to-width aspect ratio, called equilibrium

aspect ratio, that is a function of the island volume and misfit. The aspect ratio is increased with increasing island

volume at a fixed misfit, and with increasing misfit strain between the island and substrate at a fixed island volume.

Moreover, the effect of misfit dislocation on the equilibrium shape of the island is also examined. The results obtained

are in good agreement with experiment of observations and thus can serve as a basis for interpreting the experiments.
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1. Introduction

Models for coherent (dislocation-free) three-
dimensional (3D) island (quantum dot) formation in
heteroepitaxial thin film growth have recently been
proposed.[1−5] Prediction and control of the islands’
properties are essential for their technological appli-
cations, such as quantum dot lasers.[6] It is com-
monly accepted that depending on the magnitude of
compressive misfit strain and the interfacial and sur-
face energies, growth may proceed by layer-by-island
(Stranski–Krastanov) mode, or at a higher misfit
strain via direct islanding (Volmer–Weber) growth.[7]

When the film stays flat, growth occurs in a layer-by-
layer (Frank–van der Merwe) fashion, which occurs in
lattice-matched and closely lattice-mismatch systems.
To map these complex behaviours, their phase dia-
gram was obtained as a function of film height and
misfit strain.[2]

Despite its complexity, the qualitative nature of
the island formation is simple. When elastic strain

energy is equal to the surface energy at some criti-
cal thickness,[8] the film cannot sustain a flat surface
configuration, and undergoes a morphology transition
by developing surface undulations, permitting strain
relaxation to reduce the strain energy. This insta-
bility will then produce well-defined surface domains,
i.e. 3D islands, as characterized by their nonzero lo-
cal slopes or aspect ratio (height-to-width ratio). The
islands tend to grow in fairly uniformly spaced arrays
(for reasons that are not yet understood), and the is-
lands themselves are usually dome-shaped, although
cigar-shaped or elongated island have been observed
in some higher temperature growth regimes.[9] The is-
land cross-sectional profiles are commonly arc-shaped,
as has been clearly shown by transmission electron mi-
croscopy and scanning electron microscopy dark-field
images by several researchers.[10−12] Island character-
istic lengths are on the order of 10nm.

For a restricted class of island profiles, namely,
those for which the island surface profile has uniform
curvature was discussed by Freund et al [13] and Ter-
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soff et al.[14] With this restriction, the island con-
figuration can be characterized by just two parame-
ters, the height-to-width aspect ratio and the volume.
They showed that the free energy of an island of a cer-
tain volume assumes a minimum value for a certain
value of aspect ratio, and that this value of aspect
ratio depends on the island volume. In this article,
equilibrium morphologies of epitaxial islands are cal-
culated under the assumption that the free energy of
the system is composed of elastic strain energy and
surface/interfacial energy. An analytical expression
of the free energy which is derived as a function of
island’s volume, aspect ratio and film/substrate lat-
tice misfit; and the variation of aspect ratio with the
volume of the island and misfit of the system is also
obtained. These are new compared with the above
mentioned work. Particular attention is focused on
the relaxation of the elastic strain in a coherent island
as the configuration evolves in a way to lower its total
free energy, and the equilibrium island morphologies
relevant to a given value of film material deposited on
the substrate surface are also determined. The effect
of a misfit dislocation on the equilibrium shape of the
island is simply examined.

2. Formulations

Let us consider a heteroepitaxial system consist-
ing of an isolated nanoisland and a semi-infinite sub-
strate. The geometry of the island has the dome-
shaped form with the circular base diameter l and the
height h. The nanoisland and substrate are assumed
to be elastically isotropic materials with the same val-
ues of shear modulus µ and the same values of the
Poisson ratio ν, which is a reasonable approximation
for a number of strained-layer systems of technolog-
ical interest, such as Ge/Si and InAs/GaAs. Misfit
stresses occur in the system due to the misfit (geomet-
ric mismatch) between the crystal lattice parameters
ai and as of the island and the substrate, respectively.
For simplicity, here and in the following we confine
our consideration to the two-dimensional plane strain
model system (i.e. εzz = 0, but the results can be
extended to the case of a biaxial misfit) with uniax-
ial misfit strains εm

xx = ε0H(y), εm
yy = εm

xy = 0 (In
writing the formulas, it has been assumed that the
film/substrate interface is perfectly sharp, i.e. there is
no mixing of the film and substrate materials), where
the misfit ε0 = (as − ai)/as, H(y) is Heaviside’s unit

step function with unity in the island and zero in the
substrate. The configuration is depicted in Fig.1. The
shape of the island in the plane is taken to be an
arc,[10−12] which corresponds to the ‘ridge’ of a 3D
dome, but both the area of the island (volume per
unit depth normal to the plane of Fig.1) and the as-
pect ratio of the island are allowed to vary arbitrarily.
The island we describe in two dimensions is equivalent
to an elongated island “ridge” in three dimensions.[15]

As a 3D treatment of elongated island, we are as-
suming that there is no strain in the third dimension
(along the island ridge). Including a misfit strain in
this direction would modify only the length and en-
ergy scales without changing any qualitative features
of the morphology,[4] so we expect all of the quali-
tative results here to carry over to the full 3D case.
The mechanical analysis is based on a linearly elastic
continuum description of the system.

Fig.1. Geometrical model of island/substrate system.

The total strain εij of the system is the sum of the
elastic strain εe

ij and the misfit strainεm
ij (i, j = x, y)

εij = εe
ij + εm

ij . (1)

The strain εij is related to the displacements ui

by the relation

εij =
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
. (2)

Under the assumption of plane strain state, the
total stressσij is related to the strain εij by the con-
stitutive equations

σxx = (λ + 2µ)εxx + λεyy, (3)

σyy = (λ + 2µ)εyy + λεxx, (4)

σxy = 2µεxy, (5)

and the out-of-plane stress is σzz = ν(σxx+σyy). Here
λ, µ are Lame constants, λ = 2µν/(1 − 2ν). With
Eq.(1) substituted into formulas (3)–(5), we have

σij = σe
ij + σm

ij , (6)



3010 Wang Jian-Ping et al Vol. 17

with the elastic stresses

σe
xx = (λ + 2µ)εe

xx + λεe
yy, (7)

σe
yy = (λ + 2µ)εe

yy + λεe
xx, (8)

σe
xy = 2µεe

xy, (9)

and the misfit stresses

σm
xx = (λ + 2µ)ε0H(y), (10)

σm
yy = λε0H(y), (11)

σm
xy = 0. (12)

The equilibrium equations of elastic deformation
of the system in the absence of body forces are

∂σe
ij

∂xj
= 0. (13)

Repeated indices denote summation.
The boundary conditions are the total stresses

free on the surface of the system, i.e.

σijnj = 0, (14)

where n = (nx, ny) is the unit outward vector normal
to the surface. From Eqs.(6), (10)–(14), the equilib-
rium equations and the boundary conditions can be
respectively written as

∂σxx

∂x
+

∂σxy

∂y
= 0 (15)

and
∂σxy

∂x
+

∂σyy

∂y
− λε0δ(y) = 0, (16)

where δ(y) is Dirac’s function, and

σe
xxnx + σe

xyny = −(λ + 2µ)ε0H(y)nx, (17)

σe
xynx + σe

yyny = −λε0H(y)ny. (18)

From the viewpoint of mechanical effect, Eqs.(15)
and (16) indicate that the misfit strain is equivalent
to applying a ‘concentration body force’ to the is-
land/substrate interface in y-direction, while Eqs.(17)
and (18) indicate that the misfit strain is also equiv-
alent to applying an elastic traction stress to the sur-
face of the island. The stresses and strains can be
determined by solving Eqs.(15) and (16) with bound-
ary conditions (14), or solving Eqs.(13) with boundary
conditions (17) and (18).

The total strain energy change of the system due
to the formation of the island on the surface of the
substrate can be expressed as[16]

Ee =
∫

V

−λε0δ(y)uy(x, y)dV

=− λε0

l/2∫

−l/2

uy(x, 0)dx, (19)

where V is the volume of the system, e.g. the strain
energy is equal to the work done by the external force
(body force) under the stresses free conditions (14).
It is energetically equivalent to the energy induced by
applying stresses σyy(x, 0) = −λε0, σxy(x, 0) = 0 to
the interface due to the island formation, while the
body force is vanished. Thus, the displacements of
the interface induced by the interface stresses are ob-
tained from the results of contact mechanics[17]

ux(x, 0) =
1− 2ν

2µ
λε0x, (20)

uy(x, 0) =
1− ν

2µπ
λε0

[(
x +

l

2

)
ln

(
2x + l

l

)2

−
(

x− l

2

)
ln

(
2x− l

l

)2

− 2l ln 2
]
.

(21)

From Eq.(19), we obtain the strain energy

Ee =
2µν2(1− ν)
(1− 2ν)2π

ε2
0

A

f(R)
, (22)

where A is the area of the island (volume per unit
depth normal to the plane of Fig.1) and f(R) is a func-
tion of only the height-to-width aspect ratio R = h/l,
described as

f(R) =
(

1 + 4R2

8R

)2

arc cot
1− 4R2

4R

− 1− 4R2

16R
. (23)

While the strain distributions in the system can-
not be obtained analytically (the strain distributions
can be calculated by using numerical finite element
method[18−20]); the analytical expression of the elas-
tic strain energy for the system considered is achieved
here.

The change in surface energy of the system due
to the formation of an island is

Es =l

(
1 + 4R2

4R
arc cot

1− 4R2

4R
· γi − γs + γis

)

=
√

A/f(R)
(

1 + 4R2

4R
arc cot

1− 4R2

4R

· γi − γs + γis

)
, (24)

where γi and γs denote the surface energy densi-
ties of the island and the substrate material, respec-
tively, and γis denotes the energy density of the is-
land/substrate interface, which are related to the con-
tact angle α by the equilibrium Young’s equation,[21]

γi cos α = γs − γis,

cos α = (1− 4R2)/(1 + 4R2). (25)
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3. Free energy and equilibrium

shape

From formulae (22) and (23), it is easily shown
that the strain energy is monotonically decreasing as
a function of the aspect ratio R for a given volume
of the island (i.e. a given value of material deposited
on the surface of the substrate); in other words, the
shape of the island with a higher aspect ratio is strain-
energetically favourable because more and more frac-
tion of the elastic strain can be relaxed as the island
becomes taller and narrower. This shows that the
driving force for island formation is the reduction in
the strain energy of a dislocation-free islanded mor-
phology as compared to a flat film. On the other hand,
when the volume and the aspect ratio of the island are
increased, the total surface energy is increased with
increasing area of the surface. The equilibrium shape
of the island is therefore determined by the total free
energy consisting of the strain energy and the surface
energy.

The total free energy of the system can be written
as

E=Ee + Es =
2µν2(1− ν)
(1− 2ν)2π

ε2
0

A

f(R)

+
√

A/f(R)
(

1 + 4R2

4R
arc cot

1− 4R2

4R

− 1− 4R2

1 + 4R2

)
γi. (26)

The free energy is a balance of strain energy and
surface energy terms, a function of only the volume
and the aspect ratio of the island for a given coherent
island/substrate system. Letting its partial derivative
with respect to the aspect ratio equal to zero, we have

2µν2(1− ν)
(1− 2ν)2π

ε2
0

√
A

×
(

16R4 − 1
32R3

arc cot
1− 4R2

4R
+

1 + 4R2

8R2

)

+
[
1
2
f1/2(R)

(
16R4 − 1

32R3
arc cot

1− 4R2

4R
+

1 + 4R2

8R2

)

×
(

1 + 4R2

4R
arc cot

1− 4R2

4R
− 1− 4R2

1 + 4R2

)

+ f3/2(R)
(

1− 4R2

4R2
arc cot

1− 4R2

4R
− 1

R

− 16R

(1 + 4R2)2

)]
γi = 0. (27)

This is a functional relation between the aspect
ratio and the area of the island when the epitaxial

system is in equilibrium state (minimum free energy)
at a fixed volume of the island. For the growth of Ge
on Si (100), the system parameters have approximate
values of ε0 = −0.04, the Poisson’s ratio ν = 0.25,
µ = 4 × 1011erg cm−3 and the surface energy density
γi = 2000erg cm−2.[18,22] The curves for Eqs.(26) and
(27) are depicted in Figs.2–4.

Fig.2. Free energy E vs island aspect ratio R for the

coherent island/substrate system (Ge/Si).

Several features relevant to coherent island
growth are evident from Eqs.(26) and (27). First, the
variation of the total free energy with the aspect ra-
tio shows that there is an equilibrium aspect ratio at
which the free energy is a local minimum at a fixed
island volume (see Fig.2). Second, that the minima
occur at increasing values of aspect ratio for increasing
island volume implies that the island becomes taller as
it grows. Consequently, for an island with a small vol-
ume, surface energy effects are more important than
elastic energy effects, hence the equilibrium aspect ra-
tio is expected to be small. On the other hand, for an
island with a larger volume, elastic effects are more
important, hence the equilibrium aspect ratio will be
larger. These trends are illustrated quantitatively in
Figs.2 and 3 and Eq.(27). Furthermore, that the min-
ima occur at increasing values of aspect ratio for in-
creasing misfit strain between the island and substrate
implies that the island is taller for a heteroepitaxial
system with a larger misfit strain and the same or sim-
ilar mechanical properties at fixed island volume (see
Figs.3 and 4). For the area of the island (volume per
unit depth normal to the plane of Fig.1) A=500nm2.
Such a size is a typical one observed experimentally[23]

and equivalent to the base width of the equilibrium is-
land being about 70nm, and height about 10nm. The
variations of the total free energy with aspect ratio,
and the aspect ratio with area and misfit of the island
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are shown in Figs.2–4. This, in turn, implies an aspect
ratio of about 0.14, which is similar to that observed
experimentally.[10]

Fig.3. Island aspect ratio R vs area of island A for a

coherent island/substrate system.

Fig.4. The ε−R diagram.

The explicit analytical expressions, such as
Eqs.(26) and (27), or diagrams shown in Figs.2–4 are
particularly valuable for identifying the fundamental
regimes of strained-layer growth. Besides the equilib-
rium shape of coherent island discussed here, they can

be also used to qualitatively investigate the equilib-
rium shape of an island having dislocations. Consider
the introduction of a dislocation of Burgers displace-
ment b parallel to the island/substrate interface. To
estimate the effect of the dislocation, we assume that
the Burgers displacement is not confined at a single
point, but instead spreads out along the interface. In
this case the effective misfit strain is εeff

0 = ε0−b/l.[24]

The equilibrium shape of the island is the same as that
of an island with a misfit strain lower than ε0by an
amount b/l. It is shown from Eqs.(26) and (27) and
Figs.2–4 that a decrease in the misfit strain results in
a decrease in the free energy and the island’s aspect
ratio, which is consistent with observations.[25] Thus,
a decrease in aspect ratio can be expected to bring
about the nucleation of a misfit dislocation in an is-
land. For Burgers displacement b=–0.4nm, the sign of
it is chosen to be the same as the misfit strain so that
the dislocation acts to relax the elastic misfit strain,
and for l=70nm, the equilibrium dislocated island has
an aspect ratio of about 0.12.

4. Summary

A two-dimensional model has been developed to
study the mechanism of the island growth process in
strained epitaxial systems. A system consisting of
an isolated arc-shaped island on a semi-infinite sub-
strate with similar elastic properties is treated as a
linear elastic continuum. An analytical expression of
free energy, which consists of strain energy, surface
energy and interfacial energy, is obtained and then
used to model the growth process of a coherent is-
land/substrate system. The island morphology has a
lower free energy because it has a smaller strain en-
ergy; and the difference in strain energy between the
islanded and flat films is large enough to offset the
increasing surface energy. In a perfectly coherent sys-
tem, for a given island volume, there is a particular is-
land height-to-width aspect ratio that results in a min-
imum free energy of the system. That is, for a growing
island, it is possible to predict the preferred equilib-
rium island aspect ratio based on the minimization of
the free energy of the system. Once a film/substrate
system forms an interface dislocation, there is a new
island height-to-width aspect ratio that minimizes the
free energy. The system reduces its free energy, and
lowers its height-to-width ratio.
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