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Considering a two-level atom interacting with the competing two-mode field, this paper investigates the entangle-

ment between the two-level atom and the two-mode field by using the quantum reduced entropy, and that between the

two-mode field by using the quantum relative entropy of entanglement. It shows that the two kinds of entanglement are

dependent on the relative coupling strength of atom-field and the atomic distribution, and exhibit the periodical evolu-

tion. The maximal atom–field entanglement state can be prepared via the appropriate selection of system parameters

and interaction time.
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1. Introduction

It is well known that entanglement plays an im-
portant role in quantum information theory. Quan-
tum entanglement (QE) provides strong tests of quan-
tum nonlocality,[1] and is also an useful resource
for various kinds of quantum information process-
ing, including teleportation,[2,3] cryptographic key
distribution,[4] quantum error correction[5] and quan-
tum computation.[6] For future applications like quan-
tum networks or the quantum repeater[7] it is manda-
tory to achieve entanglement between separated quan-
tum processors like atoms and photons which forms
the interface between atomic quantum memories
and photonic quantum communication channels.[8,9].
Therefore, it is of great importance to prepare quan-
tum entangled states[10−16] in well-controlled experi-
mental conditions and to quantify the entanglement to
assess the efficacy of quantum information processing.
If we want to quantify entangled states, we should
know whether they are pure states or mixed states.
That is, if the entangled states are pure states, then
it is sufficient to use von Neumann entropy[17] for the
reduced states.[18,19] For mixed states, the relative en-
tropy of entanglement is a good measure, which tells
us the amount of entanglement in the state with its
distance from the disentangled set of states. In statis-
tical terms, the more entangled a state is, the more it is

distinguishable from a disentangled state.[20] The de-
gree of entanglement for mixed states in various gener-
alized Jaynes–Cummings models has been studied by
the quantum relative entropy of entanglement.[21−32]

On the other hand, it is worthy of noticing that in
such models one assumes that a given mode acts
only on one optical transition, i.e., the two modes
do not act simultaneously on one transition. Semi-
classically one knows that if an atom interacts with
different fields, several nonlinear processes can take
place at the same time, and a large body of litera-
ture has been devoted to the interaction of a bichro-
matic field with a two-level atom. The bichromatic
fields lead to many new dynamical aspects as a re-
sult of mode-mode competition,[33−35] such as Stokes
and anti-Stokes processes.[36] In Ref.[37], Iyotsna and
Agarwal showed that the quantum effects were rather
dominant in the mode-mode competition system. The
authors have studied the atomic dynamical proper-
ties and the statistic properties of the photon in such
system.[38−41] However, less attention has been paid to
the study of the QE in the mode–mode competition
system. In this paper, we shall investigate the entan-
glement between the two-level atom and the two-mode
field by using the quantum reduced entropy, and that
between the competing two-mode field by using the
quantum relative entropy of entanglement, and dis-
cuss the influences of the relative competing strength
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of atom-field and the atomic distribution on the two
kinds of entanglement.

2. Model and the reduced den-

sity matrix of the field and the

atom

We consider the interaction between a two-level
atom with states |+〉 and |−〉 separated by the fre-
quency ω0, and a two-mode field with frequencies ωa

and ωb. We assume that one of the modes, a mode,
interacts with the atom through a three-photon pro-
cess and the other mode, b mode, interacts via a one-
photon process. For simplicity, we further assume that
two modes are in perfect resonance with the atomic
transition, i.e. ω0 = 3ωa = ωb. The interaction Hamil-
tonian of the system under consideration in this paper
in the rotating-wave approximation and in the inter-
action picture can be written as[37]

HI = λ(S+a3 + S−a†3) + g(S+b + S−b†), (1)

where a, a† and b, b† are the annihilation and cre-
ation operators of the field modes a and b, S± are
the atomic pseudospin operators, λ and g are the cou-
pling constants for the three-photon process and for
the single-photon process, respectively.

We consider at time t = 0, the two-level atom is in
a coherent superposition state of the excited state |+〉
and the ground state |−〉, the a mode field is in a Fock
state |3〉 with just three photons which is the minimum
number of photons required for the three-photon ab-
sorption, and the b mode field is in the vacuum state
|0〉. Thus the initial state of the system is given by

|Ψfa(0)〉

= cos
(

θ

2

)
|3, 0,+〉+ e−iϕ sin

(
θ

2

)
|3, 0,−〉, (2)

where 0 ≤ θ ≤ π denotes the atomic distribution,
0 ≤ ϕ ≤ 2π is the phase of the atom dipole.

The state vector at any time t can be expressed
in terms of the complete set of the possible states in
interaction picture as

|Ψfa(t)〉 = |D〉|+〉+ |E〉|−〉, (3)

with

|D〉 = B1(t)|3, 0〉+ B2(t)|0, 1〉+ B3(t)|0, 0〉,
|E〉 = A0(t)|6, 0〉+ A1(t)|3, 1〉+ A2(t)|3, 0〉

+A3(t)|0, 1〉+ A4(t)|0, 2〉, (4)

where the complex amplitudes are derived from the
Schrödinger equation in the interaction picture

i
∂|Ψfa(t)〉

∂t
= HI|Ψfa(t)〉. (5)

At the time t = 0, A2(0) = e−iϕ sin(θ/2), B1(0) =
cos(θ/2), and the rest of the coefficients are zero.

At any time t > 0 the density operator for the
system is given by

ρfa(t) = |Ψfa(t)〉〈Ψfa(t)|

=


 |D〉〈D| |E〉〈D|
|D〉〈E| |E〉〈E|


 . (6)

Tracing ρfa(t) over the atom gives rise to the reduced
field density operator for the system

ρf (t) = Tra(ρfa(t)) = |D〉〈D|+ |E〉〈E|. (7)

The eigenvalues and eigenstates of the reduced field
density operator can be written as

λ±f (t) = 〈D|D〉 ± e∓α|〈D|E〉|
= 〈E|E〉 ± e±α|〈D|E〉|, (8)

|ψ±f (t)〉 =
1√

2λ±f (t)cosh(α)

×{e 1
2 (iβ±α)|D〉 ± e−

1
2 (iβ±α)|E〉}, (9)

where

α = sinh−1

( 〈D|D〉 − 〈E|E〉
2|〈D|E〉|

)
,

β = tan−1

(
Im(〈D|E〉)
Re(〈D|E〉)

)
. (10)

At the same time, tracing ρfa(t) over the two-mode
field gives rise to the reduced atom density operator
for the system

ρa(t) = Trf (ρfa(t)) =


 〈D|D〉 〈E|D〉
〈D|E〉 〈E|E〉


 . (11)

We can prove that the eigenvalues of the reduced atom
density operator have the same expression as the re-
duced field density operator, i.e., λ±a = λ±f = λ±,
and the corresponding eigenstates of the reduced atom
density operator can be written as

|ψ±a (t)〉 =
1√

2λ±(t)cosh(α)

×{e 1
2 (iβ±α)|+〉 ± e−

1
2 (iβ±α)|−〉}. (12)
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According to the Schmidt decomposition, the
state of system can be expressed as

|Ψfa(t)〉 =
√

λ+|ψ+
f 〉|ψ+

a 〉+
√

λ−|ψ−f 〉|ψ−a 〉. (13)

In what follows, we will discuss the entanglement
properties of atom-field and the two-mode field by us-
ing the above results.

3. Entanglement between the

two-level atom and the com-

peting two-mode field

Since we have assumed that the two-level atom
and the competing two-mode field are initially in a
disentangled pure state, the quantum entanglement
of atom-field can be measured by the reduced entropy
of the atom or the field,

S(ρj) = −Trj{ρj log2 ρj}, (j = a or f)

= −λ+ log2 λ+ − λ− log2 λ−. (14)

It reflects the degree of the entanglement between the
atom and the field (DEAF): if it takes its minimum
value to be zero, the atom and the field are disentan-
gled; if it takes its maximum value to be 1, the atom
and the field are maximally entangled.

We numerically calculate the entanglement of
atom-field, and illustrate it according to Eq.(14) in
Figs.1(a)–(c) for different λ/g with ϕ = 0, θ = π, and
in Figs.2(a)–(c) for different θ with λ/g = 1, ϕ = 0.

It is found that λ/g and θ have strong influence on
the DEAF.

Firstly, we discuss the influence of the relative
coupling strength between the atom and the field
(λ/g) on the DEAF when the atom is initially in the
ground state (θ = π), as shown in Figs.1(a)–(c). In the
case of λ/g = 0.6, S(ρa) evolves with a period of τ =√

π (Fig.1(a)). At the time gt = nτ (n = 0, 1, 2, . . .),
S(ρa) takes its minimum value, which means that the
atom is disentangled from the field. This point can
be quantitatively interpreted by using Eqs.(8) and
(13). After a straightforward calculation, we can ob-
tain λ+ = 1 and λ− = 0 in this case. The system
state can be expressed in the form

|Ψfa(gt = nτ)〉 = |ψ+
f 〉 ⊗ |ψ+

a 〉. (15)

Obviously, this is a disentangled direct product state.
Therefore, S(ρa) equals to zero. At the rest of the
time, the system state cannot be written in the direct
product form, so the atom and the field are entangled.
In particular, at gt = nτ + 0.58/1.19 (n = 0, 1, 2, . . .),
S(ρa) takes its maximum value 1. This means that the
atom and the field are maximally entangled, and the
system state is an EPR (Einstein–Podolsky–Rosen)
entanglement state which is widely applied in quan-
tum information processing and is crucial for long dis-
tance quantum communication

|Ψfa(gt = nτ + 0.58/1.19)〉
=

1√
2
(|ψ+

f 〉|ψ+
a 〉+ |ψ−f 〉|ψ−a 〉). (16)

Fig.1. The time evolution of the degree of the entanglement for ϕ = 0 and θ = π. (a), (d) λ/g = 0.6; (b), (e)

λ/g = 1; (c), (f) λ/g = 2.
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Fig.2. The time evolution of the degree of the entanglement for ϕ = 0 and λ/g = 1. (a), (d) θ = π/4; (b), (e)

θ = π/2; (c), (f) θ = 3π/4.

When λ/g increases to 1 and 2, we find that the
larger the λ/g is, the shorter the period of S(ρa) is,
see Figs.1(b) and (c). Further study shows that, when
λ/g keeps increasing to larger values, S(ρa) oscillates
rapidly. This stems from the fact that the increase
in λ/g leads to a more strong interaction between the
atom and the field.

Secondly, we examine the influence of atomic dis-
tribution θ on the DEAF, which is shown in Figs.2(a)–
(c). The behaviour of S(ρa) becomes more compli-
cated, with the presence of local maxima and minima
values. The presence of the local maxima and min-
ima is due to the entanglement and disentanglement
between the atom and the field. From these figures,
one can see that the change of θ does not basically in-
fluence the periodicity of entanglement dynamics and
the maximum of the DEAF; but suppresses the os-
cillation of S(ρa), that is, the more the θ tends to π

(the atom is initially in the ground state), the lower
oscillation frequency of S(ρa) is.

4. Entanglement between the

competing two-mode field

Furthermore, we study the entanglement between
the competing two-mode field. The above results show
that the Hamiltonian given by Eq.(1) leads to the en-
tanglement between the atom and the two-mode field,

the state of the two-mode field may evolve into a
mixed state. In this case, the degree of entanglement
between the two-mode field cannot be measured by
the reduced entropy. However, the relative entropy
of entanglement is a good measure for the degree of
entanglement of two subsystems in the mixed state,
which is defined as[19]

ER(ρ) = min
σ∈D

S(ρ||σ), (17)

where D is the set of all disentangled states, and
S(ρ||σ) = Tr[ρ(log2 ρ− log2 σ)] is the relative entropy
of ρ with respect to σ. The relative entropy of en-
tanglement plays an important role in understanding
quantum entanglement,[19] which reduces to the von
Neumann reduced entropy of either side for the bi-
partite pure states;[42] for general mixed states, the
relative entropy of entanglement is usually difficult to
calculate except for some specific states. Recently, the
following theorem on the relative entropy of entangle-
ment has been proved and it turns out to be quite
suitable for the present analysis.

For a bipartite quantum state[21,43]

ρ =
∑

n1,n2

an1,n2 |Φn1φn1〉〈Φn2φn2 |, (18)

the relative entropy of entanglement is given by

ER(ρ) = −
∑

n

an,n log2 an,n − S(ρ), (19)

and the disentangled state ρ∗ that minimizes the quan-
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tum relative entropy is

ρ∗ =
∑

n

an,n|Φnφn〉〈Φnφn|, (20)

where |Φn〉 and |φn〉 are the orthogonal normalized
states of each subsystem. S(ρ) is the von Neumann
entropy: S(ρ) ≡ −Tr(ρ log2 ρ).

It should be noted that the density operator
Eq.(7) can take the form of Eq.(18). Hence, the rel-
ative entropy of entanglement of the state given by
Eq.(7) is written as

ER(ρf )

= −
∑

n

an,n log2 an,n − S(ρf )

= −
∑

n

an,n log2 an,n + λ+ log2 λ+ + λ− log2 λ−.

(21)

The time evolution of the relative entropy of
entanglement ER(ρf ) given by Eq.(21) reflects the
time evolution of the degree of entanglement between
the two-mode field (DETMF), which is plotted in
Figs.1(d)–(f) and Figs.2(d)–(f) for the parameter val-
ues being the same as in Figs.1(a)–(c) and Figs.2(a)–
(c), respectively.

Firstly, we investigate the influence of λ/g on the
DETMF. It can be clearly seen from Figs.1(d)–(f)
that, (i) ER(ρf ) exhibits the evolution quite period-
ically, the larger the λ/g the shorter the period of
ER(ρf ); (ii) when λ/g increases to 1, the maximum of
ER(ρf ) increases while the second minimum of ER(ρf )
decreases; when λ/g keeps increasing to 2 (even larger
than 2), both the maximum and the second minimum
of ER(ρf ) decrease. That is, only when the coupling
constants of the two competing transitions are equiva-
lent, the two-mode field can reach the maximal entan-
gled state which has been applied widely in quantum
information processing.

Comparing the Figs.1(a)–(c) with 1(d)–(f), we
find that, (i)the evolution period of ER(ρf ) is always
twice the S(ρa); (ii) at time gt = (2k + 1)τ (k =
0, 1, 2, . . .) when the atom is disentangled from the
two-mode field, the DETMF achieves its maximum,
which means that the two-mode field is in a maxi-
mal entangled state. This comes from the fact that
the DEAF and the DETMF can impair each other
due to the interaction between the atom and the field;
(iii) while at time gt = 2kτ (n = 0, 1, 2, . . .), both the

DEAF and the DETMF equal to zero with the system
reverting to the initial state.

Then we study the influence of atomic distribu-
tion θ on the DETMF which is displayed in Figs.2(d)–
(f). It can be seen that the change of θ does not basi-
cally influence the periodicity of entanglement dynam-
ics, but changes the maximum of the DETMF. When
the atom is initially in the coherent superposition state
of the excited state |+〉 and the ground state |−〉 with
equal probability (θ = π/2), the maximum of the
DETMF can reach 1.54. That is, the more the atomic
distribution θ tends to π/2, the stronger the entan-
glement between the two-mode field is. From another
point of view, it reflects the atomic coherence con-
trol on the entanglement between the two-mode field,
which has been shown to play an important role in in-
ducing, enhancing and controlling entanglement.[44,45]

5. Conclusion

In this paper, we have studied the entanglement
in the system of a two-level atom interacting with a
competing two-mode field. The entanglement between
the two-level atom and the two-mode field is investi-
gated by using the quantum reduced entropy, and that
between the two-mode field by using the quantum rel-
ative entropy of entanglement. Our results show that
the relative competing strength λ/g and the atomic
distribution θ have strong influence on the DEAF and
the DETMF. Firstly, when the atom is initially in the
ground state |−〉 (θ = π), both the entanglement of
atom-field and that of the two-mode field evolve pe-
riodically, and the period of the DEAF is twice the
DETMF; the larger the λ/g the shorter the period
of the DEAF and the DETMF. Secondly, the DEAF
and the DETMF impair each other due to the two-
level atom interacting with the two-mode field. Fi-
nally, the maximal entangled state of atom-field can
be produced by choosing appropriately the system pa-
rameters and interaction time; the maximal entangled
state of the two-mode field can be prepared when the
two coupling constants of the competing transitions
are equivalent(λ/g = 1) and the atom is initially in
the coherent superposition state of the excited state
|+〉 and the ground state |−〉 with equal probability
(θ = π/2). Our results are important for experimental
realization of the preparation of entangled states.
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