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The chaotic behaviours of the Rydberg hydrogen atom near a metal surface are presented. A numerical comparison

of Poincaré surfaces of section with recurrence spectra for a few selected scaled energies indicates the correspondence

between classical motion and quantum properties of an excited electron. Both results demonstrate that the scaled

energy dominates sensitively the dynamical properties of system. There exists a critical scaled energy e, for € < ec, the

system is near-integrable, and as the decrease of € the spectrum is gradually rendered regular and finally turns into a

pure Coulomb field situation. On the contrary, if € > &¢, with the increase of ¢, the system tends to be non-integrable,

the ergodic motion in phase space presages that chaotic motion appears, and more and more electrons are adsorbed on

the metal surface, thus the spectrum becomes gradually simple.
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1. Introduction

The hydrogen atom near a metal surface is a typ-
ical theoretical model which gives rise to rich dynam-
ics and a variety of experimental responses in sur-
face physics.[!l The photoabsorption and its dynami-
cal properties have attracted much attention for many
years.2=4 The problem of a Rydberg hydrogen atom
at a large distance from the metal surface has been
considered in the approximation of the so-called in-
stantaneous van der Waals interaction. Salas and
Simonovic have represented quantum, classical and
semiclassical dynamics of a Rydberg hydrogen atom
in the instantaneous van der Waals potential.[¥) When
the Rydberg hydrogen atom approaches the surface,
the interaction of atom with the surface cannot be
considered simply as the instantaneous van der Waals

interaction.

The closed-orbit theory developed by Du and De-
los is one of the effective techniques to deal with
the photoabsorption spectra involving chaotic clas-

sical dynamics.:

The theory has been success-
fully applied to some atom and molecule systems in

strong external fields.[”=14 In 2005, Du et al extended

the electronic closed-orbit theory to that of radiated
photon.!*? In 2006, Yang et al applied the closed-orbit
theory to the approach to the photodetachment of H~
near an interface.'®! Wang et al first calculated the
photoabsorption of the Rydberg hydrogen atom near
a metal surface by using this theory,!”! but the contri-
bution of the repetitive orbits induced by the Coulomb
scattering was not considered. Moreover, the relation
between the scaled energy and dynamical property of
the system has not been analysed up to now. Al-
though some of the previous investigations were de-
voted to analysing the structure of Poincaré surfaces of
section,!'®! the question is still opaque due to the lack
of connection with corresponding quantum spectrum
for the problem. In this paper, the accurate Hamilto-
nian has taken into account the entire atom—surface
potential and the effect of the Coulomb scattering. In
order to describe the correspondence between classi-
cal dynamics and quantum behaviours we analyse the
structure of Poincaré surface of section and the re-
currence spectra for several selected scaled energies.
Comparing both numerical results, we present that
the scaled energy dominates sensitively the dynami-
cal properties of system. The electron motions that
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are initial regular will, when subjected to an increase
in the scaled energy step by step (it can be arrived
by increasing the principal number n or decreasing
the distance between the nucleus and the metal sur-
face), gradually transform to a state of chaos, which
corresponds to the case of adsorption of electrons to
the metal surface. The paper is organized as follows:
in Section 2, we discuss Hamiltonian of the hydrogen
atom near a metal surface and give a rigorous for-
mula for calculating the recurrence spectrum by using
the closed-orbit theory. In Section 3 we investigate
the dynamical behaviours based on the analysing of
the Poincaré surface of section of phase space and the
recurrence spectra at different scaled energies. Some
concluding remarks and discussion are given in Section
4.

2. Theory and method

2.1. The Hamiltonian of the hydrogen
atom near a metal surface

Figure 1 is a schematic diagram of the system.
The hydrogen nucleus lies at the origin of the coordi-
nates system with the electron at a distance r

—Ze

Fig.1. Diagram of the hydrogen atom near a metal sur-
face.

from the nucleus and the z axis perpendicular to the
metal surface which is sited in the d = —z plane. Us-
ing electrical image potential method,[!?! the Hamil-
tonian of the hydrogen atom takes the following form

(we use atomic units in hereafter unless otherwise

mentioned):
21 1 1
H=5 -+ - e
2 r P2+ (2d+2)2  4d+=z)

12
where 7 = (p? + 2%)/2 and p? = p2 + = + p2. The

last two terms on the right-hand side in expression (1)
called electrical mirror image potential are induced by

the metal surface. Because of the cylindrical symme-
try, the z-component of angular momentum is con-
served, therefore the @-motion can be ignored. The
system thus has two degrees of freedom. Here we con-
sider only the case of m = 0 (i.e. I, = 0) for conve-
nience. Then the Hamiltonian is reduced to

2 2
+ 1 1
H _ pp pz _ +
2 VPR +22 0P+ (2d+ 2)?
1
- 2
4(d+ z) @)

To gain a correspondence between the quantum
mechanics and classical dynamics, we introduce scal-
ing variables according to the transformations 7 = r/d
and p = pv/d. So Hamiltonian (2) can be rewritten as

2
p 1 1
Ed=e¢ =" — +
2 \/p2+22 \/p2+(2+z)2
1
K 3)

where the tildes have been omitted for simplicity. This
scaled Hamiltonian (3) no longer depends on atom-—
surface distance d. Consequently, all the classical
properties of the system do not depend on energy E or
atom—surface distance d any longer but only on scaled
energy €. In addition, another crucial role in scaling
transformation may be understood by noting that the
position and the momentum comply with the commu-
tation relation [, p] = id~'/? = ifi.g in scaling vari-
ables, which in turn introduces an effective Planck’s
constant f.g that can be used to comprehensibly in-
carnate the semiclassical limit by increasing the atom-—
surface distance d.

To eliminate the Coulomb singularity in the
Hamiltonian, we adopt the semi-parabolic coordinates
u? =7+ z and v? = r — 2z, and relative momentums

Py = du/d7r and p, = dv/dr, while the new time vari-
able is defined as dr = dt.119 This results in
u2 + v2

a regularized Hamiltonian as follows:

1
H = (s +py) —e(” +07)
2(u? +v?)
V(U2 +02)2 + 8(u? — v2) + 16
2, .2
__wtv (4)
2(2 4+ u? —v?)

By calculating expression (4), there is found a
critical scaled energy value e, = —1.4922 where the
Coulomb interaction is comparable with the atom-—
surface interaction.
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2.2. Closed-orbit theory

In the closed-orbit theory, the photoabsorption
rate is proportional to the oscillator strength density
that is composed of a smooth back-ground term and
the oscillating part involving a sum of contributions of
all allowed closed orbits.l”) The oscillating part that

cl =
and
1 3 ;
771—/1? + -, (elj # O’W);
or = 2 1 (7)
J 1, 1 j
5 TH; + 57 (6! =0,m).

Here, the subscript j runs over all the primitive closed
orbits and n denotes their repetition times caused by
the Coulomb nuclear potential. The recurrence am-
plitude C7" of the relevant closed orbit contains the
information about its semiclassical amplitude A;L, the
corresponding initial and final angles, 6/ and 6", and
the matrix element of the dipole operator between
the initial state and the final state that is approxi-
mately represented as the zero-energy Coulomb scat-
tering wave function. .S; is the action of the primitive
closed orbit and &7 is an additional phase including
the Maslov index p7 and other geometrical consider-
ations. Further details are given in Refs.[5,6].

After the scaling transformation, the scaled action
is

Sj = wS;, (8)

where w = 27v/d. The sinusoidal oscillation terms in
expression (5) are replaced by

F(w) = Z Z cy sin(wnS; — o). (9)

J n

In the interval [wy,ws]|, we perform a Fourier
transformation to obtain the recurrence spectrum

- w2 .~
F(8) = / F(w)e S~ (w=w0)0qy  (10)
w1
with wo = (wy +ws)/2 and § = (we—wy)?. In numer-
ical computation the windowing function exp(—(w —
wp)?/8) has been used to eliminate artificial side peaks

— B2/ 2 Y [sin 0] sin 07"V ATy (0)y (017), (0] # 0,7);
— B2y ATy (6] = 0)y* (07" = 0), (6] =0,7).

needs emphatically considering can be written in a
more explicit form as follows:

F(E)=> > Cpsin[nS; — &}], (5)

J n

where

in the recurrence strength. In this paper we choose
the module ’F (S’)’ for defining the recurrence spec-
trum and only concentrate our attention on the con-
tributions of the shorter closed orbits in the hope of

obtaining the spectrum in a definite resolution.

3. Results and discussion

3.1. Poincaré surface of section

The classical trajectories in phase space often
have very involved global features which are appar-
ent contradiction to the locally smooth flow. Poincaré
proposed to deal with this problem by intercepting the
flow at discrete times. The Poincaré surface of section
is one of good tool to analyse the classical proper-
ties of dynamic system.?”) By numerically integrat-
ing the equations of motion associated with expres-
sion (4), the Poincaré surface of section can be built
and chaotic or regular behaviours of the classical dy-
namics can be examined. For a Hamiltonian system
with four-dimensional phase space for two degrees of
freedom, the classical motion is restricted to a three-
dimensional energy torus and the Poincaré surface of
section is a two-dimensional cut of this torus, which
consists of isolated points. Because the dimension of
the section is one less than that of the flow, the map
is easier to analyse and there are an infinite number
of ways to specify the surface of section in general. In
this paper we have set the phase space by using the
surface of section with p, > 0 and v = 0, thus we
obtain Poincaré surface of section in v, p, plane. Fig-
ure 2 presents the numerical computation at a critical
scaled energy value (e.) of —1.4922. The broken line
in Fig.2 denotes the boundary of the section, i.e. the
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area that the electron can reach, which is just closed.
The boundary of the section can be obtained from the
following equation:

'U2 2

2 _ 2 v
pv—4+2€'l) 7@

Sy (11)
Several isolated fixed points in surface of section are
the centres of concentric closed loops that are de-
fined as a basin or a mountain as shown in a topo-
graphic map. Between these mountains and basins,
there are separating lines with self-intersection which
correspond to the librating or rotating closed orbits.
As is known, each periodic orbit generates a
fixed point in the section. Elliptic fixed point is lin-
early stable, while hyperbolic fixed point is unstable.
A quasiperiodic orbit generates an invariant curve,
whereas chaotic orbits densely fill a finite volume and
the chaotic regions usually appear around hyperbolic
fixed points. There are five fixed points and a lot of in-
variant curves in Fig.2, which imply that no chaos ap-
pears. In Fig.3, we depict three periodic orbits which
lead to three elliptic fixed points and two hyperbolic

fixed points. The elliptic fixed point at the centre

of the figure corresponds to the periodic stable orbit
u =v, i.e. z =0 (perpendicular to the metal surface),
which is shown in Fig.3(a), the other two elliptic fixed
points correspond to the periodic stable orbit shown
in Fig.3(b), which is elliptical in shape, and the hyper-
bolic fixed points correspond to the periodic unstable
orbit indicated in Fig.3(c).
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Fig.2. Poincaré surface of section of the Rydberg hydro-

gen atom near a metal surface at a critical scaled energy
value (ec) of —1.4922.
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Fig.3. Three periodic orbits corresponding to different fixed points for a critical scaled energy value (ec) of —1.4922.

The evolution of chaos with scaled energy is illus-
trated as Poincaré surface of section in Fig.4. Surfaces
of section are computed for the values of scaled energy
ranging from —1.8 to —0.2. The five fixed points, i.e.
the periodic orbits, always exist with scaled energy
varying, but the number of the quasiperiodic orbits
changes. For ¢ < €., the image potential is less impor-
tant than the Coulomb term, electron motion is reg-
ular and its classical orbits are always quasiperiodic.
The boundary of section is closed at all times, and
electrons can never be captured by the metal surface.
When the scaled energy decreases within a definite
interval, the structure of Poincaré surface of section
does not change obviously except that the boundary

of section becomes small. For € > ¢, the boundary of
section is not closed due to the role of the image poten-
tial, the electron—surface interaction becomes strong
enough to capture the electron of the orbits and chaos
begins to appear. With the increase of scaled energy,
the boundary of section becomes more open, mean-
while the area that electron can reach diminishes and
the capture scope increases. More and more electrons
reach the capture scope and are adsorbed on the metal
surface. The number of quasiperiodic orbits decreases,
which implies that the ergodic domain obviously in-
creases. At ¢ = —0.2, most of the phase space is
chaotic except small regions that remain regular mo-

tion.
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Fig.4. Poincaré surfaces of section of the Rydberg hydrogen atom near a metal surface for different values
of scaled energy e: —2.2 (a), —1.8 (b), —1.4 (¢), —1.0 (d), —0.6 (e) and —0.2 (f).

3.2. The recurrence spectra of the Ry-
dberg hydrogen atom near a metal
surface

In order to obtain further insight into how the
dynamical properties of the Rydberg electron near
a metal surface depend on scaled energy of the sys-
tem, we compute the recurrence spectra in Fig.5 at
the same selected scaled energies as those in Fig.4 by
using the closed-orbit theory. We choose the atomic
initial state to be 2s,,—9 and final state excited by
Laser irradiating as np,,—o. These transitions require
that the light should be polarized along the z axis.

The vertical axis and the horizontal axis in Fig.5 rep-

resent the modulus of the recurrence spectrum |F'(S)

and the scaled action S, respectively. Each peak in
the figure corresponds to a primitive closed orbit or
its repetition. We can see from Fig.5 that the spec-
tral structure at € = —1.4 is most complicated, which
can refer to the significant increase of the number of
closed orbits. If € < &, the system becomes near
integrable. With the decrease of the scaled energy,
the action of the electrical image potential weakens,
therefore, the number of the closed obits reduces and
the spectrum also becomes regular step by step finally

is the same as that in the situation of pure Coulomb
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field. Whereas for ¢ > ¢., the system will tend to
be non-integrable, the electron—surface interaction be-
comes strong enough to capture the electron of the or-
bits in an outer region. With the further raise of the
scaled energy, more and more electrons possibly touch
the metal surface and are adsorbed on it, which results
in the number of the closed orbits decreasing dramat-
ically and makes the structure of the recurrence spec-
trum simpler. These phenomena accord with those
reflected in Poincaré surfaces of section above, which
indicate that the same dynamical properties of system
are displayed.
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Fig.5. Recurrence spectra of the Rydberg hydrogen atom
near a metal surface at the same selected scaled energies
as those in the above figure.

4. Conclusion

The Poincaré surface of section of phase space to-
gether with the closed-orbit theory for investigating
the dynamical impacts of the Rydberg hydrogen atom
near a metal surface is a very effective method and
provides a theoretical model for studying the escape
The
scaled energy controls the structure of Poincaré sur-

and transform problem of the active particles.

face of section and the recurrence spectral patterns,
and therefore the electron motions. There exists a
critical scaled energy value €., on which the dynami-
cal properties depend sensitively. At present, the in-
teractions of Rydberg atoms and ions with metal sur-
faces and medium surfaces has received much atten-
tion and been widely investigated,!?!] but no experi-
mental spectrum of the hydrogen atom near a metal
surface is available. This paper provides remarkable
evidence that clearly reveals the correspondence be-
tween classical dynamics and quantum behaviours and
therefore is useful for understanding the photoabsorp-
tion process of atoms in the vicinity of metal surface
and the theoretical calculation might be used to sim-

plify some more difficult problems.
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