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This paper evaluates the interaction potential between a hydrogen and an antihydrogen using the second-order

perturbation theory within the framework of the four-body system in a separable two-body basis. It finds that the H–H̄

interaction potential possesses the peculiar features of a shallow local minimum located around interatomic separations

of r ∼ 6 a.u. and a barrier rising at r . 5 a.u.
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1. Introduction

Recent production of cold antihydrogen[1,2] has
stimulated new theoretical and experimental interest
in the interaction between H and H̄. The four parti-
cles of the greater (e+e−pp̄) system can be arranged
in different ways leading to different types of states.
On the one hand, there are states in the H–H̄ family
in which the e+ and the e− are not correlated but are
orbiting around the p̄ and the p respectively, with the
H and the H̄ appearing as composite particles. They
are the lowest-energy states at large interatomic sep-
arations. On the other hand, there are states of the
Pspp̄ family for which the e+ and the e− are highly
correlated and orbit each other as in a positronium
(Ps). The role of the Pspp̄ family and the H–H̄ fam-
ily is interchanged at short distances as the e+ − e−-
correlated state of the Pspp̄ family becomes the state
of the lowest energy, as indicated by the merging of the
Vvar(r) potential obtained by variational calculations
with the VPspp̄(r) potential obtained for the Pspp̄ con-
figuration, at small interatomic separations (see Fig.4
below). Because the p and p̄ can orbit around (and an-
nihilate) each other under their mutual Coulomb and
nuclear interactions,[3] the Pspp̄ family can be further
bifurcated into subfamilies with a correlated or uncor-

related p-p̄ pair. There are also states that are hybrid
of different families.

If one can depict the orbiting of one particle rel-
ative to another particle as a ‘dance pattern’, then
the dance patterns of the different families have dis-
tinctly different topological structures and connectiv-
ities. The distinct topological structures may allow
them to retain some of their characteristics and sta-
bility. The mixing and the interplay between different
families at different interatomic separations will pro-
vide a general idea on the ‘genealogy’ of the states. To
be able to classify the greater (e+e−pp̄) system into
families, if at all possible, will bring us to a better un-
derstanding of the complexity of the spectrum that is
associated with the complicated four-body problem,
as well as to a better knowledge of the scattering be-
tween the H and the H̄.

The H atom and the H̄ atom can scatter from
each other at various energies. The problem of the H–
H̄ scattering will require the knowledge of the interac-
tion potential between the H and the H̄ as composite
particles. As the H and H̄ may rearrange into other
configurations and may annihilate at short distances,
the scattering problem needs to be treated in general
in a coupled-channel analysis involving different inter-
action potentials and transition matrix elements.[4]
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For the elastic channel, one often takes the in-
teraction potential to be the adiabatic potential ob-
tained in a variational calculation for the lowest-
energy state of the e+ and the e− in the Born–
Oppenheimer potential.[4−10] The e+− e− correlation
property of the lowest-energy adiabatic state will un-
dergo a change as the interatomic separation changes.
At large interatomic separations, the adiabatic lowest-
energy state coincides with the incoming channel state
of separated H and H̄ atoms with uncorrelated e− and
e+ orbiting around p and p̄, respectively. At small in-
teratomic separations, the variational calculations will
naturally lead to the lowest-energy adiabatic state in-
volving strong correlations between the e+ and the e−

which differs from the elastic incoming channel by the
presence of e+−e− correlations. An adiabatic approx-
imation involves altering the nature of the underlying
state from the incoming elastic channel with no e+−e−

correlations to the other e+−e−-correlated channel, as
the interatomic separation decreases. A general con-
sideration of the channel coupling however will contain
both the incoming elastic channel and the e+ − e−-
correlated channel in explicit coupling and transition.
Depending on the collision energy, the dynamics of
the scattering process will lead to the adiabatic case
with strong e+ − e− correlations at short separations
in one limit of slow motion and large transition ma-
trix elements. It will lead to the diabatic case with no
e+−e− correlation of the atomic H and H̄ in the other
limit. To carry out the explicit channel coupling for
the general case of an arbitrary energy, or to see the
cross-over to either the adiabatic or the diabatic limit,
it is necessary to obtain the interaction potential for
the incoming entrance channel of a H and a H̄.

In the present work, we focus our attention on
the interaction potential for this incoming channel be-
tween the H and the H̄ as composite particles, for
which the e− and the e+ remain uncorrelated, orbit-
ing around the p and p̄ respectively, i.e. without the
loss of the H and the H̄ atomic identities. We are in
effect trying to construct the interaction potential for
one of the diabatic basis configurations in preparation
for a general coupling of different diabatic basis states
in a coupled-channel analysis. For brevity of nomen-
clature, we shall use the term ‘the interaction poten-
tial’ to refer to this potential between the composite
particles H and H̄, unless otherwise stated.

The interaction potential VHH̄(r) between the
composite H and the H̄ can also be used to investi-
gate possible H–H̄ two-body molecular states of the

H–H̄ family, as the composite H and H̄ atoms can
form a bound system if their interaction potential is
sufficiently attractive. These possible molecular two-
body H–H̄ states, if they exist, belong to the H–H̄
family, a subset of the states of the greater four-body
(e+e−pp̄) system. One theoretical approach to study
the lowest-energy state of the greater (e+e−pp̄) sys-
tem is to use the variational method equipped with
either explicitly correlated Slater-type or Gaussian-
type orbitals with e+ − e− correlations. This method
has provided a great wealth of information regarding
the lowest-energy state of the four-body system.[5−9]

As our interest is focused on the properties of possible
two-body states of the composite H and H̄ atoms, the
two-body H–H̄ states of our interest may or may not
necessarily be the lowest-energy state of the greater
(e+e−pp̄) system. Its relative position depends on the
interatomic separation. We mentioned earlier that at
large interatomic separations, the two-body state with
separated atoms and leptons in the 1s orbitals is the
lowest-energy state of the greater (e+e−pp̄) four-body
system. At small interatomic separations, the two-
body molecular state of the H and H̄ lies higher than
the variational adiabatic lowest-energy state which is
characterized by strong e+ − e− correlations, and the
two-body molecular state of the H and H̄ is an ex-
cited state of the greater (e+e−pp̄) system. It will
be of great interest in future work to investigate how
the two-body H–H̄ state may preserve or otherwise
mix their distinct molecular characteristics with the
e+ − e−-correlated state, as the system dynamically
traverses from large interatomic separations to the re-
gion of small separations.

To follow the four-body problem in the two-body
atomic basis, we study the system from outside-in as
the H and the H̄ approach each other, and we ex-
amine their virtual excitations into excited H–H̄ con-
figurations, as the interatomic distance decreases. A
good method to carry out such an investigation is to
use the perturbation theory, having the atomic H and
H̄ as unperturbed composite particles, as in previous
study of molecular states in heavy mesons in hadron
physics.[11] The perturbation theory can be justified
as an useful tool here because the composite H and H̄
atoms are neutral objects, and their residue interac-
tion VI between the H and the H̄ contains four terms
(as given in Eq.(3) below) involving many cancella-
tions due to the opposite charges of e− and p of one
atom on the one hand, and additional cancellations
due to the opposite charges of the e+ and p̄ of the
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other antiatom on the other hand. As a consequence,
the residue interaction is small in magnitude. Using
VI/(∆E), where VI = ra · rb/r3 is the dipole–dipole
interaction and ∆E is the energy denominator from
the ground to the first excited state of the H atom, we
roughly estimated VI/4E at interatomic separation
r = 3, 5 and 8 a.u. to be ∼0.05, 0.01 and 0.003, re-
spectively. Clearly, the next higher-order term involv-
ing the ratio (VI/4E)2 will be even smaller and the
perturbation series is expected to converge. Therefore
these numbers justify the application of the perturba-
tion theory to the H–H̄ interaction potential in inter-
mediate interatomic distances (i.e. 3 ≤ r ≤ 10 a.u.).

Within the perturbation theory, the H–H̄ inter-
action potential, at present, is known only within the
leading order.[12] It is positive for large distances, with
a barrier whose peak lies in the region of short dis-
tances. It decreases precipitously at very short dis-
tances. Previous analysis of the next-to-leading or-
der interaction potential between the H and the H̄
assumed an expansion of the energy denominator up
to the first order of the state energies.[12] Such an
expansion may not be accurate. It is of interest to
re-evaluate more accurately this interaction potential,
VHH̄(r), up to the next-to-leading order (second or-
der) in the residue interaction VI. We shall interest
in the interaction potential for the elastic channel for
which the initial incoming and the final outgoing H
and H̄ atoms are in their respective ground states at
asymptotic separations. The interaction potential for
states with excited H and H̄ atoms at asymptotic sep-
arations can be similarly considered in a simple gen-
eralization.

For small interatomic distances, the e+ − e− cor-
relations become considerably important and we shall
also study the additional e+ − e− correlation effects
on the potential energy around this region of separa-
tion. Needless to say, it is necessary in the future to
include a greater number of the degrees of freedom,
to take into account additional types of polarization
of the two-body states. The perturbation theory re-
sults obtained here can provide a benchmark against
which additional distortions may be measured. They
can bring us to a better understanding of the scatter-
ing potential and the complexity of the spectrum that
is associated with the four-body system.

This paper is organized as follows. In Section 2,
we review the formulation of the four-body problem in
terms of the interaction of two composite objects using
separable two-body basis. In Section 3, we show how

to evaluate the interaction matrix elements and the
interaction potential. The results of the H–H̄ inter-
action potential and the examination of the stability
with respect to e+ − e− correlations are given in Sec-
tions 4 and 5, respectively. Finally, Section 6 gives
some discussions and conclusions of the present work.
Some of the details of the analytical formulae are pre-
sented in the Appendix. Atomic units m = ~ = e = 1
are used throughout the paper unless otherwise indi-
cated.

2. The four-body problem in a

separable two-body basis

We shall review the formulation of the four-body
problem in a separable two-body basis in terms of
the interaction of two composite particles as pre-
sented previously.[11] As applied to the H–H̄ system,
we choose the four-body coordinate system as shown
in Fig.1 and label constituents p, e−, e+, and p̄ as par-
ticles 1, 2, 3, and 4, respectively with a non-relativistic
Hamiltonian

H =
4∑

j=1

p2
j

2mj
+

4∑

j=1

4∑

k>j

Vjk +
4∑

j=1

mj , (1)

in which particle j has a momentum pj and a rest
mass mj . The pairwise interaction Vjk(rjk) between
particle j and particle k depends on the relative co-
ordinate between them, rjk = rj − rk. We introduce
the two-body momentum Pjk = pj +pk, and the two-
body internal relative momentum pjk = fkpj − fjpk,
where fk = mk/mjk, mjk = mj + mk. We parti-
tion the Hamiltonian so that in the lowest order the
state in question can be described by a state of the
unperturbed Hamiltonian. We choose to partition H
into an unperturbed Hamiltonian h12 + h34 of atoms
A(12) and B(34) according to

H =
P 2

12

2m12
+

P 2
34

2m34
+ VI + h12 + h34, (2)

VI = V14(r14) + V13(r13) + V23(r23)

+V24(r24), (3)

hjk =
p2

jk

2µjk
+ Vjk(rj − rk) + mjk

for

(jk) = A(12) and B(34), (4)

where µjk = mjmk/mjk. The eigenvalues of the
Hamiltonians h12 and h34 can be solved separately
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to obtain the bound state wavefunctions and masses
Mjk(ν) of atoms A and B,

hjk|(jk)ν〉 = [εjk(ν) + mjk]|(jk)ν〉
= Mjk(ν)|(jk)ν〉. (5)

The four-body Hamiltonian becomes

H =
P 2

12

2m12
+

P 2
34

2m34
+ VI + M12(ν) + M34(ν′). (6)

The above non-relativistic approximation is obtained
from relativistic results by neglecting terms of order
εjk/Mjk and higher.[13] In order to satisfy the bound-
ary condition at large separations for which VI ap-
proaches zero, we need to include some of these higher-
order terms and modify m12 and m34 in the above
equation to M12(ν) and M34(ν′) so that the Hamilto-
nian becomes

H =
P 2

12

2M12(ν)
+

P 2
34

2M34(ν′)
+ VI

+M12(ν) + M34(ν′). (7)

The above Hamiltonian then describes properly the
asymptotic behaviour at large separations of the two
atoms. This Hamiltonian H is related to the standard
Hamiltonian

Hstand =
p2

e

2me
+

p2
e+

2me+
+

4∑

j=1

4∑

k>j

Vjk +
4∑

j=1

mj , (8)

by H = Hstand + ∆,

∆ =
p2

p

2mp
+

p2
p̄

2mp̄
+ P 2

12

(
1

2M12(ν)
− 1

2m12

)

+P 2
34

(
1

2M34(ν′)
− 1

2m34

)
, (9)

and ∆ is a small quantity which can be neglected in
the Born–Oppenheimer limit of fixed baryon centres.

Fig.1. The coordinates of the {p, e−, e+, and p̄} system.

We consider a four-body system in which both
atoms will be in their ground states |A0(12)B0(34)〉
at asymptotically large interatomic separations where
the residue interactions VI vanishes. When we include
VI as a perturbation, the eigenfunction of H becomes

Ψ(r, r12, r34) = ψ(r)

{
|A0B0〉+

∑

λ,λ′

′ |AλBλ′〉〈AλBλ′ |VI|A0B0〉
εA(λ) + εB(λ′)− εA(0)− εB(0)

}
, (10)

where r = R12 − R34 is the interatomic separation
(see Fig.1), Rjk = fjrj + fkrk is the centre-of-mass
coordinate of mj and mk, and

∑′
λλ′ indicates that

the sum is over all atomic states, including continuum
states, except |A0B0〉. The eigenvalue equation is

HΨ(r, r12, r34) = [M12(0) + M34(0) + ε]

×Ψ(r, r12, r34). (11)

Working in the centre-of-mass frame and taking the
scalar product of the above equation with |A0B0〉,
we obtain the Schrödinger equation for the motion of
A0(12) relative to B0(34),

{
p2

2µAB

+ V (r)
}

ψ(r) = εψ(r), (12)

where p is the relative momentum of the composite
particles

p =
M34(0)P12 −M12(0)P34

M12(0) + M34(0)
, (13)

and µAB is the reduced mass of the two atoms

µAB =
M12(0)M34(0)

M12(0) + M34(0)
. (14)

3. Evaluation of H and H̄ interac-

tion matrix elements

The Schrödinger equation (12) involves the inter-
atomic separation r and describes the motion between
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two composite atoms. Because the mass of the pro-
ton is much greater than the mass of the electron and
the positron, the interatomic separation r is approxi-
mately equal to the internuclear separation r14. The
atom-atom potential V (r) in Eq.(12) is given by

V (r) = 〈A0B0|VI|A0B0〉

−
∑′

λ,λ′

|〈AλBλ′ |VI|A0B0〉|2
εA(λ) + εB(λ′)− εA(0)− εB(0)

,

(15)

where |A0B0〉 is a product of two 1s orbitals of the
hydrogen and the antihydrogen. We label V (r) as
VHH̄(r), and introduce E(r) = V (r)− 1. We call the
first (leading-order) term on the right-hand side the
direct potential, Vdir(r),

Vdir(r) = 〈A0B0|VI|A0B0〉, (16)

and the second (next-to-leading order) term the po-
larization potential, Vpol(r),

Vpol(r)

= −
∑′

λ,λ′

|〈AλBλ′ |VI|A0B0〉|2
εA(λ) + εB(λ′)− εA(0)− εB(0)

.

(17)

The direct potential is given by the sum of
the four matrix elements 〈A0B0|Vjk(rjk)|A0B0〉 of
Eq.(3). From the 1s wavefunctions we can analyti-
cally determine[12]

〈A0B0|VI|A0B0〉

=
e−2r

r

(
−1− 5

8
r +

3
4
r2 +

1
6
r3

)
. (18)

The polarization potential Vpol(r) is obtained as
a double summation of λ and λ′, representing the vir-
tual excitation of the H and H̄ from 1s states to excited
λ − λ′ atomic states. It contains contributions where
λ − λ′ are bound–bound, bound–continuum (or vice
versa), or continuum–continuum states.

For the evaluation of the bound–bound compo-
nent of the polarization potential, V bb

pol(r), we shall
use the Fourier transform method.[11,14] We repre-
sent the internal wavefunctions in Aλ(12) and Bλ′(34)
by normalized eigenfunctions of the hydrogen atom
φA

λ (r12) and φB
λ′(r34), respectively. The matrix ele-

ments 〈AλBλ′ |VI|A0B0〉 is then a sum of four terms
with VI given by Eq.(3). Each of these terms is given
by

〈AλBλ′ |Vjk(rjk)|A0B0〉
=

∫
dp

(2π)3
eip·rρ̃A

λ0[fA(jk)p]ρ̃B
λ′0[fB(jk)p]ṽjk(p),

(19)

where

ρ̃A,B
λ0 (p) =

∫
dyeip·yρA,B

λ0 (y), (20)

and

ṽjk(p) =
∫

drjke−ip·rjkVjk(rjk), (21)

with ρA
λ0(r12) = φ∗λ(r12)φ0(r12), ρB

λ′0(r34) = φ∗λ′(r34)
φ0(r34), and f{A,B}(jk) are the coefficients of the lin-
ear relation

rjk = r + fA(jk) r12 + fB(jk) r34, (22)

where the values of f{A,B}(jk) are given in Ref.[11].
To calculate the matrix element Eq.(19), we fix

the vector r to lie along the z-axis, and quantize the
azimuthal component of the magnetic quantum num-
ber m to be projections along the z-axis. We limit
our consideration to intermediate states with l = 1
orbital angular momentum, as the dominant polariz-
ing interaction is the dipole–dipole excitation. The
bound–bound intermediate states are then (λ, λ′) =
({n, (l = 1),m}, {n′, (l = 1),m′}) where n and n′ are
principal quantum numbers and n, n′ ≥ 2. The ma-
trix element 〈AλBλ′ |Vjk(rjk)|A0B0〉 is non-vanishing
only for {λ = 1m;λ′ = 1(−m)} with {m = −1, 0, 1},
when both atoms are excited.

We write down the 1s and np hydrogen wavefunc-
tions explicitly and obtain the Fourier transform of the
transition density ρ̃A,B

λ0 (p) (see Eq.(A8) in Appendix
A)

ρ̃A,B
λ0 (p) =

(2π)3/2N00Nn1Y00(r̂)
(n + 1)2

×
n−2∑

k=0


 n + 1

k


 β(n−2−k)

N ′
n1k

×(1− β)kFn1k

(
p

n + 1

)
, (23)

where β = 1/(n + 1),

N ′
n1k =

√[
2(n + 1)

n

]3 (n− 2− k)!
2(n− k)(n− k + 1)!

, (24)

Fn1k

(
p

n + 1

)
= i

√
2
π

(n− 2− k)!
(n + 1)!

24 n2

√
n + 1

×




np

n + 1[(
np

n + 1

)2

+ 1

]3



C2

n−2−k
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×




(
np

n + 1

)2

− 1
(

np

n + 1

)2

+ 1


 Yλ(p̂), (25)

and Cq
i (q) denotes the Gegenbauer polynomials.

Upon substituting the above Fourier transform of
the transition density ρ̃A,B

λ0 (p) into Eq.(19), we can
carry out the angular part of the integral analytically.
We recognize

eip·r =
∞∑

l=0

(2l + 1)iljl(pr)Pl(cos θp), (26)

and we can easily carry out the angular integral by
using

∫ 2π

0

dφ

∫ 1

−1

dη eip·r Y1m(θp)Y1−m(θp)

=





j0(pr)− 2j2(pr) (form = 0),

j0(pr) + j2(pr) (form=1),
(27)

where jl(x) and Pl(z) are spherical Bessel function and
Legendre polynomial of degree l, respectively. The re-
maining one-dimensional integral in the momentum
space can be carried out numerically.

For the evaluation of the bound-continuum
V bc

pol(r) and continuum–continuum V cc
pol(r) compo-

nents of the polarization potential, we use the bound
and continuum Coulomb wavefunctions in the config-
uration space[15] and perform a six-dimensional nu-
merical integration involving the residue interaction
VI to obtain 〈AλBλ′ |VI|A0B0〉. The integrand is con-
fined to a finite spatial region as the transition densi-
ties ρA

λ0(r12) and ρB
λ0(r34) contain the product of the

continuum wavefunction and the ground state wave-
function. The sum over the continuum states can be
carried out by discretizing the continuum spectrum
which leads to converging results without much dif-
ficulty, as the magnitude of the matrix element de-
creases for continuum states with large momenta. We
check our results against previous calculations of the
C6 dispersion-energy coefficient at large interatomic
separations. Good agreement of the C6 coefficient
then allows us to proceed to explore the polarization
potential at shorter interatomic separations.

4. The H and H̄ interaction po-

tential

In the calculation to obtain the bound-bound con-
tribution V bb

pol(r) to the polarization potential, we in-

clude all np states up to n ≤ nmax. Figure 2 shows
the bound-bound results of r6V bb

pol(r) as a function of
the interatomic separation r for different nmax num-
ber of bound states. Clearly, an increase in nmax

for nmax > 10 brings essentially little change in the
shape but an overall small increase in the magni-
tude of the polarization potential, indicating that the
result is sufficiently converged by considering up to
n ≤ nmax = 20 states.

Fig.2. (a) Plot of V bb
pol(r) × r6 as a function of the inter-

atomic separation r for different nmax of l = 1 states.

(b) Ratio of the summation from 2p up to nmaxp states

to the summation from 2p up to 20p states as a function

of the interatomic separation r.

Results for the bound-bound, bound-continuum
and continuum-continuum polarization potentials de-
fined in Eq.(17) are presented in Fig.3 as a func-
tion of the interatomic separation r. To exhibit the
asymptotic behaviour of Vpol ∼ C6/r6 at large r,
the potentials are multiplied by r6 in this figure.
The numerical asymptotic values for each component
are given in the parentheses, to be compared with
the values obtained by Eisenschitz and London.[16]

While r6V bb
pol(r) decreases monotonically as a function

of r, the bound-continuum r6V bc
pol(r) and continuum-

continuum r6V cc
pol(r) components have minima at r ∼6

and r ∼4 arb.units, respectively. The sum of all three
contributions leads to r6Vpol(r) decreasing monotoni-
cally as a function of r. The result in Fig.3 also illus-
trates that the contribution of the continuum states
to the polarization potential is substantial and cannot
be neglected. The degree of the modification when
continuum intermediate states are included at large r

are also known from the perturbation calculation for
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the C6 coefficient of H2 by Eisenschitz and London.[16]

Note that the best C6 coefficient has been known at
least up to 8 digits of accuracy. Compare to the old
calculation,[16] the present C6 = 6.498 yields a better
agreement to the modern C6 = 6.4990267 dispersion-
energy coefficient (i.e., less than ∼0.05%).

Fig.3. Bound-bound, bound-continuum and continuum-

continuum components of the polarization potential mul-

tiplied by r6 as a function of the interatomic separation r.

The functional form of the polarization potential
Vpol(r) in Fig.4 implies that while the polarization po-
tential varies as C6/r6 at large separations, they vary
much more slowly as a function of r at small inter-
atomic separations. This slow variation and the rela-
tively flat behaviour can be seen from the total polar-
ization potential Vpol(r) as a function of r shown as
the dashed curve in Fig.4.

Fig.4. The H–H̄ interaction potential VHH̄(r) and its

components Vdir(r) and Vpol(r), as a function of the in-

teratomic separation r. Shown here are also the potential

VPspp̄(r) for the (e+e−)pp̄ configuration and the potential

Vvar(r) for the lowest-energy (e+e−pp̄) four-body state

obtained from the variational calculations of Ref.[8].

In the present calculation, we preserve the H and
H̄ atomic identities and let them interact through VI

defined in Eq.(3). Within such a framework, the in-
teratomic potential, Vdir, Vpol and the total VHH̄ are
shown as various curves in Fig.4. In Fig.4, the di-
rect potential Vdir from Eq.(18) is slightly repulsive at
large distances with a barrier whose peak lies in the
region of small interatomic separations. It eventually
decreases precipitously at smaller interatomic separa-
tions. The polarization potential Vpol(r) is, however,
always attractive (Fig.3). The overall magnitude of
the polarization potential is small because the residue
interaction VI consists of four terms which tend to
cancel among themselves. The polarization potential
provides a small overall modification of the interaction
potential at short distances (Fig.4), but it changes the
character of the interaction potential at intermediate
separations of r ∼6 arb.units where the direct poten-
tial is small in magnitude, and the total interaction
potential VHH̄(r) exhibits a shallow local minimum at
r ∼6 arb.units (Fig.5).

Fig.5. A magnified view of Fig.4 in the region of interme-

diate separations. Shown here are the H–H̄ interaction po-

tential of VHH̄(r) and its components Vdir(r) and Vpol(r),

together with the potential Vvar(r).[8]

To understand the rearrangement of the four par-
ticles in H and H̄, we also plot in Fig.4 the poten-
tial Vvar(r) based on the variational calculation for the
lowest-energy state of the greater (e+e−pp̄) system.[8]

Asymptotically, the variational potential Vvar(r →∞)
goes to zero in energy and almost coincides with
VHH̄(r) at large interatomic separations. At interme-
diate interatomic separations, the variational poten-
tial Vvar(r) lies below VHH̄(r). At very short distances
(i.e. r .2 arb.units), Vvar(r) decreases precipitously.

In Fig.5, we also present the potential

VPspp̄(r) = − 1
r14

− 0.25 + 1 (28)
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for the Pspp̄ configuration of a positronium and two
heavy nuclei. Comparing Vvar(r) with VPspp̄(r) at
large r, we find that the energy gap between them
is 0.75 arb.units. Only when r is small and the two
curves start to meet at r ∼1 arb.units will the rear-
rangement from H–H̄ to Pspp̄ becomes more proba-
ble. In the vicinity of the ‘critical crossing-distance
rc’ between the Vvar(r) and the VPspp̄(r) curves, the
Born–Oppenheimer or adiabatic approximation starts
to break down.[9,17] Nevertheless, in order to rearrange
H–H̄ to become Pspp̄ as r decreases, some changes in
the topology of the four-body system are certainly re-
quired. When r is slightly greater than 1 arb.units,
the wavefunction may be regarded as a mixture of
the two families of HH̄ and Pspp̄. As the separation
decreases further below r < 1 arb.units, the VPspp̄(r)
and Vvar(r) potential curves merge, indicating that the
Pspp̄ with strong e+ − e− correlations is the state of
the lowest energy. The mixing of the two families at
small interatomic separations and the strong e+ − e−

correlations for r < 1 arb.units is in agreement with
our analysis of stability against the variation of the
e+ − e− correlations in the next section.

In Fig.4, we show a magnified view of the interac-
tion potential of H–H̄ for interatomic separations from
4 to 10 arb.units. In this region, the sum of the direct
potential and the polarization potential gives rise to
the H–H̄ interaction potential that possess a shallow
local minimum located around r ∼6 arb.units and a
barrier rising at r .5 arb.units. The depth of the well
is found to be 6× 10−5 arb.units or 1.63meV.

It is easy to understand the formation of a poten-
tial ‘pocket’ for H–H̄. The system has the long-range
attractive potential behaving as ∼ C6/r6 at large r

due to the polarization of the atoms as they approach
each other. It experiences a repulsion at shorter dis-
tances arising from the repulsion of the e− with the
p̄ and the e+ with the p, which becomes effective at
1.5 < r < 5 arb.units. The combination of a long-
range attraction and a shorter range repulsion results
in a potential pocket at r ∼ 6 arb.units The inter-
action however turns to become attractive at smaller
distances of r .1.5 arb.units due to the attraction of
the leptons and the baryons.

Upon comparing with the variation potential
Vvar(r), we observe that VHH̄(r) almost coincides with
Vvar(r) at the asymptotic region of large r. As r de-
creases, VHH̄ deviates from and lies above Vvar(r) of
the lowest-energy state, indicating that the state of
the H–H̄ family is an excited state. At this point,

we would like to point out that our aim here is to
question, when there are no leptonic correlations in
our trial wavefunctions, how the neutral H and H̄ in-
teract at intermediate distances before they dissolve
completely into positronium and protonium at shorter
distances. Figure 5 provides the answer to our ques-
tion.

5. Stability against variations in

e+ − e− correlations

Unlike the interaction between two hydrogen
atoms, there is no exchange symmetry between the
two leptons in the H–H̄ system. However, the cor-
relation between the electron and the positron re-
mains important in the electrostatic energy calcula-
tions. Therefore it is intriguing to see, within the
present approach, when the e+ − e− correlation can
play an important role in the energy of the four-
particle system. It is also crucial to find out whether
the local minimum at r ∼6 arb.units examined in the
last section is stable against e+ − e− correlation per-
turbations. We therefore construct first a variational
wavefunction with the variational parameter η that
allows for e+ − e− correlations,

Ψ(r, r12, r34, r23)

= Nη{
√

(1− η2)A0(r12)B0(r34)

+ηC0(r23)D0(r14)}, (29)

where Nη denotes the normalization constant such
that for a fixed r∫

dr12dr34|Ψ(r, r12, r34, r23)|2 = 1 (30)

and ∫
dr12dr34|C0(r23)D0(r14)|2 = 1. (31)

The C0(r23) is the ground-state positronium wave-
function centred at the centre of mass origin and
D0(r14) is a plane wave state in the continuum.
We shall examine the case of D0(r14) to be a state
with zero momentum for p and p̄ to be at rest, in
the Born–Oppenheimer limit of fixed baryon centres,
which supplies a constant to normalize the product
wavefunction in Eq.(31). We numerically evaluate
〈Ψ |Hstand(r)|Ψ〉 = E(r) as a six-dimensional integral
in the configuration space.

Figure 6 gives the quantity E(r) = VHH̄(r)−1 as
a function of the variation parameter η for different
interatomic separations r. For the largest values of
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r in Fig.6(a), the minimum of E(r) resides at η =
0, indicating that the HH̄ system is stable against
e+ − e− correlations at large r. As r decreases, the
E(r) potential surface flattens as a function of η and
the H–H̄ system remains stable against e+ − e− cor-
relations. In the region where the energy minimum
begins to shift away from η = 0, the variation of the
energy as a function of η is shown for a finer incre-
ment of r in Fig.6(b). At 2.25 ≥ r ≥1.2 arb.units,
the minimum of E(r) is shifted to a positive value of
η. The equilibrium configuration is one in which the
state is a mixture of the HH̄ and the Pspp̄ configura-
tion. The amplitude η at equilibrium increases as the
interatomic separation decreases. As a result, the po-
tential obtained from the variational method, Vvar(r),
is lower than VHH̄ and VPspp̄ in this range of sepa-
ration. At r < 1.2 arb.units, the lowest-energy state
occurs at η = ±1 (Fig.6(a)) which corresponds to a
state with a completely correlated e+−e− component
C0(r23)D0(r14) and the absence of the uncorrelated
component A0(r12)B0(r34). The equilibrium config-
uration resides in the Pspp̄ configuration, indicating
the dominance of e+− e− correlation at small r. This
picture is consistent with the findings of earlier varia-
tional calculations[5−9] and Fig.4.

Fig.6. E(r) as a function of η and the interatomic sepa-

ration r.

While Fig.5 gives the general feature of the po-
tential landscape with respect to e+ − e− correlations
as r changes, it is necessary to investigate whether
the local potential minimum at r = 6 arb.units is sta-
ble against perturbations in e+ − e− correlations. We
replace |A0B0〉 in Eq.(29) by the wavefunction rep-
resented by the curly bracket of Eq.(10), with the
|AλBλ′〉 amplitudes evaluated at r = 6arb.units and
the summations over λ and λ′ carried out to include

all np states up to n ≤ nmax = 20. We find that at the
location where VHH̄(r) = E(r) + 1 is a minimum in
r, E(r) is also a minimum with respect to variations
in η at η = 0. We conclude that the local potential
minimum of VHH̄(r) at r ∼6 arb.units is stable against
perturbations from e+ − e− correlations.

6. Discussions and conclusions

The four-body system of (e+e−pp̄) contains a
large degrees of freedom as the particles can appear in
many different combinations and correlations, exem-
plified by the large number of parameters in an elab-
orate variational calculation. To be able to classify
the states of the greater (e+e−pp̄) system into simple
families, if at all possible, will bring us to a better un-
derstanding of the complexity of the spectrum and the
interactions that are associated with the complicated
four-body problem.

In terms of the correlation between the e+ and
the e−, one can perhaps roughly classify the greater
(e+e−pp̄) system as belonging to the H–H̄ family with-
out e+ − e− correlations and the Pspp̄ family with
strong e+ − e− correlations. As one notes from en-
ergy considerations in Fig.4, the lowest-energy state
of the (e+e−pp̄) system is dominated by a state of
the H–H̄ family at large interatomic separations but
at short distances the system is dominated by a state
of the Pspp̄ family. The lowest-energy state therefore
changes its character as the interatomic separation de-
creases.

In the collision of the H and the H̄, the four-body
system is prepared in the entrance channel of the H–H̄
family as the composite particles approach each other.
The system may follow the configuration of the low-
est energy adiabatically in a slow collision, or it may
follow the diabatic configuration of the H–H̄ entrance
channel when the collision is fast or when the intrinsic
differences in the characteristics of the two configura-
tions hindered their transition. In general, for the
collision of arbitrary energies, it is necessary to cou-
ple the different channels explicitly and to follow the
transition of the channels as the composite particles
approach each other. We are therefore motivated to
examine the interaction potential between the H and
the H̄ as composite particles, for which the e− and the
e+ remain uncorrelated, orbiting around the p and p̄

respectively.
We use the tool of the perturbation theory to ex-
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amine this interaction potential, with the states of H
and H̄ as unperturbed basis states. The perturbation
theory can be an useful concept because the residue
interaction VI contains many cancellations and is small
in magnitude compared to the value of typical energy
denominators. The lowest-order perturbation theory
gives an interaction potential Vdir(r) that is positive
at large separations with a barrier located approxi-
mately between 1.4 to 5.0 arb.units and a precipitous
drop at r . 1.4 arb.units. Our calculations have been
carried out up to the next-to-leading order, by includ-
ing virtual excitations of bound and continuum l = 1
states of the H and H̄ atoms. The next-to-leading
order leads to the polarization potential that is al-
ways attractive. The bound-bound contribution to
the polarization potential has been obtained by us-
ing the Fourier transform method involving the vir-
tual excitation from the 1s states to all np states
with n ≤ nmax = 20. The bound-continuum, and
the continuum-continuum contributions have been ob-
tained numerically by discretizing the continuum. The
polarization potential results agree with previous cal-
culations of the C6 coefficient at large separations.
The variation of the interatomic separation then al-
lows us to obtain the polarization potential Vpol(r) at
different separations.

We find that the interaction potential between the
composite H and the H̄ possesses peculiar features.
At intermediate distances, the total interaction po-
tential VHH̄(r), which is the sum of the direct po-
tential Vdir(r) and the polarization potential Vpol(r),
becomes negative. At shorter distances, the total po-
tential shows a minimum at r ∼ 6 arb.units, a barrier
rising at r ∼ 5 arb.units, and a broad barrier peak at
r ∼ 1.9 arb.units, as shown in Fig.4.

Our investigation on the stability against varia-
tions in the e+ − e− correlation in Section 4 indicates
that the composite system is stable against variations
of the e+−e− correlation for r & 3 arb.units but is un-
stable for r . 3 arb.units. Thus, the state with e+−e−

correlations is the state of lowest energy at distances
r . 3 arb.units, but the composite H–H̄ state may re-
main stable without substantial e+ − e− correlations
as an excited system for r & 3 arb.units.

The shallow local minimum located around inter-
atomic separations of r ∼ 6 arb.units has a depth of
6×10−5 arb.units. One can use the interaction poten-
tial VHH̄(r) and solve the Schrödinger equation (12)
for the two-body H–H̄ states. It is necessary in the
future to include a greater number of the degrees of

freedom, to take into account additional types of po-
larization of the two-body states such as the virtual
excitation of the d, f , . . . states. As the residue inter-
action is dominated by the dipole-dipole interaction,
the higher multipole interactions are expected to be
diminishing in their importance and will not modify
greatly the gross features of the interaction potential.
Because the polarization potential is always negative,
the addition of these multipole interactions will prob-
ably only deepen slightly the local potential minimum
at r ∼ 6 arb.units.

Returning to the question of channel coupling and
reaction processes, we wish to emphasize that we have
obtained only the interaction potential VHH̄ for the
channel of the H and the H̄ as composite objects.
We have in effect constructed the interaction potential
only for one of the diabatic basis configurations. Inter-
action potentials for other basis configurations can be
obtained in different analysis and a full picture of adi-
abatic or diabatic motion for reactions at an arbitrary
energy needs to be investigated by a couple-channel
analysis involving different diabatic channels with dif-
ferent interaction potentials and transition matrix el-
ements.

In conclusion, we have examined the interaction
potential of the H–H̄ system as composite objects us-
ing the second-order perturbation theory with mutual
polarizing excitations of the atoms. We found that the
interaction potential has a peculiar local minimum at
r ∼ 6 arb.units and a barrier rising at r . 5 arb.units.
The potential energy minimum is found to be stable
against perturbations of the e+− e− correlation. Fur-
ther definitive studies on the nature of the interaction
potential energy around this energy minimum and the
interplay between the H–H̄ state and other states of
different configurations will be of great experimental
and theoretical interests.
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Appendix A: Fourier transform

of the transition density ρA,B
λ0 (r)

We here derive the expression for the Fourier
transform of the transition density, ρ̃A,B

λ0 (p), which in-
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volves the product of 1s and np wavefunctions. The
hydrogen wavefunction is given by

φnlm(r) = Nnl

(
Z

ao

)l (2r

n

)l

exp
(−2Zr

2nao

)

× L2l+1
n−l−1

(
2Zr

nao

)
Ylm(r̂), (A1)

where Nnl is the normalization constant, Ylm(r̂) is the
spherical harmonic and L

(α)
n (x) is the Laguerre poly-

nomial. Setting Z = 1, l =1 and ao = 1, we have

ρA,B
λ0 (r) = φ000(r)φn1m(r)

= N00Nn1

(
2r

n

)
e−r(n+1)/n

× L3
n−2

(
2r

n

)
Y00(r̂)Ylm(r̂). (A2)

From Ref.[15], we have

L
(α)
j (βx)

=
j∑

k=0


 j + α

k


 β(j−k)(1− β)kL

(α)
j−k(x). (A3)

Now by letting r′ = (n + 1)r and writing

fn1(r′)

=
(

2r′

n(n + 1)

)
e−r′/nL3

n−2

(
2r′

n(n + 1)

)
, (A4)

we use Eq.(A3) with j = n − 2, α = 3, and β =
1/(n + 1), and we obtain

fn1k(r′) =
n−2∑

k=0


 n + 1

k


 β(n−2−k)(1− β)k

(
2r′

n

)

× e−r′/nL3
n−2−k

(
2r′

n

)
. (A5)

Therefore, the transition density ρA,B
λ0 (r′) becomes

ρA,B
λ0 (r′) =

N00Nn1

(n + 1)
fn1k(r′)Y00(r̂)Y1m(r̂). (A6)

One can Fourier transform ρA,B
λ0 (r′) by

ρ̃A,B
λ0 (p) =

(2π)3/2N00Nn1Y00(r̂)
(n + 1)

g̃A,B
λ0 (p), (A7)

where

g̃A,B
λ0 (p) =

1
(n + 1)

∫
dr′ exp {ip · r′/(n + 1)}

× fn1(r′)Ylm(r̂)

=
1

(n + 1)

∫
dr′eip′·r′N ′

n1kfn1k(r′)

× Y1m(r̂)/N ′
n1k, (A8)

with p′ = p/(n + 1). By recognizing that the lat-
ter integrand is identical to ‘p wavefunctions’, with-
out laborious mathematics and algebra, one can make
use of the formula for the momentum space ‘radial’
wavefunction of hydrogen atom given in Bransden
and Joachain[18] and cast the Fourier transform of the
above ρA,B

λ0 (r′) into the results of Eqs.(23)–(25).
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