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In this paper, an evolutionary model of bus transport network in B-space is developed. It includes the effect

of the overlapping ratio of new route on network performance and overcomes the disadvantage, i.e. lack of economic

consideration, in the evolutionary bus transport network model in P-space proposed by Chen et al (2007). The degree

distribution functions are derived by using the mean-field method and the master equation method, separately. The

relationship between the new stop ratio of a route, A, and the error in exponential of degree distribution function
from the mean-field method is developed as ASlope= A/(1 — A) + In(1 — ). Finally, the bus transport networks of
Hangzhou and Nanjing are simulated by using this model, and the results show that some characteristic index values

of the simulated networks are closer to the empirical data than those from Chen’s model.
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1. Introduction

Ever since the last decade there has been a new
movement of interest in the study of complex systems
and complex networks with main focus on the analy-
sis shifting from small networks to systems with thou-
sands or millions of nodes, and with a renewed atten-
tion to the effect of dynamical structures of the sys-
tems on their functions.' 3% The topological struc-
ture of urban public transport system, a complex sys-
tem, is irregular in space and dynamically evolving
with time. The analysis of topological properties of
urban bus transport networks (BTN) is of significance
in the research of urban transport systems. The pio-
neering paperst*®! in 1998 and 1999 indicate the emer-
gence of complex network theory, and attract many
investigators from different fields to study the com-
plex networks existing in their own fields. Since then,
one has comprehensively investigated transport net-
works such as airport network, railway network and
power grid, city road network and urban public trans-
port network.[6=22] An evolutionary network!” based
on the evolution of the traffic flow has been proposed,

discussing the cascaded failures in congested complex
networks('8! and the topological characteristics of city
public traffic networks!'~22! in some middle and large
cities in China. Besides, several triangular patterns

have been found to be important to BTN efficiency.2!]

Chen et all'® have found that both the degree
distributions and the distributions of ‘the number of
bus routes a stop joins’ of BTNs for 4 Chinese cities
in P-space are in the exponential function forms. On
the other hand, the distributions of ‘the numbers of
stops in a bus route’ follow unimodal functions, and
have no effect on the above two types of distribu-
tions. Then they highlight that random attachment
is a major growth mechanism of BTNs and introduce
a random evolution model based on P-space, where a
new bus route is built once a new site is added into
the network. However, the constructors and admin-
istrators of BTNs often argue that routes do not fol-
low the shortest path between their terminal stations,
but rather meander through neighbourhoods and be-
tween sites of interest to efficiently cover the surface of
the BTN network, namely, less bus routes meet more
travel demands, in consideration of the constraints of
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land use, operation cost, and other factors. Hence, the
assumption of Chen’s model is obviously not consis-
tent with these practical requirements, and may bring
about considerable errors of the model in describing
the number of routes and the average degree of nodes
of actual BTNs in P-space (see ng and (k) in Table
1), and therefore it should be modified.

2. Three types of mapping spaces
in the analysis of BTN and

their features

According to different meanings of nodes in
BTNs, presentations of BTNs can be classified into
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(a) Three bus routes (b) P-space

three types: the stop network whose nodes represent
bus stops, the bus route network whose nodes repre-
sent bus routes, and the mixing network whose nodes
represent stops or bus routes. A BTN of three routes
(r1, r2, and r3) and its topological representations in
P-, B-, and C-space are illustrated in Fig.1.

The P-space (Fig.1(b)) is also called ‘space of
transfer’, in which all stops used by a route are fully
interconnected and form a clique.™ In the P-space,
the node degree implies the number of stops that one
can go to directly without any change, while the dis-
tance between two nodes equals the minimum number
one has to change plus one. The P-space can better
describe the accessibility and convenience of BTNs.
Furthermore, it has a strong generalization due to ig-
noring the sequential order of the stops in a route.

T2

(d) C-space

(c) B-space

Fig.1. Topologic illustration of A BTN of three routes in P-, B-, and C-space.

The bus route network, also called ‘C-space’
(Fig.1(d)), is a weighted network. In this space, two
route nodes are connected when they share at least
a common stop and the number of stops they share
is defined as the weight of the link between the two
routes. The node degree is defined as the number of
routes that share at least one stop with this route,
namely the number of routes on which the passengers
can transfer. The node weight, defined as the sum
of the weights of the links attached to the node, re-
flects the frequency that other routes appear during
the journey of this route or the accumulative num-
ber of stops that this route shares with other routes,
namely the number of changes.

It is remarkable that the mixing network, also
called ‘B-space’ (Fig.1(c)), is much less studied than
the above spaces. However, this space has its unique
advantages that have been neglected so far. In the
B-space, links exist only between a route node and a
stop node. The degree of a route node implies ‘the
number of stops in a bus route’, while the degree of
a stop node, i.e. ‘the number of bus routes that the
stop joins’, reflects the convenience extent of the stop

when one travels to other bus stops. In fact, if one
separates out these two types of nodes in the B-space
and compute the degree distribution in each solo-type
node group, one can directly obtain the distribution
of ‘the number of bus routes that a stop joins’ and the
distribution of ‘the number of stops in a route’.[!6] As
the P-space and C-space can be obtained by project-
ing the B-space into the stop node set and route node
set, respectively, the B-space has advantages and all
information that the P-space and the C-space have.
In this paper, we will derive the analytic distribution
of ‘the numbers of bus routes that a stop joins’, p (),
in the B-space. Here, r is the number of bus routes
a stop serves while p (r) is the probability that a ran-
domly selected stop serves r bus routes.

3. Assumption and formulation
of the model

As each new bus stop in the evolution of BTN is
chosen for its own special reasons and the reasons are
somewhat uncorrelated with each other, the random
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attachment becomes a major tendency in a general
sense. Therefore, the model developed in this paper is
also a randomly evolving model, whose assumptions
and relevant terminologies are as follows:

(1) The evolutionary BTN model is based on the
B-space, and the asymmetric distribution of travel de-
mands in the geographical space is omitted.

(2) Since simulation results!*! show that the dis-
tribution of ‘the number of stops in a route’, p (6), has
no influence on the distribution of ‘the number of bus
routes that a stop joins’, p (r), hence suppose that 6
is a constant integer, which means that p (6) takes a
delta-function form. Therefore, the degree distribu-
tion to be discussed below refers to the distribution of
stop node degree.

(3) A new bus route consists of b new stops and
6 — b previously existing stops in the BTN. R;(t) is
the number of routes that stop ¢ joins at time ¢. The
‘overlapping ratio of a route’; x, is defined as the ra-
tio of the number of previously existing stops over the
total stop number of the new route when the route is
just built. The ‘new stops ratio of a route’, A, is the
ratio of new stop number to the total stop number of
the route. So, k =1 — A.

How to improve the economic efficiency of a BTN,
with a high level of transfer convenience and the relia-
bility of travel maintained, is a problem that deserves
further investigating when one constructs new routes
and new stops. Inspired by Ref.[16], we build a BTN
evolutionary model taking into account the overlap-
ping ratio of a new route to analyse its effects on the
node degree distribution and network features of the
randomly evolving BTN model.

Initially, there are mq stops in the model at t = 0,
which are connected and form several cliques repre-
senting a number of routes. In each time step, a new
route node and b stop nodes (b = A\0) are added first.
Then 6 —b old stop nodes are selected at random from
the network. Subsequently these selected stop nodes
and b new stop nodes are connected with the newly
added route node respectively, forming a new route
in B-space. The evolution of a BTN is illustrated in
Fig.3. For example, there were two routes (y1,72) in
the original system. Each of them has 4 stops. Now,
we add a new route node (73) and two new stop nodes
(n7,ng) to the system, randomly select 2 old stops in
the system, and then connect these old and new stops
with route node ~3, respectively, to form a new route
with A = 0.5.

rF=======777

T1 T2

Fig.2. A schematic illustration for the evolution of a BTN.

According to the mean-field approach, we can
write for stop node i

oR; 1

ot T N(t)’
where, A =0—b, N (t) = mo+bt, N (¢) is the number
of stop nodes in the system at time ¢, while R; the

degree of node i, i.e. the number of routes that stop
i serves. Given the initial condition that stop node
1 is added to the system at time t; with connectivity
R; (t;) = 1, the solution of this equation is

A mg + bt
(t)==In|————) +1
B () b n(mo—kbti) *

The probability that an arbitrary stop node has a con-
nectivity R; (t) smaller than r, can be written as

P (Rz (t) < ’I")

~%(r-1) ( _
e A mo + bt) — mg
= t; > .

For the same number of nodes to be added to the sys-

tem at equal time intervals in the mean-field approach,
the probability density of ¢; is

1
pi (ti) ~ e
Then we obtain the degree distribution of stop node
as follows:
_ OP(R;(t) <)
palr) = ar
_bo—eng
A
= 1 — )\eiﬁ("‘fl)7
where,
A=10/6. (1)

Since the mean-field method converts a discrete
system into a continuous system and simplifies the
probability density of ¢; into a uniform distribution,



No. 8

An evolutionary model of urban bus transport network based on ...

2877

when multi-nodes are added to the evolutionary sys-
tem at each time step, the entering time of the multi-
nodes overlaps, which may cause considerable error in
the degree distribution of stop node (Fig.3). For this
reason, we will analyse this discrete system in the fol-
lowing by using the master equation approach. [29:30]

Assume that p(r,s,t) represents the probability
that the degree of stop node s is r at time ¢. The
degree distribution of a stop node obeys the following

master equation:

prys,t+1) = p(r—1,s,t)

A
N (t)
1— —— t). 2
Hieggleeen. @
The node degree distribution of the entire network is
N(t)

p(r,t) = Ni(t) ;p(r,s,t).

Summing up Eq.(2) over s from 1 to N (t), one obtains

N(t+1)

Z p(r,s,t+1)

s=N(t)+1
= Ap(r—1,¢) + [N (t) — Alp (r,t).

NE+Dp(rit+1)—

(3)

With the initial condition that stop nodes are

born with one link to form a new bus route,
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p(ry,N(t—1)+1i,t) =61, =1,...,b,t > 0, where
0rqp =1ifr=1, and 6,1 = 0 if r # 1, we obtain the
following equation from Eq.(3):

N@)[p(rt+1)—p(rt)
+bp (r,t+ 1)+ Ap (r,t) — Ap (r — 1,t)
= by 1.

If the steady state can be reached,??) one obtains

(A+b)p(r)—Ap(r — 1) = bd,,1. Then we obtain the
stationary node degree distribution of the network,

B b A r—1
55 (53
b (0—b\""
0(9)
—(r—1
1-A

We simulate several BTNs of 10000 nodes, and
the obtained results are plotted in Fig.3. In the line-

pe (1)

(4)

log scale, it is striking that fitting curves of simulated

—b% overlap completely with

data by using f () = ae
pp (r) derived in the master equation approach, which
fully demonstrates the effectiveness of master equation

approach.
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Fig.3. (a) The cumulative degree distribution and (b, c and d) degree distributions (A = 0.2, 0.4 and 0.6) of simulated
BTNs (n = 10000) calculated by using the mean field method (p4(r)) and the master equation approach (pg(r)),

respectively.
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To investigate the relationship between new stop
ratio of a route, A\, and the error in degree distribution
function caused by using the mean-field method, we
compare the exponentials of pa (r) and pg (r), that
is, the slopes of these two functions in the semilog
(Inp (r) —r) coordinate system as follows:

Slope(lnp4 (r))  b/A b/A

Slope(Inpg (r))  In(/A)  In(1+b/A)’

Only when b/A — 0, namely b < 6, for instance,
b= 1< 6, will these two slopes be nearly identical.
The difference between these two slopes is
ASlope = Slope(Inpg (r)) — Slope(lnpa (r))
A
2 n(1 —
S (- ), 5)
0 (AS] A
(ASlope) s,
OA (1=X)
where, A € (0,1).
The difference between these two slopes becomes

larger as A increases. It can be learnt from Fig.4 that
the error will dramatically increase when A > 0.5.
This means that the ratio of stops for small degrees
in the BTN is overestimated while the ratio of stops
for large degrees is underestimated by using the mean-
field method.

16

12

A Slope

0 0.2 0.4 0.6 0.8 1.0
A

Fig.4. Difference in exponential between distribution
functions as a function of A.

4. Simulation analysis

We simulate the BTNs in Hangzhou and Nanjing
by using the Chen model (denoted as Simul) and our
model (denoted as Simu2) and compare some major
characteristic index values of simulated BTNs by us-
ing the empirical data, in which Data refers to the

empirical data,!9l with the results listed in Table 1.
We define the ‘average service efficiency of the net-

@)

total number of stops in the network, the number of

work’ as 1 = where n,, ng, and () are the

routes and the mean number of stops per route re-
spectively. 7 € (0,1). Given a certain number (n,) of
bus stops for a network, the larger the value of 7, the
less the bus routes that the bus company should main-
tain to satisfy the travel demands (i.e. cutting down
the operation cost, thus improving the economic ef-
ficiency of the bus network). We also choose global
efficiency F, clustering coefficient C', average path
length APL and diameter D as major network in-
dexes. These indexes are computed in the P-space
since these indexes lack clear meaning in the B-space.
Among these indices, the global efficiency F is defined

1
as b = ——— —, which is a measure of
Ny (nv - 1) i,jZGG d;j
i#£]

how well the nodes communicate over the network,”!
where, d;; is the length of the shortest path between
nodes ¢ and j, i.e. the minimum number of edges cov-
ered in order to go from node ¢ to node j. Clustering
coefficient of node i, C};, is defined as a probability
that two randomly chosen neighbours of node ¢ pos-
sess a common link. If node ¢ has k; neighbours, there
will be at most &; (k; — 1) /2 edges between all pairs of
these neighbours. Cj is proportional to the fraction of
these edges that really exist, and it measures the local
group cohesiveness of node i. C is the average of C;

1
over all nodes: C' = — > (}, and used to describe
M i, jeG
the probability that two randomly chosen neighbours
of a stop can reach each other without any change.

APL, the average shortest path length, is defined as

APL = > dij7[4] and it equals one plus

ny(ny — 1) i jea
1#]
the average number of times one has to change in or-
der to go from one stop to another stop. Diameter D,
the maximum of shortest path lengths between arbi-
trary pair of nodes of the network, equals one plus the
maximal number of times one has to change to reach
any other stop. The convenience of travel by bus in

an urban city can be well described by APL and D.

We compare the simulation data from the Chen’s
model (Simul) and our model (Simu2) with the em-
pirical data of BTNs in Hangzhou and Nanjing cited
from Ref.[16]. Since the mean values of the number
of bus stops per route, (), in Hangzhou and Nanjing
are 15.66 and 21.15, respectively, we let 6 have fixed
values of 16 and 21 in simulating BTNs for Hangzhou
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Ny — 6
and Nanjing respectively. We round off Uif to the
nr —

nearest integer, b, the number of stop nodes added at
each time step. Here, 0 is the number of the bus stops

in the first bus route. To simplify the condition, we let
0y = 0. Table 1 lists the simulation results from the
50 runs of simulation computations and the relevant
empirical data.

Table 1. Comparison of simulated and empirical data of BTNs for Hangzhou and Nanjing.

Hangzhou Nanjing
Dataf - - Datal ; -
Simul Simu2 Simul Simu2
nr 150 812 136 252 1744 250
Ny 827 827 826 1764 1764 1764
D 5 3 4 7 3 4
C 0.78 0.45 0.62 0.76 0.41 0.58
APL 2.6 1.83 2.33 2.74 1.85 2.34
k)* 44.46 235.64 39.52 67.03 415.24 59.52
(6) 15.66 16 16 21.15 21 21
A 0.3477 0.0625 0.375 0.3283 0.0476 0.3333
n 0.3521 0.0637 0.3796 0.3310 0.0482 0.3360
*(k) is the average degree of nodes in the P-space.
TData refers to the empirical data.
It is obvious that the simulation results of our 1.0
model are closer to empirical data than those from —— 7 ,er’/:
the Chen’s model for D, C or average change times sk _Z_ g //A/ |
between arbitrary pair of stops. For example, the A,/’K
relative errors of a major index, APL, of BTNs in /A//
Hangzhou and Nanjing reduce by 19.23% and 17.88%, O 06 e |
respectively. In addition, we find that BTNs in these li ek/’&(""* """"" w L
two cities have similar overlap ratios of a route (k = 0.4} R O _—
1—X; A =0.3477, and 0.3283, respectively). g
0.2
To further investigate the relationship between ) ) )

the overlapping ratio of a route and BTN’s features,
we simulate 9 different BTNs, separately, with A =
0.1,...,0.9. All of these networks each have a scale of
10000 stops and all the routes each have 20 stops. The
averages of the BTN index values over the 50 runs of
simulation computations are illustrated in Figs.5 and
6. Figure 5 shows that as the route overlapping ra-
tio decreases (new stop ratio A increases accordingly)
the clustering coefficient and average service efficiency
of the networks increase but the global efficiency de-
clines. It is obvious that if a route contains more new
stops, then the average service efficiency will be im-
proved through cutting the operation cost. However,
the meaning of the increase in clustering coefficient is
complicated. In the P-space stops in a route each are
connected with each other. This clique structure will
have a considerable influence on the clustering coeffi-
cient when the route overlapping ratio decreases. This
may affect the ability that clustering coefficient has to

0.1 02 03 04 05 06 07 08 09
A

Fig.5. Network indexes (n, E, C') versus .
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Fig.6. The evolution of network indexes (E, C) with node
increasing.
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describe the connectedness and changeability of the
stops. Nevertheless, the decline of global efficiency
and the increase of change times with the decline of
the route overlapping ratio clearly imply that the ac-
cessibility, mobility, and convenience of the journey
between arbitrary pair of stops will seriously deterio-
rate. For the purpose of optimizing these indexes, one
should select A € [0.3,0.6]. So, from this viewpoint,
the structures of bus route systems in Hangzhou and
Nanjing are both in an adequate condition in consid-
eration of the current scales of the cities.

5. Conclusions

In this paper, we have proposed an evolutionary
BTN model based on the B-space which is applica-
ble to investigating the influence of the route over-
lapping ratio on the BTN performance, and we have
accurately derived the degree distribution function in
We have found that the error in the
exponent of degree distribution function, derived by

the B-space.

using the mean-field method, will become consider-
ably large with the overlapping ratio decreasing dur-
ing the network evolution. This is due to the fact that
the overlapping of entering times of multi-nodes devi-
ates from the continuum assumption of the mean-field
method. Finally, we have obtained the simulation re-
sults of the BTNs for Hangzhou and Nanjing, which

are much close to the empirical data compared with
those from the Chen Yong-Zhou’s model. This indi-
cates that our model can serve as a generic platform
for the further studying of dynamic characteristics of
evolutionary BTN such as dynamic robustness and
spreading process in the B-space or in the P-space.
It should be pointed out that the B-space opens
a novel understanding of public transport networks in
the perspective of effective route construction. As one
can straightly obtain two types of important distri-
butions, i.e. the distributions of ‘the number of bus
routes that a stop joins’ and ‘the number of stops in
a bus route’, in the B-space, this unique feature of
BTN makes it possible to discuss the relationship be-
tween the construction of routes under economic con-
sideration and the performance of the network. The
more complex construction of routes in the evolution
of BTNs should be an interesting topic and worth in-
vestigating. In addition, the degree distribution func-
tion and other analyses obtained in this paper are
extendable to similar networks such as collaboration
networks, which can also be represented as bipartite
graphs with two types of nodes: one type presents the
actors, and the other denotes the acts of collaboration.
For instance, in a large organization every project is
accomplished with a fixed ratio between the numbers
of freshmen and randomly selected veterans. The dis-
tribution of the numbers of projects that an actor has
participated is just p (r) that we have obtained.
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