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The thermodynamic properties of the ε phase of solid oxygen are studied by using the analytic mean field approach

(AMFP). Analytic expressions for the Helmholtz free energy, internal energy and equation of state of solid oxygen have

been derived based on the multi-exponential potential. The formulism for the case of double-exponential (DE) model

is applied to the ε phase of solid oxygen. Its four potential parameters are determined through fitting the experimental

compression data of the ε phase of solid oxygen. Numerical results of the pressure dependence of the volume calculated

by using the AMFP are in good agreement with the original experimental data. This suggests that the AMFP is a useful

approach to study the thermodynamic properties of the ε phase of solid oxygen. Furthermore, we predict the variation of

the volume, lattice parameters and intermolecular distances with pressure, and some thermodynamic quantities versus

volume, at several higher temperatures.
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1. Introduction

Solid oxygen has many unusual properties and
thus attracts a great current interest from many scien-
tific groups.[1−15] Solid oxygen shows successive phase
transitions as the pressure and temperature change.
The P–T structural phase diagram of oxygen de-
scribed in Ref.[1] is shown in Fig.1. Since the first
observation of dramatic colour changes above 10GPa
in experiments,[2] many studies on the properties of
solid oxygen concerning the high-pressure phases have
been reported.[3−13] Of all the properties of solid oxy-
gen studied so far, the magnetic property has been an
intriguing subject. Many experimental and theoreti-
cal studies on the magnetic property of the ε phase of
solid oxygen have been reported.[9−13] Although there
exist many reports on the magnetic property of the ε

phase of solid oxygen, most of them are controversial.
To date, the magnetic properties of the ε phase re-
main unclear since its structure problem has not been
solved. Recently, Fujihisa et al [14] performed powder

x-ray diffraction experiments and Rietveld analysis for
the ε phase of solid oxygen. They proposed a struc-
ture that consisted of an O8 cluster with 4 molecules in
the ε phase of solid oxygen. The O8 cluster structure
model is consistent with both the results of optical
experiments [8,10−12] and theoretical reports.[15] Thus,
their work provided a new insight into the structure
of the ε phase of solid oxygen.

Fig.1. Phase diagram of solid oxygen at below room tem-

perature and pressures up to 12GPa, reproduced from

Ref.[1].
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We believe that theoretical study, especially on
the thermodynamic properties, based on the new
structure is very helpful for clarifying the magnetic
structure of the ε phase. In recent years, many
works on the equation of state (EOS) for solids have
been reported.[16−39] For example, Xu proposed a
revised Murnaghan equation; however, the revised
equation is complex and not suitable for practi-
cal application.[16] Geng et al proposed a thermody-
namic EOS appropriate to the investigation of shocked
porous materials.[17−19] Sun et al proposed an analytic
Debye–Grüneisen EOS for generalized Lennard-Jones
solids and applied it to the research of the thermo-
dynamic properties of solid xenon and krypton.[20−23]

Although many theoretical works on the EOS have
been reported, most of them do not take many impor-
tant effects into account, such as the correlation effect
at low temperatures and anharmonic effect at high
temperatures. However, some studies[17−19,24,25] sug-
gest that the anharmonic effect is important at high
temperatures, and should be taken into account by
using an appropriate approach.

Several years ago, Wang et al [26−29] proposed the
analytic mean field potential (AMFP) approach, and
applied it to many materials. Bhatt et al [30,31] fur-
ther applied the AMFP to lead and alkali metals, and
concluded that in comparison with other theoretical
models the AMFP is computationally simple, physi-
cally transparent and reliable for the study of thermo-
dynamic properties at high pressures and high temper-
atures. Zhang et al [32] combined first-principles treat-
ment for electronic contribution and the AMFP for the
vibrational contribution of the lattice ions to calculate
thermodynamic properties of shock-compressed BeO.
The calculated Hugoniot shows good agreement with
the experimental data.

Sun et al have proven that the AMFP is an
analytic approximation of the free volume theory
(FVT).[33] The AMFP has been applied to solid C60

by using the Girifalco potential[34] also by Sun et al,[35]

the numerical results of which are in good agreement
with the molecular dynamics (MD) simulations[36,37]

and superior to the CUST of Zubov et al.[38,39] This
verifies that the AMFP is a convenient approach to
consider the anharmonic effects at high temperatures.
Thus, in this paper, we present the results of ther-
modynamic properties of the ε phase in solid oxygen
studied by using the AMFP.

It is very important to adopt an appropriate po-
tential function for the application of AMFP. Gen-

erally, the Lennard-Jones, exponential-6, Girifalco
and double exponential (DE) potentials (or general-
ized Morse potential) are used. However, the com-
puter simulations have shown that the Lennard-Jones
and original Girifalco potentials are not able to de-
scribe the solid-state behaviour even at moderate high
pressures.[36,37] As for the exponential potential, it is
appropriate to describe the properties of the major-
ity materials at high pressures. Considering these as-
pects, we use the double exponential (DE) potential
(or generalized Morse potential) in the present work.

The rest of this paper is organized as follows. In
Section 2 we derive the analytic EOS based on the
AMFP approach. In Section 3, the parameters of the
DE potential are determined by fitting the experimen-
tal data of the pressure dependence of the molar vol-
ume of the ε phase in solid oxygen, and the numeri-
cal results of thermodynamic properties are calculated
and compared with the experimental data. Finally,
the conclusion is given in Section 4.

2. Analytic equation of state

The multi-exponential potential is expressed as

ε (s) = ε0 ·
m∑

j=1

Cj exp[λj(1− r/r0)], (1)

where r0 is the equilibrium distance, ε0 is the well
depth. For the DE potential, we have m = 2 and

C1 = λ2/(λ1 − λ2),

C2 = −λ1/ (λ1 − λ2) . (2)

The two parameters λ1 and λ2 describe the de-
crease of potential as the distance increases.

In terms of the FVT, the free energy can be ex-
pressed as[20−29,34−39]

F

NkT
= −3

2
ln

(
2πµkT/h2

)
+

E(a)
kT

− ln vf , (3)

where µ is the mass of solid oxygen molecules, E (a)
is the cohesive energy of a molecule as the lattice is
static, vf is the free volume.

E(a) ≡ E (y) = ε0 ·
m∑

j=1

Cj exp [λj (1− y)], (4)

where a is the nearest-neighbour distance.

vf = 4π

∫ rm

0

exp [−g (r, V )/kT ]r2dr. (5)

Here g(r, V ) is the potential energy of a molecule as
it goes from the centre to a distance r. In terms of
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the AMFP approach,[26−29] g(r, V ) can be expressed
as the static energy E(a) of a molecule

g(r, V ) =
1
2

[(
1 +

r

a

)
E(a + r)

+
(
1− r

a

)
E(a− r)− 2E(a)

]
. (6)

Let rm be the largest displacement, its value can
be approximately taken as the Wigner–Seitz radius,
rm =

(
3a3/4πγ

)1/3 ≈ a/2, with a being the nearest-
neighbour distance, and γ the structure constant. For
fcc structure, we have γ =

√
2, and rm ≈ a/1.81. For

bcc structure, we have γ = 3
√

3/4, and rm ≈ a/1.76.
However, our calculations show that the results are
not sensitive to the values of γ or rm, thus we approx-
imately take rm ≈ a/2 for convenience.

The volume of solid oxygen molecules is V =
Na3/γ. For simplicity, we introduce the dimension-
less reduced free volume v̄f , reduced volume y, and
reduced radial coordinate x as follows:

vf = 4πa3v̄f = 4πγV v̄f , (7)

y = a/r0 = (V/V0)
1/3

, V0 = N (r0)
3
/γ. (8)

x = r/a, xm =
rm

a
≈ 1

2
. (9)

The reduced free volume v̄f and its derivatives with
respect to temperature and reduced volume can be
expressed as

v̄f =
∫ xm

0

exp [−g (x, y)/kT ]x2dx, (10)

v̄fa = T
∂

∂T
v̄f =

1
kT

∫ xm

0

exp [−g (x, y)/kT ]

·g (x, y)x2dx, (11)

v̄fb = − ∂

∂y
v̄f =

1
kT

∫ xm

0

exp [−g (x, y)/kT ]

· ∂

∂y
g (x, y) x2dx, (12)

v̄fc =
1
2

(
xm

y

)2

exp [−g (xm, y)/kT ] ≈ 0. (13)

Here g (x, y) ≡ g (r, V ), and combining Eqs.(4) and
(7), we have

g(x, y) ≡ g(r, V ) ≈ 1
2
[(1 + x)E(y + yx)

+(1− x)E(y − yx)− 2E(y)], (14)
∂

∂y
g(x, y) ≈ 1

2
[(1 + x)2E′(y + yx)

+(1− x)2E′(y − yx)− 2E′(y)], (15)

E′(y) = −ε0 ·
m∑

j=1

λjCj exp[λj(1− y)]. (16)

The compressibility factor and internal energy can be
derived as

Z =
PV

NkT
= −y

3
∂

∂y

F

NkT

=
PcV

NkT
+

PfV

NkT
, (17)

PcV

NkT
= − y

3kT

∂

∂y
E (y) = − y

3kT
E′ (y) , (18)

PfV

NkT
= 1 +

y

3v̄f

∂

∂y
v̄f = 1− y

3v̄f
(v̄fb − v̄fc)

≈ 1− yv̄fb

3v̄f
, (19)

U

NkT
= −T

∂

∂T

F

NkT
=

3
2

+
E (y)
kT

+
T

v̄f

∂v̄f

∂T

=
3
2

+
E (y)
kT

+
v̄fa

v̄f
, (20)

where Pc is the cold pressure, Pf is the thermal pres-
sure deduced from the free volume.

By using the above equations, all other thermo-
dynamic quantities can be analytically derived, and
the derivations are straightforward. However, the ex-
pressions for thermal expansivity, compressibility co-
efficient and isochoric heat capacity are redundant,
we would calculate these quantities by using numeri-
cal differentiation instead of the analytic expressions.
The compressibility factor can be regarded as a func-
tion of variables y and T , Z = Z (y, T ). In terms
of this function, the formulas for thermal expansivity,
compressibility coefficient and isochoric heat capacity
can be reduced to the following form:

α =
1
V

(
∂V

∂T

)

P

=
3
y

(
∂y

∂T

)

P

=

[
Z

T
+

(
∂Z

∂T

)

y

] [
Z −

(y

3

) (
∂Z

∂y

)

T

]−1

, (21)

β = − 1
V

(
∂V

∂P

)

T

= −3
y

(
∂y

∂P

)

T

=
(

Vdy
3

NkT

)[
Z −

(y

3

) (
∂Z

∂y

)

T

]−1

, (22)

CV

Nk
=

1
Nk

(
∂U

∂T

)

V

=
U

NkT
+ T

∂

∂T

(
U

NkT

)

y

. (23)

In our calculations, it is found that following steps
for the numerical differentiations in Eqs.(21)–(23) can
reach stable numerical results, ∆T = 0.00001×T and
∆y = 0.00001× y.
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3. Results and discussion

In this section, we apply the above formulism to
the ε phase of solid oxygen. We determine the pa-
rameters for the DE potential in Eq.(4) by fitting the
experimental data of the pressure dependence of the
molar volume at 300 K.[14] The average error for the
pressure of the ε phase of solid oxygen is merely 0.94%.
And the determined values of the parameters are as
follows:

λ1 = 10.7, λ2 = 5.7,

r0 = 0.3445 nm, ε0 = 4855 K. (24)

Substituting Eq.(24) into Eq.(4) yields the following
cohesive energy of a molecule:

E (a) = 4855
[
1.14e10.7(1−a/0.3445)

−2.14e5.7(1−a/0.3445)
]
. (25)

The unit of energy in Eq.(25) is K. In terms of Eq.(25),
we plot E (a) versus the nearest-neighbour distance
a in Fig.2. Furthermore, we calculate the numerical
results of the pressure dependence of the volume by
using the AMFP, and compare our results with the
original experimental data in Fig.3. It is shown that
our results are in fairly good agreement with the origi-
nal experimental data both at low and high pressures.
This suggests that the AMFP is a useful approach to
study the thermodynamic properties of the ε phase of
solid oxygen. At the same time, we predict the pres-
sure dependence of the volume at several higher tem-
peratures (T = 800, 1400, and 2000 K), and also plot
the results in Fig.3. The figure shows that the com-
pression curves get soft as the temperature increases.

Fig.2. The cohesive energy of a molecule, E (a), as a func-

tion of the nearest-neighbour distance a for the ε phase of

solid oxygen (ε-solid O2).

Fig.3. Comparison of the isothermals of the ε- solid O2

calculated in this work by using the AMFP at 300K (line

1) with the experimental data by Fujihisa et al in Ref.[14]

at 300K (cross marks). Furthermore, the comparison of

isothermals of the ε-solid O2 calculated in this work by us-

ing the AMFP at 300K (line 1) with the results predicted

in this work by using the AMFP at 800K (line 2), 1400K

(line 3) and 2000K (line 4).

Considering that the study on the lattice param-
eters and the intermolecular distances is very impor-
tant for determining the crystal structure of the ε

phase of solid oxygen, we predict the pressure depen-
dence of them at several higher temperatures by using
the AMFP (T = 800, 1400, and 2000 K). In terms of
AMFP, we treat the lattice parameters and the inter-
molecular distances as functions of reduced volume y,
and treat the reduced volume y as a function of pres-
sure P and temperature T . If the compression of the
ε phase of solid oxygen is isotropic, the variations of
the lattice parameters with pressure should be identi-
cal, i.e., the variations should have the same function
form. The relationship can be expressed as follows:

bi = bi (P, T ) = bi0y (P, T ) , (i = 1, 2, 3); (26)

di = di (P, T ) = di0y (P, T ) , (i = 1, 2). (27)

In Eq.(26), the subscripts i = 1, 2, 3 represent the
lattice parameters a, b and c in Ref.[14], respectively.
And in Eq.(27), the subscripts i = 1, 2 represent the
intermolecular distances d1 and d2, respectively.[14]

However, we find that Eqs.(26) and (27) cannot de-
scribe the experimental data of lattice parameters ver-
sus pressure satisfactorily.

In order to determine the accurate expressions
bi (P, T ) and di (P, T ), we adopt following procedure
instead of Eqs.(26) and (27). Firstly, we calculate the
values of reduced volume y and pressure P by using
the AMFP at T = 300K. Secondly, we determine the
y (P, T ) by fitting it with the data of y and P . Fi-
nally, we derive the accurate expressions of bi (P, T )
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and di (P, T ) by fitting the experimental data of the
pressure dependence of the lattice parameters and the
intermolecular distances at T = 300 K[14] and y (P, T ).
The expressions are as follows:

y = −5.0× (P/100)7 + 19.8× (P/100)6

−34.5× (P/100)5 + 32.2× (P/100)4

−17.5× (P/100)3 + 5.82× (P/100)2

−1.31× (P/100) + 0.962, (28)

b1 = 5.65 + 4.4y4.38, (29)

b2 = 6.78y1.27, (30)

b3 = 4.2y0.81, (31)

d1 = 1.57 + 1.21y3.9, (32)

d2 = 0.68 + 2.51y1.68. (33)

In Eqs.(28)–(32), the unit of pressure is GPa, and the
unit of length is nm. From Eqs.(29)–(31), we can see
that the form of Eq.(29) is different from Eqs.(30) and
(31). The result is not consistent with theoretical pre-
diction in Eq.(26). This implies that the compression
of the ε phase of solid oxygen may be anisotropic.
Moreover, we know that the dependences of the lat-
tice parameters b1, b2 and b3 on the pressure are all
decreasing monotonically, and the volume of unit cell
is equal to b1b2b3 · sinβ. Thus the sum of exponents
contained in Eqs.(29)–(31) should be approximately
equal to 3. Whereas the results in Eqs.(29)–(31) also
are not consistent with the theoretical prediction. We
postulate that the reason may be that the experimen-
tal data of lattice parameters and molar volume in
Ref.[14] have been measured in separate experiments,
and thus are not self-consistent.

In order to predict the pressure dependence of the
lattice parameters and the intermolecular distances at
several higher temperatures, we calculate the reduced
volume y and the pressure P at several higher tem-
peratures by using the AMFP. Then we apply these
data to Eqs.(28)–(33). In Figs.4–8, we plot the pre-
dicted results of pressure dependence of the lattice
parameters and the intermolecular distances at sev-
eral higher temperatures. From Figs.4–8, we can see
that the higher the temperature, the greater the slope
of the curve. This means that the temperature has
a significant effect on the lattice parameters and the
intermolecular distances at relative low pressures.

In Figs.9–11, we present the results of thermody-
namic properties of the ε phase of solid oxygen cal-
culated by using the AMFP. Figure 9 illustrates the

variation of isochoric heat capacity CV , thermal ex-
pansivity α and bulk modulus BT with pressure for
several temperatures. The figure shows that CV in-
creases slowly with increasing pressure and decreases
with increasing temperature. Whereas α is a decreas-
ing function of pressure, and an increasing function of
temperature. The decrease is fast at low pressures,

Fig.4. Pressure dependence of the structural parameter

b1 of the ε- solid O2, for the lattice parameter a. The

cross marks are the original experimental data by Fujihisa

et al in Ref.[14]. Line 1 is the fitting curve by using the

AMFP at 300K. The other three lines are our predicted

results for 800 K (line 2), 1400K (line 3), and 2000K (line

4).

Fig.5. Same as Fig.4, but for the lattice parameter b2.

Fig.6. Same as Fig.4, but for the lattice parameter b3.
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Fig.7. Pressure dependence of the structural parameters

of ε-solid O2, for the intermolecular distance d1. The cross

marks are the original experimental data by Fujihisa et al

in Ref.[14]. Line 1 is the fitting curve by using the AMFP

at 300K. The other three lines are our predicted results

for 800K (line 2), 1400K (line 3), 2000K (line 4).

Fig.8. Same as Fig.7, but for the intermolecular distance

d2.

Fig.9. Variations of the heat capacity CV and the ther-

mal expansion coefficient α with pressure calculated in this

work by using the AMFP at 300K (line 1), 800 K (line

2), 1400 K (line 3), and 2000K (line 4). And the varia-

tion of the bulk modulus BT with pressure, calculated at

300K (line 1) and 2000K (line 2). The heat capacity is

in kJ·mol−1K−1, linear thermal expansion coefficient in

10−5 K−1, and the bulk modulus in GPa.

and it slows down as the pressure increases. BT is a
linearly increasing function of pressure. The change
of slope of BT versus pressure is rather small. This
means that the solid oxygen is easy to be compressed.
The difference between the two lines of BT at 300 and
2000K is invisible in Fig.9, and this implies that BT is
a weak increasing function of temperature. In Figs.10
and 11, we plot the variations of free energy and in-
ternal energy versus the volume at four temperatures.
The two figures show that both the free energy and the
internal energy are decreasing function of volume, and
the two quantities have the same variation tendency
as the volume increases for different temperatures.

Fig.10. Internal energy U as a function of volume calcu-

lated for four temperatures by using the AMFP. The four

different lines represent results for 300K (line 1), 800K

(line 2), 1400K (line 3), and 2000K (line 4).

Fig.11. Free energy F as a function of volume calculated

for four temperatures by using the AMFP. The four dif-

ferent lines represent results for 300K (line 1), 800K (line

2), 1400K (line 3), 2000K (line 4), respectively.

4. Conclusion

In summary, the AMFP approach has been ap-
plied to the ε phase of solid oxygen. The analytic
expressions for the Helmholtz free energy, internal en-
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ergy and EOS have been derived. By fitting the exper-
imental data with the pressure dependence of the mo-
lar volume at 300 K, we determine the parameters for
the DE potential. Furthermore, we calculate the pres-
sure dependence of the volume by using the AMFP.
The results obtained are in good agreement with the
previous experimental data. This suggests that the
AMFP is an appropriate approach to study the ther-

modynamic properties of solid oxygen. By means of
formulism derived in this paper based on the AMFP,
we also calculate some thermodynamic quantities of
the ε phase of solid oxygen and predict the variation
tendency of some thermodynamic quantities with vol-
ume, and the dependence of the lattice parameters
and the intermolecular distances on pressure for sev-
eral higher temperatures.
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