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With the polarization of quantum-dot cell and quantum phase serving as state variables, this paper does both

theoretical analysis and simulation for the complex nonlinear dynamical behaviour of a three-cell-coupled Quantum Cel-

lular Neural Network (QCNN), including equilibrium points, bifurcation and chaotic behaviour. Different phenomena,

such as quasi-periodic, chaotic and hyper-chaotic states as well as bifurcations are revealed. The system’s bifurcation

and chaotic behaviour under the influence of the different coupling parameters are analysed. And it finds that the

unbalanced cells coupled QCNN is easy to cause chaotic oscillation and the system response enters into chaotic state

from quasi-periodic state by quasi-period bifurcation; however, the balanced cells coupled QCNN also can be chaotic

when coupling parameters is in some region. Additionally, both the unbalanced and balanced cells coupled QCNNs can

possess hyper-chaotic behaviour. It provides valuable information about QCNNs for future application in high-parallel

signal processing and novel ultra-small chaotic generators.
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1. Introduction

For nearly 40 years the microelectronics indus-
try has enjoyed dramatic improvements in the speed
and size of electronic devices. Adherence to these fast
improvements has been a monumental task requiring
rapid improvements in all aspects of integrated circuit
fabrication to permit manufacturers to both shrink
the size of devices, and increase chip size. As device
sizes decrease continually, the physical limitations of
conventional electronics including power consumption,
interconnection, and lithography become increasingly
difficult to surmount.[1] Studies indicate that as early
as 2019, the Complementary Metal Oxide Semicon-
ductor (CMOS) transistor may hit physical scaling
limits that inhibit this aggressive packing of devices.
However, these obstacles may provide an opportunity
for alternative device technologies designed for the
nanometre regime and interconnected in an appropri-
ate architecture.

One such device, proposed by Lent et al is
Quantum-Dot Cellular Automata (QCA).[2−4] which
employs arrays of coupled quantum dots to transfer

information by the propagation of polarized charge,
rather than the flow of current. The advantages of
QCA lie in the extremely high packing densities pos-
sible due to the small size of the dots, the simplified in-
terconnection, and the extremely low power consump-
tion. QCA can be applied to digital circuits[5−7] and
analog circuits. One of analog application is Quantum
cellular Neural Network (QCNN)[8−12] based on the
Schrödinger equation in which cells composed of inter-
acting quantum-dots are employed in Cellular Neural
Network (CNN) architecture.[13]

QCNNs represent an innovative architecture for
massive signal processing and exhibit interesting spa-
tiotemporal phenomena.[14] One of their peculiarities
lies in the further degree of freedom possessed by
each cell due to quantum interaction between dots.
This fact makes QCNNs possess the complicated dy-
namical behaviours because of the physical interac-
tion between quantum dots. In this paper, we study
the complex chaotic dynamical behaviour of a three-
cell-coupled QCNN,[10] including equilibrium points,
bifurcations,[15] and chaotic behaviours; analyse the
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QCNN’s bifurcations and chaotic behaviours under
the influence of the different coupling parameters; and
find that the QCNN includes plenty of quasi-periodic,
chaotic and hyper-chaotic behaviours.[16,17] The study
we will discuss could be very important for future
ultra-small realization and application of CNNs.

2. Dynamic model of the QCNN

QCNNs are composed of local coupled QCAs. A
basic QCA consists of four quantum dots in a square
array coupled by tunnel barriers. Figure 1(a) shows a
ring constructed by four single electron tunnel junc-
tions and four quantum dots located at the corners.
If it contains two electrons hopping among the four
quantum dots, it becomes a QCA cell. Electrons can
tunnel between the quantum dots in the same cell
through tunnel junctions. The electrons tend to oc-
cupy antipodal sites within the cell due to their mutual
electrostatic repulsion, thus an isolated cell possesses
two completed polarized states as shown in Fig.1(b).

Fig.1. Schematic diagram of QCA cell: (a) the ring con-

structed by four tunnel junctions and four quantum dots;

(b) the two complete polarization state of QCA cell.

A QCNN can be described by a set of state vari-
ables which contain the classical cell polarization P

and a quantum mechanical phase angle ϕ. Denoted
by Pi the ith cell polarization and by ϕi the phase an-
gle, we characterize the three-cell coupled QCNN by
the presence of three quantum variables ϕ1, ϕ2, and
ϕ3 in addition to the macroscopic degrees of freedom
P1, P2, and P3.

In its general form, the model of the three-cell
coupled QCNN can be described by the following state
equation:[10]
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where b1, b2, and b3 are proportional to the inter-dot
energy inside each cell (for identical cells b1 = b2 = b3)
and w1, w2, and w3 weight the effects on the cell of
the difference of polarization of the neighbouring cells
(like the A cloning templates in traditional CNNs).

3. Numerical calculation and

analysis

The numerical calculation is based on the state
equation (1), and the range of parameters are bi > 0,
(i=1, 2, 3) and wi > 0, (i=1, 2, 3).

3.1. Equilibrium points

The equilibrium points are given by
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When ϕ1, ϕ2, ϕ3 ∈ [0 π], all the equilib-
rium points [P1, P2, P3, ϕ1, ϕ2, ϕ3] have the form
[P1, P2, P3, 0, 0, 0]. Due to the complexity of equi-
librium point expression, the equilibrium values have
been evaluated numerically on a predefined grid of pa-
rameters as shown in Table 1. Here we let b1 = b2 =
b3 = b and w1 = w2 = w3 = w.

From the Table 1, we can know that the equilib-
rium points are centrosymmetric, verified by the fact
that the left hand side of Eq.(2) is an odd function.

From Eq.(2), it also can be known that the origin
(0, 0, 0, 0, 0, 0) is an equilibrium point, regardless of
the parameters bi, wi, (i=1, 2, 3). In order to analyse
the characteristic of the equilibrium point (0, 0, 0, 0,
0, 0), the state equation (1) is linearized as
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Table 1. Equilibrium points [P1, P2, P3] (where [ϕ1, ϕ2, ϕ3] = [0, 0, 0]) for different values of

parameters b and w.

b
/

w 0.3 0.5 0.7 0.9

0.2

[0, 0, 0]

[0, 0, 0] [0, 0, 0] [0, 0, 0]
±[0.8114, –0.5199, –0.5199]

±[–0.5199, 0.8114, –0.5199]

±[–0.5199, –0.5199, 0.8114]

0.4 [0, 0, 0]

[0, 0, 0]

[0, 0, 0] [0, 0, 0]
±[0.6692, –0.3859, –0.3859]

±[–0.3859, 0.6692, –0.3859]

±[–0.3859, –0.3859, 0.6692]

0.6 [0, 0, 0] [0, 0, 0]

[0, 0, 0] [0, 0, 0]

±[0.5804, –0.3207, –0.3207] ±[0.8114, –0.5199, –0.5199]

±[–0.3207, 0.5804, –0.3207] ±[–0.5199, 0.8114, –0.5199]

±[–0.3207, –0.3207, 0.5804] ±[–0.5199, –0.5199, 0.8114]

0.8 [0, 0, 0] [0, 0, 0] [0, 0, 0]
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±[–0.2803, 0.5191, –0.2803]

±[–0.2803, –0.2803, 0.5191]

1 [0, 0, 0] [0, 0, 0] [0, 0, 0] [0, 0, 0]

δx = Df (x0)x, (3)

where δx = dx/dt, Df (x) = df/dx, f is the
right hand side of state equation (1), x = (P1, P2,
P3, ϕ1, ϕ2, ϕ3)T, x0 = (0, 0, 0, 0, 0, 0)T, and
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From Eq.(4), we obtain that the eigenvalues of Df (x0)
which are
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From Eq.(5), when b > 0, w > 0, the certainty
is Re (λi) = 0, (i = 1, 2), thus the equilibrium point
(0, 0, 0, 0, 0, 0) is non-hyperbolic. Moreover, when
w > b, we get Re (λi) > 0, (i = 3, 5) and Re (λi) < 0,
(i = 4, 6) as well, so the equilibrium point is non-
stable. Therefore the origin is not structurally stable,
and cannot be observed experimentally or in simula-
tions.

3.2.Bifurcation and chaotic behaviour

In order to analyse the QCNN’s bifurcations and
chaotic behaviours, numerical calculation is applied
to state equation (1). The bifurcation diagrams,
Lyapunov-exponents spectra, Poincaré maps, trajec-
tories, time waveforms, and power spectra are ob-
tained. The QCNN’s bifurcations and chaotic be-
haviours can be found via analysing and contrasting
the above simulation figures.

Firstly, we pay attention to the unbalanced cells
(different coupling parameters) coupled QCNN. In

this case, system parameters are chosen as follows:

w1 = 0.5, w2 = 0.3, w3 = 0.2, b1 = b2 = b3 = b.

The parameter b is chosen as bifurcation param-
eter, with its value ranging from 0 to 0.5. The cor-
responding bifurcation diagram of state P1 versus the
parameter b and the Lyapunov-exponents spectrum
are obtained as shown in Fig.2. From Fig.2(a), it can
be observed that the system response enters into chaos
from quasi-period when b decreases, and quasi-period
bifurcation occurs as b = 0.42. Figure 2 shows that
the bifurcation diagram coincides well with the corre-
sponding Lyapunov-exponents spectrum, and that the
system has no period window in chaos region, indicat-
ing the chaotic behaviour in the QCNN as a robust
chaos. Moreover, from the Lyapunov-exponents spec-
trum shown in Fig.2(b), one can see that the QCNN
system is hyper-chaotic when parameter b is in some
region because there are two or three positive Lya-
punov exponents.

Fig.2. (a) Bifurcation diagram of P1 versus b with b ∈ [0, 0.5]; (b) Lyapunov exponent spectrum.

When b = 0.45 with no other system parameters
changed, the system’s Poincaré map, trajectory, time
waveform, and power spectrum are obtained as shown
in Fig.3. Figure 3(a) shows that the Poincaré map is
composed of two pieces of thick dots; Fig.3(b) shows
that the trajectory is confined to an annular-like re-
gion of the state space and is uniformly distributed in
this region; Fig.3(c) shows that the time waveform is
clearly amplitude-modulated; Fig.3(d) shows that the
power spectrum possesses two frequencies. Therefore
the system is in quasi-period when b = 0.45.

When the parameter b = 0.28 is fixed, Fig.4 shows
the system’s Poincaré map, trajectory, time waveform,
and power spectrum. It can be seen that the Poincaré
maps are composed of a large number of thick dots dis-
tributed over a certain curve, the trajectory exhibits
a feature common to many chaotic systems and pos-
sesses two strange attractors, the time waveform is
similar to random oscillatory waveform, and the power
spectrum has a continuous, broad-band nature. Thus
the system is chaotic when b = 0.28.
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Fig.3. A quasi-period solution of the QCNN for b = 0.45: (a) Poincaré map; (b) the quasi-period

trajectory; (c) the time waveform of P1 (t); (d) power spectrum.

Fig.4. A chaotic solution of the QCNN for b = 0.28: (a) Poincaré map; (b) the chaotic trajectory;

(c) the time waveform of P1 (t); (d) power spectrum.
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Secondly, we pay attention to the balanced cells
(same coupling parameters) coupled QCNN. In this
case, system parameters are chosen as follows:

w1 = w2 = w3 = w, b1 = b2 = b3 = b.

Both the parameters w and b take different val-
ues from 0 to 1. The dynamical richness is empha-
sized in the two-dimensional (2-D) parameters map
of Fig.5. In fact, it is remarked that the existence
of periodic and quasi-periodic orbits and chaotic and
hyper-chaotic attractors.

Fig.5. 2-D Map of dynamical behaviour of the system for

different values of parameters w and b (QP = period or

quasi-period, CH = chaos, HC = hyper-chaos).

From Fig.5, it can be found that the balanced
cells coupled QCNN also can be chaotic when the pa-
rameters are within the range of w > b. For exam-
ple, fixing w = 0.8 and varying b, we show the bi-
furcation diagram of state P1 versus the parameter b

and the Lyapunov-exponents spectrum in Fig.6, when
b ∈ [0, 1]. From Fig.6, it can be observed that the
system response enters into chaos from quasi-periodic
orbit when b decreases, and quasi-period bifurcation
occurs as b = 0.8. It also can be observed that the bi-
furcation diagram coincides well with the correspond-
ing Lyapunov-exponents spectrum, and that the sys-
tem has no period window in chaos region, indicating
the chaotic behaviour in the QCNN as a robust chaos.
In addition, from the Lyapunov-exponent spectrum
shown in Fig.6(b), one can see that the QCNN sys-
tem is hyper-chaotic when parameter b is in some re-
gion because there are two or three positive Lyapunov
exponents.

From the above analysis one can see that it is easy
to cause chaotic oscillation in the unbalanced cells cou-
pled QCNN; however, it also can be chaotic when the
parameters are within the range of w > b in the bal-
anced cells coupled QCNN. Moreover, both the unbal-
anced and balanced cells coupled QCNNs can possess
hyper-chaotic behaviour.

Fig.6. (a) Bifurcation diagram of P1 versus b with w = 0.8 and b ∈ [0, 1]; (b) Lyapunov-

exponent spectrum.

QCNNs possess the advantages of the QCAs and
CNNs, whose peculiarities lie in the extremely high
packing densities, the extremely low power consump-
tion, and high-parallel signal processing. They repre-
sent an innovative architecture for ultra-small realiza-
tion and massive signal processing. As a very impor-
tant aspect, they are expected to be used to realize
nanometric chaotic generators for control and secure
communication in the future.

It must be pointed out that the two stable states
with opposite polarization are necessary in quantum
computing and classical computing, but it is likely to
cause chaotic behaviour in the QCNNs when the cou-
pling parameters of QCNNs are chosen improperly,
which will lead to the QCNNs running into an unsta-
ble dynamical state. It will make the quantum com-
puting and classical computing produce error. There-
fore the coupling parameters of QCNNs should be cho-
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sen properly to avoid causing chaotic oscillation when
QCNNs are used in quantum computing and classical
computing.

4. Conclusions

The progressive miniaturization of electronic sys-
tems demands for the realization of cellular comput-
ing machines in which the cells are in size of the order
of nanometres. QCNNs are a very important regime
for future evolutions in the field of CNN and, at the
same time, in high-parallel signal processing. For one
thing, QCNNs may provide a technological improve-
ment suggesting nanometric realizations for CNN, for
another, a hardware like CNN circuit still in devel-
opment could be adopted as an useful platform for
high-parallel signal processing.

This paper studies the complicated chaotic dy-
namical behaviour of a three-cell coupled QCNN,
including equilibrium points, bifurcation diagrams,
Lyapunov-exponents spectra, Poincaré maps, trajec-
tories, time waveforms and so on. Different phenom-
ena, such as quasi-periodic, chaotic, and hyper-chaotic
states as well as bifurcations are revealed. Through
the theoretical analysis and practical numerical calcu-

lation, we find that the equilibrium points are sym-
metric and the origin is a non-hyperbolic equilibrium
point, so it is not structurally stable. In addition,
the unbalanced cells coupled QCNN is easy to cause
chaotic oscillation and the system response enters into
chaotic state from quasi-periodic state by quasi-period
bifurcation, and moreover, the system has no period
window in chaos region, indicating the chaotic be-
haviour in the QCNN as a robust chaos; however,
the balanced cells coupled QCNN also can be chaotic
when the parameters are within the range of w > b.
Additionally, both the unbalanced and balanced cells
coupled QCNNs can possess hyper-chaotic behaviour.

Thus on the one hand, we should choose adequate
coupling parameters to avoid causing chaotic oscilla-
tion when QCNNs are used in high-parallel signal pro-
cessing such as image processing and pattern recogni-
tion because chaotic oscillation will lead to QCNNs
running into an uncertainly dynamical state; on the
other hand we can employ QCNNs with given coupled
parameters to realize novel ultra-small chaotic gener-
ators for control, synchronization, and secure commu-
nication, and moreover these chaotic generators will
possess very simple structures in which few cells are
employed.
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