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A modified de Broglie–Bohm approach is generalized to the Schwarzschild black hole. By using this method,

the quantum potential and the quantum trajectories of the black hole are investigated. And we find that the linear

combination of two particular solutions of the black hole wavefunction is not physical although each of them is physical,

if we think that the quantum gravity should reduce into its corresponding classical counterpart in which the gravity

vanishes. It seems to confirm the argument, given by Alwis and MacIntire, that a possible resolution on the quantum

gravity is to give up the superposition principle.
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1. Introduction

Quantum gravity is one of the most attractive
subjects in Physics. There has been made a great
effort to investigate the subject. The canonical for-
malism of gravity, as a theory of quantum gravi-
ties, has been formulated by Arnowitt et al [1] and
also by Dirac.[2] In this formalism the Hamiltonian
constraint leads to the well-known Wheeler–DeWitt
(WD) equation.[3,4] However it is very difficult to
solve the WD equation when the spacetime is inho-
mogeneous. In Refs.[5,6], they solved simultaneously
the WD equation and the mass operator equation
in a minisuperspace and obtained the wavefunction
of the Schwarzschild black hole. In Ref.[5] Naka-
mura et al dealt with the wavefunction by using
Wentzel–Kramers–Brillouin (WKB) approximate ap-
proach. But, in Ref.[6], Kenmoku et al introduced
de Broglie–Bohm (dBB) interpretation into the wave-
function of the quantum black hole, and studied the
quantum trajectories, quantum potential and the light
ray on the quantum geometry. The latter method has
been applied to the study of other black holes.[7−9]

The dBB interpretation provides a determinis-
tic theory of motion of a quantum system.[10,11] In
this approach, the wavefunction of a quantum sys-
tem is expressed as Ψ = ReiS/~, where R and S are
two real functions. However, this scheme has some

difficulties. For example, for bound state problems,
the time-independent part of the wavefunction is real,
hence the speed of the particle turns out to be zero
everywhere.[12] In Ref.[13], John provides a modified
dBB approach by changing the expression Ψ = ReiS/~

into a new form Ψ = NeiS/~, where N is a normaliza-
tion constant. Converting the new form of the wave-
function into the Schrödinger equation for a particle,
one obtains a quantum-mechanical Hamilton–Jacobi
(QMHJ) equation (i.e. Eq.(25)). John considered the
case of S = W − Et, where W is the Hamilton char-
acteristic function and E is the energy of the particle,

and obtained the energy E =
1
2
mẋ+V +

~
2i

∂ẋ

∂x
, where

V is the classical potential. So Vq =
~
2i

∂ẋ

∂x
is nothing

but the quantum potential. We find that the quan-
tum potential is the minus-signed term on the right-
hand side of QMHJ equation (25). So, in general, the
quantum potential can be extracted from the QMHJ
equation. For quantum black hole the WD equation
corresponds to the Schrödinger equation. Inserting
Ψ = NeiS/~ into the WD equation, we have Eq.(31),
which corresponds to the QMHJ equation. And from
this equation we can extract the quantum potential of
the quantum black hole. Although the modified dBB
approach will bring some complex quantities, one can
only take their real parts as the corresponding physical
quantities.
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In this paper, we generalize the modified dBB ap-
proach to the Schwarzschild black hole. First, the
wavefunction is given by solving WD equation and
mass function simultaneously. Then by using the
modified dBB approach, the quantum trajectoried and
the quantum potential are obtained. We further in-
vestigate the behaviour of the quantum black hole in
the asymptotic flat (where the gravitation vanishes)
and find that the two particular solutions of the wave-
function can be reduced into their classical counter-
parts respectively, but their linear combination can-
not. This is an interesting phenomenon, and it pro-
vides an evidence in favour of the point of view that
a possible resolution is to give up the superposition
principle for quantum gravity in Ref.[14].

The rest of the present paper is organized as fol-
lows. In Section 2, we first recapitulate the canoni-
cally quantum formalism of the Schwarzschild black
hole. In Section 3, the modified dBB approach is ap-
plied to the black hole. Conclusions and discussion
are given in Section 4. The units G = c = 1 are used
in the paper.

2. Canonical quantum formal-

ism in spherically symmetric

spacetime

In this section we briefly give the canonical for-
malism for the Schwarzschild black hole according to
the method in Ref.[6]. The vacuum Einstein action is

S =
1

16π

∫
d4x

√
−(4)g

(4)
R, (1)

where (4)R is the four-dimensional Riemann curvature
scalar. The metric of the general spherically symmet-
ric spacetime is

d2s = −u (r) dt2 +
α (r)2

u (r)
dr2 + r2dΩ2, (2)

where dΩ2 = dθ2 +sin2 θdφ2 denotes the line element
of a unit sphere. The Schwarzschild solution is the
unique one of the vacuum Einstein equation for

α (r) = 1, and u (r) = 1− rg

r
. (3)

We restrict our attention to the inside of the hori-
zon, i.e. 0 < r < rg = 2m, where m denotes the mass
of the black hole. In this case, u (r) < 0 and the roles
of time and space coordinates are interchanged. And

the interior metric can be denoted as

d2s = −α (T )2

U (T )
dT 2 + U (T ) dr2 + V (T ) dΩ2, (4)

where we have performed these transformations: t →
R, r → T , u (r) → U (T ) and α (r) → α (T ). The
classical solution of metric (4) is

α = 1, U = −
(
1− rg

V 1/2

)
, and V 1/2 = T. (5)

Substituting Eq.(4) into action (1), one can ob-
tain the Arnowitt–Deser–Misner (ADM) hypersurface
action

SΣ =
∫

dt

∫
drL, (6)

where the Lagrangian is

L =
1
4

(
− 1

α

(
U̇ V̇ +

UV̇ 2

2V

)
+ 2α

)
, (7)

with dot denoting the first derivative with respect to
time t. For convenience, two new variables z+ and z−
are introduced

z+ = U
√

V and z− =
√

V . (8)

Accordingly Lagrangian (7) changes into a simpler
form

L =
1
2

(
− 1

α
ż+ż− + α

)
. (9)

Three canonical momenta conjugated to z+, z−
and α are

Π+ ≡ ∂L

∂ż+
= − 1

2α
ż−, (10)

Π− ≡ ∂L

∂ż−
= − 1

2α
ż+, (11)

Πα ≡ ∂L

∂α̇
= 0. (12)

Here, the variable α plays a role of a lapse function be-
cause Lagrangian (9) does not include α̇. Its canonical
conjugate momentum is zero and then provides a pri-
mary constraint. Using the Legendre transformation
action (6) becomes

SΣ =
∫

dt

∫
drαH, (13)

where
H = −2Π+Π− − 1

2
(14)

is the Hamiltonian, which is restricted to being weakly
zero, i.e. H ≈ 0, called the Hamiltonian constraint.
On the other hand, following the Kuchar’s method,[15]

one can introduce a mass function M as a dynamical
variable

M = 2Π+z+Π+ +
1
2
z−. (15)
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Now we start the process of the canonical quanti-
zation. In the Schrödinger representation, taking into
account the operator ordering, the canonical momenta
are expressed by operators as follows:

Π̂+p ≡ zp
+Π̂+z−p

+ = Π̂+ +
i~p
z+

, (16)

and

Π̂−s ≡ (z− − rg)
s Π̂− (z− − rg)

−s

= Π̂− +
i~s

z− − rg
, (17)

where

Π̂+ = −i~
∂

∂z+
, Π̂− = −i~

∂

∂z−
, (18)

and ordering parameters p and s are integers. Accord-
ing to the Dirac canonical quantization procedure, the
Hamiltonian constraint (H ≈ 0) becomes a operator
equation as

ĤΨ = −
(

2Π̂+rΠ̂−s +
1
2

)
Ψ = 0, (19)

which is a well known WD equation in the minisuper-
space, and ordering parameters r and s are arbitrary
integers. The wave vector Ψ can be written as the
function of z+ and z−, i.e. Ψ = Ψ (z+, z−).

In the process of dBB interpretation, the mass
function also becomes an operator M̂ , which acts as a
state vector with a mass eigenvalue m,

(
M̂ −m

)
Ψ =

(
2Π̂+pz+Π̂+q +

1
2
z− −m

)
Ψ

= 0, (20)

where ordering parameters p and q are arbitrary inte-
gers. The general solution of simultaneous equations
of Eqs.(19) and (20) is[6]

Ψ (z+, z−)

= yp−szq+s
(
c1H

(1)
p−q (z) + c2H

(2)
p−q (z)

)
, (21)

with

y =
1
~

√
−z+/ (z− − rg), (22)

and

z =
1
~

√
−z+ (z− − rg), (23)

where c1 and c2 are two constants, and H
(1)
p−q and H

(2)
p−q

are the Hankel functions, which are linearly indepen-
dent of and complex conjugate to each other.

3. Modified de Broglie–Bohm in-

terpretation to the Schwarzschild

black hole

3.1.Modified de Broglie–Bohm ap-

proach in quantum mechanics

In this subsection, we briefly present the results
in Ref.[12]. The one-dimensional Schrödinger equa-
tion for a particle is

i~
∂Ψ
∂t

= − ~
2

2m

∂2Ψ
∂x2

+ V Ψ , (24)

where m is the mass of the particle, V a classical po-
tential, and Ψ the wavefunction. By writing the wave-
function as a polar form Ψ = NeiS/~, where N is a
normalization constant and S is a function of t and x,
one can have a QMHJ equation from Eq.(24)[16]

∂S

∂t
+

[
1

2m

(
∂S

∂x

)2

+ V

]
=

i~
2m

∂2S

∂x2
. (25)

According to the dBB approach, the momentum of
the particle is assumed to be

mẋ ≡ ∂S

∂x
=
~
i

1
Ψ

∂Ψ
∂x

. (26)

The quantum trajectory can be obtained from
Eq.(26). However the variable x is a complex, for the
wavefunction is complex. So it is assumed that the
physical coordinate of a particle is the real part of x,
which gives

mẋ =
~
2i

[
Ψ∗ ∂Ψ

∂x
−Ψ

(
∂Ψ
∂x

)∗]

Ψ∗Ψ
. (27)

Note that x itself denotes the real part of x for sim-
plification in Eq.(27).

Considering the case in which the phase can be
expressed as S = W − Et, where W is the Hamil-
ton’s characteristic function and E is the energy of
the particle. Here E and t are assumed to be real, the
Schrödinger equation gives the energy[12]

E =
1
2
mẋ2 + V (x) +

~
2i

∂ẋ

∂x
. (28)

It is obvious that the last term on the right-hand side
in the above equation is the quantum potential, i.e.

Vq =
~
2i

∂ẋ

∂x
. Using Eq.(26) we have

Vq =
~
2i

∂ẋ

∂x
= − i~

2m

∂2S

∂x2
. (29)
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Note that, in fact, the quantum potential is equal
to the minus–signed term on the right–hand side of
QMHJ equation (25). This means that we can directly
extract the quantum potential from QMHJ equation
(25). In the following, we will obtain a quantum po-
tential in quantum black hole by using this method.

3.2.Modified de Broglie–Bohm ap-

proach to the black hole

According to the modified dBB approach, the
wavefunction of the black hole should be expressed
as

Ψ (z+, z−) = N exp [iS/~] , (30)

where the amplitude N is a normalization constant
and the phase S is a real function of z+ and z−. Sub-
stituting the expression into WD equation (19), we
obtain

2
∂S

∂z+

∂S

∂z−
+

1
2

= 2i~
∂2S

∂z+∂z−
. (31)

This equation corresponds to the QMHJ equation.
Using the aforementioned method we can directly ex-
tract the quantum potential from Eq.(31)

Vq = −2i~
∂2S

∂z+∂z−
. (32)

In fact, as in the original dBB approach, by insert-
ing Ψ = R exp(iS/~) into WD equation (19), where
R and S each are a function of z+ and z−, one can
obtain from the real part of it[6]

2
∂S

∂z+

∂S

∂z−
+

1
2

+ Q = 0, (33)

where Q = −2~2

R

(
∂

∂z+
− q

z+

)(
∂

∂z−
− S

z− − rg

)
R

is the (original) quantum potential. Here we have set
v0 = G = 1 in Ref.[6]. Comparing this equation with
Eq.(31), we can find that the quantum potential ex-
pression (32) is reasonable.

The quantum trajectories Z+ (T ) and Z− (T ) are
introduced by assuming

Π+ ≡ ∂S

∂z+

∣∣∣∣
z+=Z+,z−=Z−,A=A

, (34)

and

Π− ≡ ∂S

∂z−

∣∣∣∣
z+=Z+,z−=Z−,A=A

, (35)

which give

−1
2
Ż− =

~
i

1
Ψ

∂Ψ
∂Z+

, (36)

and

−1
2
Ż+ =

~
i

1
Ψ

∂Ψ
∂Z−

. (37)

where a dot denotes the first derivative with respect to
T , i.e. · = ∂/∂T . These quantities are complex, how-
ever we can take their real parts as the corresponding
physical quantities. So the two equations can be mod-
ified, respectively, as

Ż− = −~
i

[
Ψ∗ ∂Ψ

∂Z+
−Ψ

(
∂Ψ
∂Z+

)∗]

Ψ∗Ψ
, (38)

and

Ż+ = −~
i

[
Ψ∗ ∂Ψ

∂Z−
−Ψ

(
∂Ψ
∂Z−

)∗]

Ψ∗Ψ
. (39)

Note that quantities Z+, Z− and T are real now.

From Eqs.(38) and (39), and noting that Ψ∗ ∂Ψ
∂y

−

Ψ
(

∂Ψ
∂y

)∗
= 0, we have dZ−/dZ+ = (Z− − rg) /Z+.

By integrating it we obtain Z+ = c (Z− − rg), where c

is an integration constant. Without losing generality,
we can set c = −1, so

Z+ = − (Z− − rg) . (40)

This gives quantum U–V relation as

U = −
(

1− rg√
V

)
, (41)

which coincides with its corresponding classical rela-
tion (5).

Now we consider the quantum T–V 1/2 relation.
Substituting Eq.(21) into Eq.(38) yields an integral
form

T =
π

2(c2
1 − c2

2)

∫
Z

(
c1H

(1)
ν (Z) + c2H

(2)
ν (Z)

)

×
(
c1H

(2)
ν (Z) + c2H

(1)
ν (Z)

)
dV 1/2, (42)

where Z =
1
~

∣∣∣V 1/2 − rg

∣∣∣ and Eq.(40) have been used.

We know that the region of V 1/2 À rg is an asymp-
totic flat and its gravitation vanishes. So quantum
behaviour should reduce into a classical one in the
asymptotic flat. Considering the asymptotic forms of
the Hankel function for Z À 1

H(1)
ν (Z) →

√
2

πZ
ei(Z−νπ/2−π/4), (43)

and

H(2)
ν (Z) →

√
2

πZ
e−i(Z−νπ/2−π/4), (44)
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We obtain from Eq.(42)

T =
c2
1 + c2

2

c2
1 − c2

2

V 1/2 +
2c1c2~
c2
1 − c2

2

× sin
(

V 1/2 − rg

~
− νπ

2
− π

4

)
+ T0, (45)

with V 1/2 À rg and T0 being a constant. We can see
that, in general, this quantum relation (45) cannot re-
duce into the classical one T = V 1/2 when V 1/2 À rg.
However they can reduce into T = V 1/2 when c1 6= 0
and c2 = 0, or T = −V 1/2 (physically equivalent
to T = V 1/2 with a transformation T → −T ) when
c1 = 0 and c2 6= 0, with T0 set as 0. This is an inter-
esting result. If we think that a quantum gravity must
reduce into the classical counterpart in the asymptotic
flat, we seem to have to accept the fact that the super-
position principle cannot be applied to the quantum
black hole, that is, Ψ1 = c1y

p−sz(q+s)H
(1)
µ (Z) and

Ψ2 = c2y
p−sz(q+s)H

(2)
µ (Z) are two physical solutions,

but their linear combination is not a physical solution.
This result provides an evidence to support the point
of view in Ref.[14].

Shown in Fig.1 are the numerical estimations of
T–V 1/2 relation with c1 6= 0 and c2 = 0. In another
case of c1 = 0 and c2 6= 0, similar results can be ob-
tained by just using a transformation T → −T . The
integration constant is fixed so that the quantum tra-
jectories and the classical trajectories coincide with
each other at infinity (V 1/2 → ∞). We can see that
the quantum trajectory is a continuous curve across
the horizon for ν = 0, but it approaches negative in-
finity at the horizon for ν 6= 0. It is noted that in
Fig.1(b) we have fixed the integration constant by the
point (V 1/2 = 0, and T = 0) in order to portray the
quantum trajectory inside the horizon for ν = 1.

Fig.1. The T–V 1/2 relation with c1 6= 0 and c2 = 0, in which the values of ordering parameter ν take 0 in (a) and

1 in (b); the classical relation is denoted by dashed line; the natural units c = ~ = G = 1 and rg = 2 are used.

A quantum potential Vq represents quantum na-
ture. Substituting Eq.(30) into Eq.(32), we can obtain

Vq = −1
2

[
1 +

(
1
Ψ

∂Ψ
∂Z

)2
]

. (46)

This expression is complex, so the (physically) quan-
tum potential should be its real part,

Vq = −1
2

{
1 +

1
2

[((
1
Ψ

∂Ψ
∂Z

)2
)∗

+
(

1
Ψ

∂Ψ
∂Z

)2
]}

.

(47)

By inserting Eq.(21) into the above, the quantum po-
tential becomes

Vq = −1
2
− (p + s)2

2Z2

+
p + s

2Z

[
c1H

(1)
ν+1(Z) + c2H

(2)
ν+1(Z)

c1H
(1)
ν (Z) + c2H

(2)
ν (Z)

+
c1H

(2)
ν+1(Z) + c2H

(1)
ν+1(Z)

c1H
(2)
ν (Z) + c2H

(1)
ν (Z)

]

−1
4




(
c1H

(1)
ν+1(Z) + c2H

(2)
ν+1(Z)

)2

(
c1H

(1)
ν (Z) + c2H

(2)
ν (Z)

)2

+

(
c1H

(2)
ν+1(Z) + c2H

(1)
ν+1(Z)

)2

(
c1H

(2)
ν (Z) + c2H

(1)
ν (Z)

)2


 , (48)

where Z =
1
~

∣∣∣V 1/2 − rg

∣∣∣. We can see that the quan-
tum potential depends on the ordering parameters p,
s and ν. In an asymptotical flat, Z À 1, and the
quantum potential becomes
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Vq = −1
2

(
1−

(
c2
1 − c2

2

)2 − 4c2
1c

2
2 sin2 2 (Z − νπ/2− π/4)

(c2
1 + c2

2 + 2c1c2 cos 2 (Z − νπ/2− π/4))2

)
. (49)

The quantum potential should be zero in the
asymptotical flat. So we also see that either c1 or
c2 has to be zero, otherwise the quantum potential
cannot vanish. This conclusion is consistent with that
from the quantum trajectories.

Numerical estimations of quantum potential are

shown in Fig.2. The quantum potential diverges at
horizon in Figs.2(a), 2(b) and 2(c), but it is finite in
Fig.2(d). The quantum potentials in Ref.[6] have also
been drawn with dashed lines for a comparison, which
are independent of p and s.

Fig.2. The quantum potential versus V 1/2 in the case of c1 6= 0 and c2 = 0 or c1 = 0 and c2 6= 0, in which ν = 0,

s = p = 0 in (a); ν = 0, s = p = 1 in (b); ν = 1, s = p = 0 in (c); ν = 1, s = p = 1 in (d); the dot lines denote the

results in Ref.[6] which are independent of p and s; the natural units c = ~ = G = 1 and rg = 2 are used.

The event horizon is located at the null surface
U = 0, i.e. V 1/2 = rg. The apparent horizon is deter-
mined by[5,6]

θ−θ+Ψ = 0, (50)

where
θ−θ+ =

1
V

(
1− rg

V 1/2

)
. (51)

This leads the apparent horizon to be also located at
V 1/2 = rg. So the two horizons coincide in the quan-
tum black hole. The result is the same as that in
Ref.[6] in which the ordinary dBB interpretation was

used.
Now we consider the motion of the light ray on

the geometry of the quantum black hole. The light is
treated as a test particle. The null condition moving
along the radial direction for metric (4) reads

dR

dT
=

1
U

with U =
rg

V 1/2
− 1. (52)

Using Eq.(42), we have

R = ± π

2~(c2
1 − c2

2)

∫
V 1/2

(
c1H

(2)
ν (Z) + c2H

(1)
ν (Z)

)
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×
(
c1H

(1)
ν (Z) + c2H

(2)
ν (Z)

)
dV 1/2, (53)

where Z =
1
~

∣∣∣V 1/2 − rg

∣∣∣. Note that the motion is
independent of the ordering parameter p and s.

4. Conclusions and discussion

We have investigated the quantum theory of the
Schwarzschild black hole by using the modified dBB
approach. The quantum trajectories and the quan-
tum potential are obtained. It is believed that a cor-
rect quantum gravitation theory should reduce into
its corresponding classical counterpart in the asymp-
totical flat. By studying the properties of the quan-
tum trajectories and the quantum potential, we find
that the linear combination of two particular solutions
of the wavefunction cannot reduce into the classical
one, although each of them alone can do. It seems
to hint that the superposition principle is not appli-
cable for this quantum black hole, which provides an
evidence to support the point of view, given by Al-
wis and MacIntire,[14] that a possible resolution on

the quantum gravity is to give up the superposition
principle.

Now we compare our results with those in Ref.[6]
in which the original dBB approach was used. When
c1 6= 0 and c2 = 0, Eq.(42) becomes

T =
π

2

∫
Z

∣∣∣H(2)
ν (Z)

∣∣∣
2

dV 1/2, (54)

which is the same as that in Ref.[6]. And when c1 6= 0
and c2 = 0 or c1 = 0 and c2 6= 0, expression (53) of
motion of the light ray becomes

R = ± π

2~

∫
V 1/2

∣∣∣H(2)
ν (Z)

∣∣∣
2

dV 1/2, (55)

which is also the same as that in Ref.[6]. In addition,
we have obtained the result that the event horizon and
the apparent horizon coincide in the quantum clack
hole by using the modified dBB interpretation, which
is also the same as that in Ref.[6]. But the quantum
potential (48) is different from that in Ref.[6]. Our
results depend not only on ordering parameter ν but
also on parameters p and s, while theirs depends only
on ν. Their differences are shown in Fig.2.
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