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In this paper, Hawking radiation from the Kerr–Newman de Sitter black hole is studied via gauge anomaly and

gravitational anomaly. The obtained results of Hawking radiation from the event horizon and the cosmological horizon

accord with those by other methods.
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1. Introduction

Black hole is a deduction of Einsteinian gravi-
tational theory. General relativity predicts that old
massive fixed stars will collapse and become compact
stars. If the mass of compact star is heavier than 3M¯,
it would become a black hole. Classically, black hole
is completely black. But considering quantum gravity,
Stephen Hawking first proved the existence of Hawk-
ing radiation from black hole in 1974.[1] In the follow-
ing several decades, physicists have researched into
Hawking radiation from different kinds of black holes
by many means.[2−17] Recently, Robinson and Wilczek
proved Hawking radiation of the spherical symme-
try black hole via anomalous method.[18] In their pa-
per, the effects of gauge anomaly and gravitational
anomaly were mostly considered. This is an interest-
ing work. Based on this paper, Iso S, Murata K, Wu S
Q and Jiang Q Q et al studied some stationary black
holes using this theory[19−26] and got many significant
results. Hawking radiation of Kerr–Newman de Sitter
black hole has been studied by several other ways.[27]

But nobody has studied black holes via the anoma-
lous viewpoint. In this paper, we consider the Kerr–
Newman de Sitter black hole, and study its Hawking
radiation by the following procedure. First of all, we
introduce a dimension reduction technique and change
the dimensions of black hole from 4 to 2. Then, we

just consider the outgoing modes at the event horizon
(EH) (and similarly just consider the ingoing modes at
the cosmological horizon (CH)), and find the effective
field theory. Because of the quantum effect, anoma-
lies (gravitational anomaly and gauge anomaly) will
appear. We introduce two kinds of currents to can-
cel the anomalies. Finally, we prove that the currents
correspond to those of Hawking radiation.

2. Kerr–Newman de Sitter black

hole and 2-dimension theory

The Kerr–Newman de Sitter black hole is a rota-
tional, charged, stationary and axial symmetry black
hole. In the Boyer–Lindquist coordinate system, its
metric is[28]

ds2

= −∆2
r

ρ2

(
dtkNS − a

Ξ
sin2θdϕ

)2

+
ρ2

∆2
r

dr2

+
ρ2

∆θ
dθ2 +

∆θsin2θ

ρ2

(
adtkNS −

(
r2 + a2

)

Ξ
dϕ

)2

,(1)

where tKNS is the time coordinate of Kerr-Newman
de Sitter black hole, and

∆2
r =

(
r2 + a2

) (
1− r2

l2

)
− 2Mr + Q2,
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∆θ = 1 +
a2

l2
cos2θ,

Ξ = 1 +
a2

l2
, ρ2 = r2 + a2cos2θ. (2)

Here, M , a and Q are mass, angular momentum and
charge of the black hole respectively.

Considering the null hypersurface equation

gµv ∂f

∂xµ

∂f

∂xv
= 0, (3)

we can get a negative root r− (since it is meaningless,

we will abandon it) and three positive roots r0 (the
inner horizon (IH)), rh (the event horizon (EH)) and
rc (the cosmological horizon (CH)). The idiographic
results are

rih = r0 = −
√

Z1 +
√

Z2 +
√

Z3,

reh = rh =
√

Z1 −
√

Z2 +
√

Z3,

rch = rc =
√

Z1 +
√

Z2 −
√

Z3, (4)

where

√
Z1 =

√
l2 − a2

6

[
1 +

√
1− 12l2

(
Q2 + a2

)

(l2 − a2)2
cos

α

3

]1/2

,

√
Z2 =

√
l2 − a2

6

[
1−

√
1− 12l2

(
Q2 + a2

)

(l2 − a2)2
cos

(α

3
+

π

3

)]1/2

,

√
Z3 =

√
l2 − a2

6

[
1−

√
1− 12l2

(
Q2 + a2

)

(l2 − a2)2
cos

(α

3
− π

3

)]1/2

,

α = arccos




−

(
l2 − a2

) [(
l2 − a2

)2 + 36l2
(
Q2 + a2

)]− 54m2l4

[
(l2 − a2)2 − 12l2 (Q2 + a2)

]3/2





.

We can see that the roots are not coincident with each other.
The electromagnetic potential can be expressed as

Aµ = (At, 0, 0, Aϕ) , (5)

where At = − Qr

ρ2Ξ
, Aϕ =

Qra sin2 θ

ρ2Ξ
. So, we can get the action of the scalar field from the line element Eq.(1)

S[Φ] =
1
2

∫
d4x

√−gΦ∇2Φ =
1
2

∫
dtdrdθdϕ

sin θ

Ξ
Φ

[
∆2

ra
2 sin2 θ −∆θ

(
r2 + a2

)2

∆2
r∆θ

(
∂

∂t
+

ieQr

ρ2Ξ

)2

+2aΞ
∆2

r −∆θ

(
r2 + a2

)

∆θ∆2
r

(
∂

∂t
+

ieQr

ρ2Ξ

)(
∂

∂ϕ
− ieQra sin2 θ

ρ2Ξ

)

+
∆2

r −∆θa
2 sin2 θ

∆θ∆2
r sin2 θ

Ξ 2

(
∂

∂ϕ
− ieQra sin2 θ

ρ2Ξ

)2

+
∂

∂r

(
∆2

r

∂

∂r

)
+

1
sin θ

∂

∂θ

(
∆θ sin θ

∂

∂θ

)]
Φ. (6)

We reduce the dimensions and establish an effective (1+1) dimensional field theory. Considering line element
Eq.(1), we can decompose Φ to Φ = Σl,mφl,m(t, r)Ylm(θ, ϕ). Transforming to the tortoise coordinate defined
by dr∗/dr =

(
r2 + a2

)
/∆2

r ≡ f−1 (r), we find that the simplified action is[19−23]

S [Φ] =

(
r2 + a2

)

2Ξ
Σl,m

∫
dtdrφ∗l,m

(
−f−1 (r)

(
∂t +

imΞa

(r2 + a2)
+

ieQr

(r2 + a2)Ξ

)2

+ ∂r (f (r) ∂r)

)
φl,m, (7)

let

Ω =
aΞ

(r2 + a2)
, Ψ =

Qr

(r2 + a2)Ξ
,

At(r) = −mΩ − eΨ , (8)

Up to now, we have established a (1+1) dimensional
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effective field theory near the horizons. What we are
interested in is just the radial Hawking radiation of
Kerr–Newman de Sitter black hole, so the technique
of dimension reduction greatly simplifies our study,
and it is the basis of our next work.

3. Research on the Hawking radi-

ation at EH via anomalies

According to the theory of black hole radiation,
there is quantum vacuum fluctuation effect near the
EH of the black hole, so virtual particle pairs may
come into being, and the negative energy particles
would enter the EH and become ingoing modes, but
the positive energy particle would emit and become
outgoing modes. The latter is what we want to study,
so we just consider the outgoing modes at EH. Near
the EH rh < r < rh + ε, the outgoing mode should
satisfy two anomalous equations

∇µJµ
(h)e = e

εµυ

4π
√−g

∂µAυ (9)

∇µJµ
(h)m = m

εµυ

4π
√−g

∂µAυ, (10)

where ε10 = 1. If we let

Jµ
(h) ≡

Jµ
(h)e

e
≡

Jµ
(h)m

m
, (11)

the unitive form is

∇µJµ
(h) =

εµυ

4π
√−g

∂µAυ. (12)

So

∂rJ
r
(h) =

1
4π

∂rAt. (13)

On the other hand, at rh + ε < r < rc, Jr
(o) satisfies

∂rJ
r
(o) = 0, (14)

where

Jr
(o) ≡

Jr
(o)e

e
≡

Jr
(o)m

m
. (15)

from Eqs.(13) and (14)we can get

Jr
(o) = c0, rh + ε < r < rc, (16)

Jr
(h) = ch +

1
4π

(At (r)−At (rh))

rh < r < rh + ε, (17)

where

At (rh) = − amΞ
(r2

h + a2)
− Qerh

(r2
h + a2)Ξ

. (18)

We need work out the values of co and ch via the ef-
fective action and get the gauge current, so we set

Jr = Jr
(o)Θ+ (r) + Jr

(h)H (r) , (19)

where

Θ+ (r) = Θ (r − rh − ε) , H (r) = 1−Θ+ (r) ,(20)

and

Θ (r − rh − ε) =





1 rh + ε < r < rc,

0 rh < r < rh + ε.
(21)

Then the variation of effective action can be written
as

−δW

=
∫

dtdrλ∇µJυ

=
∫

dtdrλ

[(
Jr

(o) − Jr
(h) +

At

4π

)
δ (r − rh − ε)

+∂r

(
At

4π
H

)]
, (22)

where λ is the general coordinate transformation pa-
rameter, and from the integral expression, we can get

Jr
(o) = Jr

(h) −
At (r)

4π
. (23)

So, at the EH

co = ch − At (rh)
4π

. (24)

The covariant current tensor is given as follows

J̃µ = Jµ ∓ εµυ

4π
√−g

Aυ, (25)

which satisfies

∇µJ̃µ = ±εµυ

4π
Fµυ. (26)

In the (1+1) dimensional anomalous theory, the co-
variant current that we introduced to cancel anomalies
should be expressed as

J̃r = Jr +
1
4π

At (rh)H (r) . (27)

From Eqs.(16), (17), (18), (24) and (27), we can get

co = −At (rh)
2π

. (28)

This is just the gauge current.
Now, let us research into the current flux of the

energy–momentum tensor near EH via gravitational
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anomaly. As has been mentioned above, we just con-
sider the outgoing modes. Near the EH, the total
energy–momentum tensor flux can be written as

Tµ
υ = Tµ

υ(o)Θ+ (r) + Tµ
υ(h)H (r) . (29)

The Ward identical equation is

∇µTµ
υ = FµυJµ + Aυ∇µJµ +∇µNµ

υ , (30)

where

Nµ
υ =

1
96π

εβµ∂αΓα
υβ . (31)

The effective 2-dimensional Levi-Civita tensor is ε01 =
1. We just consider the case ν = t here, so

Nr
t =

1
192π

(
f ′2 + ff ′′

)
. (32)

In rh + ε < r < rc, T r
t(o) satisfies

∂rT
r
t(o) = co∂rAt. (33)

In the region rh < r < rh + ε, T r
t(h) should satisfy the

anomalous equation

∂rT
r
t(h) = Jr

(h)∂rAt + At∂rJ
r
(h) + ∂rN

r
t . (34)

Variation of the action is

−δW

=
∫

dtdrλυ∇µTµ
υ

=
∫

dtdrλt

[(
T r

t(o) − T r
t(h) +

A2
t

4π
+ Nr

t

)

×δ (r − rh − ε) + ∂r

[(
A2

t

4π
+ Nr

t

)
H

]

+co∂rAt] . (35)

As we know, the second term is the quantum boundary
effect, and the third term is the classical effect of the
background electromagnetic field for current flow, so
near EH we can set the covariant energy–momentum
tensor to be

T̃ r
t(h) = T r

t(h) +
1

192π

(
ff ′′ − 2 (f ′)2

)
, (36)

and it[29] satisfies

∇µT̃µ
υ =

1
96π

√−g
εµυ∂µR. (37)

So from Eqs.(33) and (34), at the EH, we can obtain

ko = kh +
A2

t (rh)
4π

−Nr
t (rh) , (38)

where

ko = T r
t(o) − coAt (rh) , (39)

kh = T r
t(h) −

∫ r

rh

dr∂r

[
coAt (rh) +

A2
t

4π
+ Nr

t

]
,(40)

the energy–momentum tensor current is

k(o) =
A2

t (rh)
4π

+
π

12
T 2

h , (41)

where Th = ∂rf(r)/(4π)|r=rh is the temperature of
the black hole.

We have obtained the gauge current and the
energy–momentum tensor current fluxes, which ac-
cord with Hawking radiation of the black hole. For
fermions, the Hawking radiation spectrum at the EH
of the black hole is

N±m (ω) = 1

/[
exp

(
ω ±At (rh)

Th

)
+ 1

]
. (42)

We can get the gauge current and the energy–
momentum tensor current fluxes from the formulae
of quantum field theory

FJ =
1
2π

∫ ∞

0

[N+ (ω)−N− (ω)]dω = −At (rh)
2π

. (43)

Corresponding to Eq.(15),

FJ ≡ Fm
J

m
≡ F e

J

e
, (44)

where

F e
J =

e

2π

∫ ∞

0

[N+ (ω)−N− (ω)]dω

= −e
At (rh)

2π
, (45)

Fm
J =

m

2π

∫ ∞

0

[N+ (ω)−N− (ω)]dω

= −m
At (rh)

2π
. (46)

And

FT =
1
2π

∫ ∞

0

ω [N+ (ω) + N− (ω)] dω

=
A2

t (rh)
4π

+
π

12
T 2

h . (47)

From the so-called Hawking radiation spectrum and
corresponding Hawking radiation current, we get
Eq.(43), which accords with Eq.(28). Next, we ob-
tain Eq.(47) from the known Hawking radiation con-
clusion, and it accords with Eq.(41). This shows that
we have successfully accomplished the research of pure
thermal spectrum.
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4. Research on the Hawking radi-

ation from CH via anomalies

Near the CH, there is quantum vacuum fluctua-
tion effect, and there form ingoing modes and outgo-
ing modes too. But other than the case at EH, we pay
attention to ingoing modes. So we should introduce
anomalous currents inner CH. When we just consider
the ingoing modes in rc− ε < r < rc, it should satisfy
the anomalous equation

∂rJ
r
(c) =

−1
4π

∂rAt, (48)

where

Jr
(c) ≡

Jr
(c)e

e
≡

Jr
(c)m

m
. (49)

The following two equations should be satisfied

∂rJ
r
(c)e =

−e

4π
∂rAt, (50)

∂rJ
r
(c)m =

−m

4π
∂rAt. (51)

But, in rh < r < rc − ε, there is no anomaly, the
equation is

∂rJ
r
(o) = 0, (52)

where

Jr
(o) ≡

Jr
(o)e

e
≡

Jr
(o)m

m
. (53)

Now, from the above formulae we can work out

Jr
(o) = h0, rh < r < rc − ε (54)

Jr
(c) = hc − 1

4π
(At (r)−At (rc)) ,

rc − ε < r < rc, (55)

where

At (rc) = − amΞ
(r2

c + a2)
− Qerc

(r2
c + a2)Ξ

. (56)

Similarly, we set

Jr = Jr
(c)C + Jr

(o)Θ−, (57)

where

Θ− (r) = Θ (rc − r − ε) , C (r) = 1−Θ− (r) . (58)

So the simplified effective action variation is

−δW

=
∫

dtdrλ∇µJυ

=
∫

dtdrλ

[(
Jr

(c) − Jr
(o) +

At

4π

)
δ (r − rc + ε)

−∂r

(
At

4π
C

)]
, (59)

where
At

4π
C is the boundary term of quantum effect,

and we get

Jr
(o) = Jr

(c) +
At

4π
. (60)

We introduce a covariant flux to cancel anomaly near
CH

J̃r = Jr − 1
4π

At (rc)C (r) . (61)

Corresponding to Eq.(28), from Eqs.(54), (55), (60)
and (61), we can work out

ho =
At (rc)

2π
. (62)

Researching into the energy–momentum tensor
current and considering the ingoing modes near the
CH of black hole, we define

Tµ
υ = Tµ

υ(o)Θ− (r) + Tµ
υ(c)C (r) . (63)

In rH + ε < r < rc, T r
t(o) satisfies

∂rT
r
t(o) = ho∂rAt. (64)

In the region rc− ε < r < rc, the anomalous equation
of T r

t(c) is

∂rT
r
t(c) = Jr

(c)∂rAt + At∂rJ
r
(c) − ∂rN

r
t . (65)

We get the variation of effective action

−δW

=
∫

dtdrλυ∇µTµ
υ

=
∫

dtdrλt

[(
T r

t(c) − T r
t(o) +

A2
t

4π
+ Nr

t

)

×δ (r − rc + ε)− ∂r

[(
A2

t

4π
+ Nr

t

)
C

]

+ho∂rAt] . (66)

The second term is the boundary quantum effect, and
the third term is the classical effect of the background
electromagnet field for the current. Finally, at CH we
can set the covariant energy–momentum tensor cur-
rent to be

T̃ r
t(c) = T r

t(c) −
1

192π

(
ff ′′ − 2 (f ′)2

)
, (67)

taking notice of Eqs.(64), (65), (66) and (67), we know

no = nc − A2
t (rc)
4π

+ Nr
t (rc) , (68)
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where

no = T r
t(o) − hoAt (rc) , (69)

nc = T r
t(c) −

∫ r

rc

dr∂r

[
hoAt − A2

t

4π
−Nr

t

]
. (70)

So, the energy–momentum tensor current flux is

n(o) = −A2
t (rc)
4π

− π

12
T 2

c , (71)

where Tc = −∂rf(r)/(4π)|r=rc is the temperature of
black hole.

For fermions, the Planckian distribution of the
Hawking radiation from the CH of Kerr–Newman de
Sitter black hole is

N±m (ω) = −1

/[
exp

(
ω ±At (rc)

Tc

)
+ 1

]
. (72)

We get the gauge current from the formulae of quan-
tum field theory

FJ =
1
2π

∫ ∞

0

[N+ (ω)−N− (ω)]dω =
At (rc)

2π
, (73)

where

FJ ≡ Fm
J

m
≡ F e

J

e
. (74)

Corresponding to Eqs.(45) and (46), we get

F e
J =

e

2π

∫ ∞

0

[N+ (ω)−N− (ω)]dω

= e
At (rc)

2π
, (75)

Fm
J =

m

2π

∫ ∞

0

[N+ (ω)−N− (ω)]dω

= m
At (rc)

2π
. (76)

And the energy–momentum tensor current

FT =
1
2π

∫ ∞

0

ω [N+ (ω) + N− (ω)]dω

= −A2
t (rc)
4π

− π

12
T 2

c . (77)

Focusing on Eqs.(73) and (77), we can see that
Eqs.(62) and (71) are the results of Hawking radia-
tion.

5. Conclusions

In the above discussions, we have researched into
one type of black hole which is rotational, charged,
stationary and axially symmetrical. Above all, We
simplify the dimension of Kerr–Newman de Sitter
black hole to (1+1) dimensions, and then just pay
attention to the outgoing modes at EH (of course, the
ingoing mode is considered near CH). After the effec-
tive field theory is set up, we introduce two currents
to cancel the anomalies. We proved that the currents
are Hawking radiation in the end. When Q = 0, the
results of this paper can become the conclusions of
Hawking radiation from Kerr–de Sitter black hole. If
a = 0, we would get the results of Hawking radiation
from R-N de Sitter black hole. Finally, let Ξ = 1, and
we get the results of Kerr–Newman black hole. The
results that we have obtained in this paper are ratio-
nal, but not one and only. Similarly, we can do the
work in a dragging coordinates frame. The problem
can also be dealt with by using a covariant anomalous
point of view.
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